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Abstract

In this paper we give an alternative proof of the convexity of the im-
plied volatility curve as a function of the strike, for stochastic volatility
models in the uncorrelated case. Our method is based on the computation
of the corresponding first and second derivatives, and on Malliavin calcu-
lus techniques. We prove that the implied volatility is a locally convex
function of the strike, with a minimum at the forward price of the stock,
recovering the previous results by Renault and Touzi (1996). Moreover,
we obtain an expression for the short-time limit of the smile in terms of
the Malliavin derivative of the volatility process. Our analysis only needs
some general integrability and regularity conditions in the Malliavin calcu-
lus sense and does not need the volatility to be Markovian nor a diffusion
process, as we can see in the examples

1 Introduction

It is well-known that stochastic volatility models capture some important fea-
tures of the implied volatility. For example, its variation with respect to the
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strike price, described graphically as a smile or skew, (see Renault and Touzi
(1996) or Alos, Leén and Vives (2007)).

This paper is devoted to the analytical study of the convexity of the implied
volatility curve as a function of the strike, in the case of uncorrelated stochastic
volatility. As proved in Renault and Touzi (1996) (by induction on the number of
posible values that the squared future average volatility can take) this function
is locally convex with a minimum at the forward stock price.

In this paper we present an alternative proof of this convexity result, based
on the computation of the at-the-money first and second derivatives of the im-
plied volatility. Our method uses implicit differentiation and Malliavin calculus
techniques, and gives us explicit expressions for these derivatives. These expres-
sions allow us to proof the convexity of the implied volatility curve, as well as
to compute its short-time behaviour in terms of the Malliavin derivative of the
volatility process. Our analysis only needs some regularity conditions and does
not need the volatility to be a Markovian process, as we see in the examples.

The paper is organized as follows. In Section 2 we introduce the framework
and the notation that we utilize in this paper. In Section 3 we prove that the
implicit volatility has a stationary point at the forward stock price. In Section
4, we obtain an expression for the second derivative that allows us to prove the
local convexity of the implied volatility, as well as to compute its short-time
at-the-money limit. Finally, some examples are given in Section 5.

2 Statement of the problem and notation

In this paper we consider the following model for the log-price of a stock under
a risk-neutral probability measure P:

1t t
Xt:m+Ft—§/ aids—i—/ osdWs, t€][0,T]. (1)
0 0

Here, z is the current log-price, 7 is the instantaneous interest rate, W is a
standard Brownian motion defined on a complete probability space (2,3, P),
and o is a square-integrable and right-continuous stochastic process adapted to
the filtration generated by another standard Brownian motion B independent
of W. In the following we denote by F" and FP? the filtrations generated by
W and B. Moreover we define F := FW v FB.

It is well-known that there is no arbitrage opportunity if we price an Euro-
pean call with strike price K by the formula

Ve=e TTTIE (X — K).4 ],

where F; is the F;—conditional expectation with respect to P (i.e., Fy(X) =
E(X|F:)). In the sequel, we make use of the following notation:

o vi=-1 | tT o2du. That is, v; represents the future average volatility.

e My =F, (fOT J?Ldu) .



e BS(t,z,k,o) denotes the price of a European call option under the classi-
cal Black-Scholes model with constant volatility o, current log stock price
x, time to maturity T — ¢, strike price K = exp(k) and interest rate 7.
Remember that in this case

BS(t,x, k,0) = e*N(dy) — " " T=YN(d_),

where N denotes the cumulative probability function of the standard nor-
mal law and

with kf = a +7(T —t).

Notice that, as ¢ is independent to the filtration generated by W option
prices are given by the so-called Hull and White formula (see for example Hull
and White (1987))

‘/t = Et (BS(t,Xt, k,vt)) 5 te [O,T] (2)

3 The at-the-money implied volatility skew

Let us define the implied volatility I = I(t, X;, k) as the stochastic process such
that V; = BS (¢, X, k, I) . Sometimes we use the convention I = I(t, k) in order
to simplify the notation. Our first aim is to study the derivative %|k=k2' More
precisely we get the following result:

Proposition 1 (the implied volatility skew) Consider the model (1). Then, for
allt € 0,77, S5(t,k;) = 0.

Proof. This proof can be deduced following the ideas of the proof of Proposition
5.1 in Alos, Leén and Vives (2007). Namely, by the definition of I, we know

0 0oBS oBS ol
%‘/t: ak (t7Xt7kaI)+W(taXt7k7I)%(tak)7 t e [O7T]
Hence,
0BS ol 0 0BS
W(t,XtakaI)%*%Wfﬁ(thtak;l% te [O,T] (3)

Also, from (2), we know

oV; 0BS
a =FE; W (t7Xt’k,Ut)



On the other hand, since

Lgf(t,x,k;a) = —emN(—U‘g_s)

1 * x
= i(BS(tazvktvo')ie)7
then we obtain

BS . 0BS N "
%(t7Xt,kt ,U) — W (t7Xt,kt,I(t7kt ))

1
= 3 (BS (t, X, ky,ve) — BS (t, Xy, ki, I(t, k7))

Therefore, (3) yields
0BS oI

W (thtv k:v-[(tvk:)) % (tvk:)
OBS ) OBS . .
= E (81@ (tth,kmUt)) T (t, Xe, by, I (¢, k7))

1
= §Et (BS (t, X4, kf,vi) — BS (t, X4, k7, I (¢, k7))
= ()7

where the last inequality is due to (2) and the definition of I. Thus, the proof
is complete. m

Remark 2 The above theorem proves that, fized t € [0,T], the implied volatility
I(t, k) has stationary point at k = ky. Notice that this result is independent of
the stochastic volatility model. That is, we do not need it to be a diffusion or a
Markov process.

4 The at-the-money implied volatility smile

Now our purpose in this section is to study the at-the-money second derivative
%(t, ky). We prove that this is positive. Consequently, for every fixed t € [0, T,
the implied volatility I(¢, X;, k) is a locally convex function of k. Moreover, we
prove that lim;_,7 %(t,k;‘) is well-defined and finite, which is figure it out
explicitly.

We assume that the reader is familiar with the elementary results of the
Malliavin calculus, as given for instance in Nualart (2006). In the remaining
of this paper ]D)jlg’2 denotes the domain of the Malliavin derivative operator DP
with respect to the Brownian motion B. It is well-known that ]I))}B’2 is a dense
subset of L?(Q2) and that D? is a closed and unbounded operator from L?(Q)
to L2([0,T] x €2). We will use the notation Ly* = L2([0,T]; Dg?).

For our purpose, we introduce the following hypotheses:



(H1) o2 belongs to D, and there exists an adapted process Y = {V,,r € [0,T]} €
L* (2 x [0,T]) such that |E, (DFo2)| <Y, forallt <r <u<T.

(H2) For every r € [0,T], there exists an FZ—measurable random variable
Do, such that

; j;T E. (SUPrgugT ‘ET (ng 2 _ D;_O'%) ’4) dr
im

=0.
T T —t

(H3) There exist two deterministic, integrable and right continuous functions
01,02 :[0,7] — R™ such that

o1(t) < lo¢| < oa(t), t€][0,T].

Remark 3 Notice that under (H1), the Clark-Ocone formula gives us that (see,
for instance, Nualart (2006))

t T
Mt:MO+/ (/ Es(Dfai)dr>st, te0,T],
0 s

with My = E ( I ggds) .

Before stating the main result of this section, we establish the following
auxiliary result.

Lemma 4 Letr € [t,T] and A, = E, (BS(t, X¢, kr,vt)), then

o (S CTANPT0) (o (T =0))

and
(3uf (T—t) )
exp ( —tg—

3
Uy

(BS™U(t, X, ki, A,)) < E,

Proof. We first observe that BS~!(¢, X;, k}, -) and exp(-) are two convex func-
tion on R*. Therefore, Jensen inequality implies

—1 * 2 _
exp (BS (taXtvktaAr) (T t))

8
exp (Bs—l(th,k;‘,ET(BS(th,k;gvt)))z(T _t))
= X
8
< exp (ET (BS_I(uth;’BS(;’ X, ki v))3(T — t))>
<

: on(252).



Similarly, using that & — 273 is a convex function on R* and the Taylor
expansion for BS~™1(t, Xy, k}, ), we have

(BS™(t, X, k7, A,))

Ver
VT -t

P V2r
"\\vT=%

-3
E. (BS(t, X, k},v¢)) eX“>

IN

-3
BS(t, Xy, k], vt)e_X‘> ,

which implies the result due to the mean value theorem. ®

Theorem 5 Assume that the model (1), and Hypotheses (H1) and (H3) are
satisfied. Then gkg (t,kf) >0, for all t € [0,T). Moreover, if Hypothesis (H2)
also holds,
0?1 (D o2)?
th—>H71“ O0k? (k) = 1207

Proof. From the definition of the implied volatility I, we have

02 92BS 92BS oI
5V = T B Xe kD) + 2 (1 X i T)

82BS ol oBS 021
+ 5oy (6. X ki) <8k;> + o (X D) s

By Proposition 1, the last equality becomes

0BS o 02T 0? 8235’ . .
e (t, Xe, by, I(t, 27)) 7 k2 (t. ki) = 5%2‘/;5"6 kT ToR2 (t, Xe, ki, I (L, 27)) -
Thus (2) gives
0BS . L 02T
W (t7Xt7ktaI(t7kt )) akQ (t k )
0’°BS 0°BS
= E; (t, Xe, ko) | — (t, Xi, ky  I(t,kY)) . (4)

Ok? k2

But the last term on the right-hand side of (4) can be written as

82BS . .
TR (t, Xi, ki, I(t,kY))
82BS .
= Xk, BST (W)
9’BS
= 8]{}2 (t Xt,k;,BS (Et (BS(t,Xt,k:,Ut))))7



where, in this case, we denote BS~1(t,z},k, ) by BS™1(:) in order to simplify
the notation. Consequently, using (4), we can establish

OB (. 0k 1(0.k) S 1)
= E [a;]:f (t, X¢, ki, v) — a;ff(t X, ki, BS™Y (B (BS (t, X4, kf,vt))))
= E [62525 (t, Xy, ki, BS™" (BS (t, X4, ki, vr)))
321525 (t, X, k!, BS~" (E, (BS (t,Xt,kj,vt))))] , )

Now the proof is decomposed into several steps.

Step 1. Let us first prove that 2 (%2 L (t, kF) is positive.

The Clark-Ocone formula (see Nualart (2006)), together with Hypotheses
(H1) and (H3), leads to

T
BS (t, X0,k v) = By (BS(t,Xt,kf,vt))+/ U.dB,.
t

where
U, : =E, (DB (BS(t X\, k,w)))
9BS . DFMT
— Er(( 5o (t, Xt,kt,vf)> 2(T—t)vt>’ r>t. (6)

Hence, utilizing the convention ¥ (a) := akQ 5 (t, X4, ki, BS™! (a)) and equality



(5), we get

dBS %I
(t’ Xta k:7 I(ta k:))

oo

s (k)

I 2B T
aan <t7Xt7 k;:kv BS_l <Et (BS (t,Xt, krvvt)) +/ U7dB7>>
t
9?°BS
o0k?

= Et
- (t, Xi, k¥, BS™ (B, (BS (t, X, k,vt))))}

T \P u
_ B / &(Et(BS(t,Xt,k;‘,vt))—i—/ UTdBT> U,dB,
t t

1 (T o*w . v )
+= [ == (E(BS(t, X, kf,v))+ | UedB, ) Uldu
2 ), Oa? t

T ow .
5 (Bu(BS (t, Xy, b, v1))) Uud By

= Et
t
1 [T o*v
2 J, 0a?

(BEy (BS (t, X4, kf,v0))) Uldu

T 82\:[/ * 2
] W (Eu (BS (ta Xt7 ktavt))) Uudu

)

1
- -E
2t

where, in the last equality, we use the fact that %—‘{Il'(a) =1_

hypotheses (H1) and (H3). So, now it is easy to see

oBS = oy 02T
W(tvxt7k71(t7xt))w(t7xt)

-1 * 2,
- VIrexp <(BS (Eu(BS(t,)gft, 2 00)))) (T ))
2

= Et G_Xt

t (BSil (Eu (BS (thtvkgvvt))))3 (T_t)3/2 “

Thus g% (t,zy) > 0 w.p.1.

Step 2. Here we show that

—rDVe2\\?
E, [J;T 20 (¢, A,) (Uf ~ (B (9, BS(t X, k7, 00) Gpoet ) ) ) dr}
(T =)'/ ’

where A, defined as in Lemma 4, converges to 0 as ¢t T 7.



By Schwarz inequality, we can write

2
2 * (T — T)D+0§
Ur <ET‘ (aaBS(taXtaktavt) Q(T— t)’Ut

1 T
ET <80-BS(t,Xt, k:,’l]t)m/ (D7BO',[2L + D?U?)du) |
— e Jr

1 T
X | By <8UBS(t,Xt, k;f,vt)i)v/ (DBs? — Dfaf)du) |
t Jr

2T —t
vp(T—1)
Ce?Xt exp (_T) r
Er I DB 2 D+ 2 d
— (T—t) vt . ( r0u+ tJt>u
oxp () T,
X\E, | ————= (D oy, — D;rat)du
UVt r
1/2
Ce2X exp (—@) T 2 /
< =) E,. " E, / (DBo? + D} o?)du
t T
. 9 1/2
X (E ( / (DBo? — D;ratz)du] ))
v2(T—t) 1/2
C(T —r)2e*Xe exp (_tT) B o /
< E, E,. ((D Dfo?)?
= T @9 22, Br (Drew + Dii)’)

1/2
X ( sup E, (DPo2 — D;”U?)Z)) .

r<u<T



Hence, Lemma 4 gives

2
a1 00 (12 (5 (o250 30 SR ) ]

(T —t)1/2
3vZ(T—t) v2(T—t)
oo [0y (o sty (S0 ()Y fo (20
< E E, -~ 2 \)\)E|———2L|E | —~
= T / (eXp< 3 ))
1/2 1/2
x( sup B, ((D503+Dja§)2)> <sup Er((chri—D;’of)2)> dr]
r<u<T r<u<T
3vZ(T—t)
o (T -0\, (o0 ()
< E Eh Zt\ Y E» -~ @ 7
= T / <eXp( 3 ))
w2 (T—1) 2\ /2
exp (*%)
xﬁh e — dr

Vg

; 1/4
X (Et/ sup |E, (Do + Df 7)) ]4dr>
t

r<u<T

r<u<lT

; 1/4
X (Et/ sup |E, ((DEU?L—DZFU?))’ALC”)
t
— 0, astlT,

due to Hypotheses (H2) and (H3). Thus the claim of this part of the proof is

true.
. + 232
Step 3. Finally we prove that lim; 1 %(t ry) = (D; o¢)

» <Mt
From Step 2, we obtain

1203

82

5 gz (70

—_r)Dto2 2
E, {ftT 0% (t.A,) (E (&,BS(t,Xt, k;,yt)%» dr}

= lim
i (T - 1)1 /2eX
2
E, {( D¥od)? [T SRt A) (B (9B X0 ko) 552 ) dr]
= 1i
T (T —t)>2ee



Note that the right continuity of o and (H3) imply

(D*02)? [ Gt Ar) (Br (9, BS(t, X ki v0) (T7T)>>2d7ﬂ

t 2v¢
(T — t)5/2eX

V2r
D+ 2\2
— <1270é) ast — T, w.p.l,
Ot

and

] i 2
(0*o? [ 5w ) (B (9,350, X0k ) 552)) o

t 2v¢
(T — )%

V2T
3v2(T—t) v2(T—t)
+,2y2 T 2 _ exp ("7> exp (—’7>
< M/ E, | exp M E, N 8 ) E, D dr.
(T-1) J, 8 vl v?

Therefore, the result follows from the dominated convergence theorem and the
fact that

3v2(T—1)
LT (T 1) exp (M=)
(wa/t Bl | B (eXp( 5 >>E o7

exp (_vf(z—t))

x B, 2
t

1
d E, | —
r— t<010

>, ast — T,
t

which follows from (H3). Now the proof is finished. m

Remark 6 Notice that (H3) can be substituted by adequate integrability condi-
tions.

Remark 7 The above theorems proves that, fived t € [0,T], the implied volatil-
ity I(t, k) is a locally convex function of the srike with a minimum at k = kf,
according to the previous results by Renault and Touzi (1996).

5 Examples

5.1 Diffusion stochastic volatilities

Assume that the squared volatility 0 can be written as 02 = f(Y), where f

€ C! and Y is the solution of a stochastic differential equation:

dY, =a(r,Y,)dr +b(r,Y,.)dB,, (7)

11



for some real funcions a,b € C}. Then, classical arguments (see for example
Nualart, 2006) give us that Y € ]L,E2 and that

DBy, = ga(uY)D Yodu + b(s, Ys) + gb

S

(u,Y,)DBY,dB,. (8)

Taking now into account that DZa, = f/(V,)DEY, it can be easily deduced
from (8) that (H1), and (H3) hold and that

B (swp,cuer | B (PP — (V)b V) |1 dr
i Tt -0

which implies (H2). Then, Theoreml and Theorem 2 give us that, for all ¢ €

0,77, 2L(t, k) = 0 and gkg (t,kf) > 0, which proves that I(t, k) is a locally

convex function with a minimun at k = k;. Moreover, Theorem 2 say us that
0*1 (Dfo)?  (f'(Y)b(t, V7))

I tk; _
i S bR = 508 1207

5.2 Fractional stochastic volatility models

Assume that the squared volatility 0? can be written as 02 = f(Y), where f
€ C} and Y is a process of the form

Y, =m+ (Y, —m)e =9 4 C\/2a/ exp (—a (r —s))dBY, (9)
¢
where BF := [(s ~2dB,. As in Comte and Renault (1998), where this

class of models have been introduced to capture the long-time behaviour of the
implied volatility, we assume the volatility model (9), for some H > 1/2. Notice
that (see for example Alds, Mazet and Nualart (2000)) [, exp (—a (r — s)) dBX
can be written as

<H - ;) /t </ exp (—a (r —u)) (u — s)H%du) dB,

from where it follows easily that supi<s<,<7 ‘E (DfoT’ .7-'3)‘ — 0ast — T.
In a similar way as in Example 5.1, Theorem 1 and Theorem 2 give us that,
for all ¢ € 0,77, gi (t,kf) =0 and gké (t,ky) > 0, and then I(¢, k) is a locally
convex function with a minimun at k¥ = k;. Moreover, Theorem 2 say us that

limy_p gkg (t,kf) = 0. This result indicates that, in order to capture both the

short-time and the long time behaviour of the implied volatility, a possible
approach could be to consider a volatility process of the form o2 = f(Y*!,Y?),
where Y! is a solution of (7) and Y2 is a solution of (9), as considered in a
recent paper by Alos and Yang (2014).

12



6 Conclusions

We have seen, by a computation of the corresponding first and second deriva-
tives, that in the case of uncorrelated volatility, the implied volatility is a locally
convex function of the strike, with a minimum at the forward price of the stock.
This recovers the previous results by Renault and Touzi (1996). Moreover, we
see that the short-time limit of the at-the-money second derivative can be ex-
plicitly computed in terms of the Malliavin derivative of the volatility process.
Our analysis only needs some general integrability and regularity conditions in
the Malliavin calculus sense and does not need the volatility to be a diffusion
or a Markov process
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