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Abstract

In this paper we give an alternative proof of the convexity of the im-
plied volatility curve as a function of the strike, for stochastic volatility
models in the uncorrelated case. Our method is based on the computation
of the corresponding �rst and second derivatives, and on Malliavin calcu-
lus techniques. We prove that the implied volatility is a locally convex
function of the strike, with a minimum at the forward price of the stock,
recovering the previous results by Renault and Touzi (1996). Moreover,
we obtain an expression for the short-time limit of the smile in terms of
the Malliavin derivative of the volatility process. Our analysis only needs
some general integrability and regularity conditions in the Malliavin calcu-
lus sense and does not need the volatility to be Markovian nor a di¤usion
process, as we can see in the examples

1 Introduction

It is well-known that stochastic volatility models capture some important fea-
tures of the implied volatility. For example, its variation with respect to the
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strike price, described graphically as a smile or skew, (see Renault and Touzi
(1996) or Alòs, León and Vives (2007)).
This paper is devoted to the analytical study of the convexity of the implied

volatility curve as a function of the strike, in the case of uncorrelated stochastic
volatility. As proved in Renault and Touzi (1996) (by induction on the number of
posible values that the squared future average volatility can take) this function
is locally convex with a minimum at the forward stock price.
In this paper we present an alternative proof of this convexity result, based

on the computation of the at-the-money �rst and second derivatives of the im-
plied volatility. Our method uses implicit di¤erentiation and Malliavin calculus
techniques, and gives us explicit expressions for these derivatives. These expres-
sions allow us to proof the convexity of the implied volatility curve, as well as
to compute its short-time behaviour in terms of the Malliavin derivative of the
volatility process. Our analysis only needs some regularity conditions and does
not need the volatility to be a Markovian process, as we see in the examples.
The paper is organized as follows. In Section 2 we introduce the framework

and the notation that we utilize in this paper. In Section 3 we prove that the
implicit volatility has a stationary point at the forward stock price. In Section
4, we obtain an expression for the second derivative that allows us to prove the
local convexity of the implied volatility, as well as to compute its short-time
at-the-money limit. Finally, some examples are given in Section 5.

2 Statement of the problem and notation

In this paper we consider the following model for the log-price of a stock under
a risk-neutral probability measure P :

Xt = x+ ~rt�
1

2

Z t

0

�2sds+

Z t

0

�sdWs; t 2 [0; T ]: (1)

Here, x is the current log-price, ~r is the instantaneous interest rate, W is a
standard Brownian motion de�ned on a complete probability space (
;G; P ),
and � is a square-integrable and right-continuous stochastic process adapted to
the �ltration generated by another standard Brownian motion B independent
of W . In the following we denote by FW and FB the �ltrations generated by
W and B. Moreover we de�ne F := FW _ FB :
It is well-known that there is no arbitrage opportunity if we price an Euro-

pean call with strike price K by the formula

Vt = e
�~r(T�t)Et[(e

XT �K)+];

where Et is the Ft�conditional expectation with respect to P (i.e., Et(X) =
E(XjFt)). In the sequel, we make use of the following notation:

� v2t = 1
T�t

R T
t
�2udu: That is, vt represents the future average volatility.

� Mt = Et

�R T
0
�2udu

�
:
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� BS(t; x; k; �) denotes the price of a European call option under the classi-
cal Black-Scholes model with constant volatility �, current log stock price
x, time to maturity T � t; strike price K = exp(k) and interest rate ~r:
Remember that in this case

BS(t; x; k; �) = exN(d+)� ek�~r(T�t)N(d�);

where N denotes the cumulative probability function of the standard nor-
mal law and

d� :=
k�t � k
�
p
T � t

� �
2

p
T � t;

with k�t := x+ ~r(T � t):

Notice that, as � is independent to the �ltration generated by W ,option
prices are given by the so-called Hull and White formula (see for example Hull
and White (1987))

Vt = Et (BS(t;Xt; k; vt)) ; t 2 [0; T ]: (2)

3 The at-the-money implied volatility skew

Let us de�ne the implied volatility I = I(t;Xt; k) as the stochastic process such
that Vt = BS (t;Xt; k; I) : Sometimes we use the convention I = I(t; k) in order
to simplify the notation. Our �rst aim is to study the derivative @I

@k jk=k�t : More
precisely we get the following result:

Proposition 1 (the implied volatility skew) Consider the model (1). Then, for
all t 2 [0; T ] ; @I@k (t; k

�
t ) = 0:

Proof. This proof can be deduced following the ideas of the proof of Proposition
5.1 in Alòs, León and Vives (2007). Namely, by the de�nition of I, we know

@

@k
Vt =

@BS

@k
(t;Xt; k; I) +

@BS

@�
(t;Xt; k; I)

@I

@k
(t; k); t 2 [0; T ]:

Hence,

@BS

@�
(t;Xt; k; I)

@I

@k
=
@

@k
Vt �

@BS

@k
(t;Xt; k; I); t 2 [0; T ]: (3)

Also, from (2), we know

@Vt
@k

= Et

�
@BS

@k
(t;Xt; k; vt)

�
:
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On the other hand, since

@BS

@k
(t; x; k�t ; �) = �exN

�
��

p
T � s
2

�
=

1

2
(BS(t; x; k�t ; �)� ex) ;

then we obtain

BS

@k
(t;Xt; k

�
t ; �)�

@BS

@k
(t;Xt; k

�
t ; I(t; k

�
t ))

=
1

2
(BS (t;Xt; k

�
t ; vt)�BS (t;Xt; k�t ; I(t; k�t ))) :

Therefore, (3) yields

@BS

@�
(t;Xt; k

�
t ; I(t; k

�
t ))

@I

@k
(t; k�t )

= Et

�
@BS

@k
(t;Xt; k

�
t ; vt)

�
� @BS

@k
(t;Xt; k

�
t ; I (t; k

�
t ))

=
1

2
Et (BS (t;Xt; k

�
t ; vt)�BS (t;Xt; k�t ; I (t; k�t )))

= 0;

where the last inequality is due to (2) and the de�nition of I. Thus, the proof
is complete.

Remark 2 The above theorem proves that, �xed t 2 [0; T ], the implied volatility
I(t; k) has stationary point at k = k�t : Notice that this result is independent of
the stochastic volatility model. That is, we do not need it to be a di¤usion or a
Markov process.

4 The at-the-money implied volatility smile

Now our purpose in this section is to study the at-the-money second derivative
@2I
@k2 (t; k

�
t ):We prove that this is positive. Consequently, for every �xed t 2 [0; T ],

the implied volatility I(t;Xt; k) is a locally convex function of k. Moreover, we
prove that limt!T

@2I
@k2 (t; k

�
t ) is well-de�ned and �nite, which is �gure it out

explicitly.
We assume that the reader is familiar with the elementary results of the

Malliavin calculus, as given for instance in Nualart (2006). In the remaining
of this paper D1;2B denotes the domain of the Malliavin derivative operator DB

with respect to the Brownian motion B: It is well-known that D1;2B is a dense
subset of L2(
) and that DB is a closed and unbounded operator from L2(
)
to L2([0; T ]� 
): We will use the notation L1;2B = L2([0; T ] ;D1;2B ):
For our purpose, we introduce the following hypotheses:
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(H1) �2 belongs to D1;2B , and there exists an adapted process Y = fYr; r 2 [0; T ]g 2
L4 (
� [0; T ]) such that

��Er �DB
r �

2
u

��� � Yr, for all t � r � u � T:
(H2) For every r 2 [0; T ] ; there exists an FBr �measurable random variable

D+
r �r such that

lim
t"T

R T
t
Et

�
supr�u�T

��Er �DB
r �

2
u �D+

t �
2
t

���4� dr
T � t = 0:

(H3) There exist two deterministic, integrable and right continuous functions
�1; �2 : [0; T ]! R+ such that

�1(t) � j�tj � �2(t); t 2 [0; T ]:

Remark 3 Notice that under (H1), the Clark-Ocone formula gives us that (see,
for instance, Nualart (2006))

Mt =M0 +

Z t

0

 Z T

s

Es
�
DB
s �

2
r

�
dr

!
dBs; t 2 [0; T ] ;

with M0 = E
�R T

0
�2sds

�
:

Before stating the main result of this section, we establish the following
auxiliary result.

Lemma 4 Let r 2 [t; T ] and �r = Er (BS(t;Xt; k�t ; vt)), then

exp

�
BS�1(t;Xt; k

�
t ;�r)

2(T � t)
8

�
� Er

�
exp

�
v2t (T � t)

8

��
and �

BS�1(t;Xt; k
�
t ;�r)

��3 � Er
0@exp

�
3v2t (T�t)

8

�
v3t

1A :
Proof. We �rst observe that BS�1(t;Xt; k�t ; �) and exp(�) are two convex func-
tion on R+. Therefore, Jensen inequality implies

exp

�
BS�1(t;Xt; k

�
t ;�r)

2(T � t)
8

�
= exp

�
BS�1(t;Xt; k

�
t ; Er(BS(t;Xt; k

�
t ; vt)))

2(T � t)
8

�
� exp

�
Er

�
BS�1(t;Xt; k

�
t ; BS(t;Xt; k

�
t ; vt))

2(T � t)
8

��
� Er

�
exp

�
v2t (T � t)

8

��
:
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Similarly, using that x 7! x�3 is a convex function on R+ and the Taylor
expansion for BS�1(t;Xt; k�t ; �), we have�

BS�1(t;Xt; k
�
t ;�r)

��3
�

 p
2�p
T � t

Er (BS(t;Xt; k
�
t ; vt)) e

�Xtt

!�3

� Er

0@ p
2�p
T � t

BS(t;Xt; k
�
t ; vt)e

�Xt

!�31A ;
which implies the result due to the mean value theorem.

Theorem 5 Assume that the model (1), and Hypotheses (H1) and (H3) are
satis�ed. Then @2I

@k2 (t; k
�
t ) � 0, for all t 2 [0; T ]. Moreover, if Hypothesis (H2)

also holds,

lim
t!T

@2I

@k2
(t; k�t ) =

(D+
t �

2
t )
2

12�5t
:

Proof. From the de�nition of the implied volatility I, we have

@2

@k2
Vt =

@2BS

@k2
(t;Xt; k; I) + 2

@2BS

@k@�
(t;Xt; k; I)

@I

@k

+
@2BS

@�2
(t;Xt; k; I)

�
@I

@k

�2
+
@BS

@�
(t;Xt; k; I)

@2I

@k2
:

By Proposition 1, the last equality becomes

@BS

@�
(t;Xt; k

�
t ; I(t; x

�
t ))

@2I

@k2
(t; k�t ) =

@2

@k2
Vtjk=k�t �

@2BS

@k2
(t;Xt; k

�
t ; I(t; x

�
t )) :

Thus (2) gives

@BS

@�
(t;Xt; k

�
t ; I(t; k

�
t ))

@2I

@k2
(t; k�t )

= Et

�
@2BS

@k2
(t;Xt; k

�
t ; vt)

�
� @

2BS

@k2
(t;Xt; k

�
t ; I(t; k

�
t )) : (4)

But the last term on the right-hand side of (4) can be written as

@2BS

@k2
(t;Xt; k

�
t ; I(t; k

�
t ))

=
@2BS

@k2
(t;Xt; k

�
t ; BS

�1 (Vt))

=
@2BS

@k2
(t;Xt; k

�
t ; BS

�1 (Et (BS (t;Xt; k
�
t ; vt))));
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where, in this case, we denote BS�1(t; x�t ; k; �) by BS�1(�) in order to simplify
the notation. Consequently, using (4), we can establish

@BS

@�
(t;Xt; k

�
t ; I(t; k

�
t ))

@2I

@k2
(t; k�t )

= Et

�
@2BS

@k2
(t;Xt; k

�
t ; vt)�

@2BS

@k2
(t;Xt; k

�
t ; BS

�1 (Et (BS (t;Xt; k
�
t ; vt))))

�
= Et

�
@2BS

@k2
�
t;Xt; k

�
t ; BS

�1 (BS (t;Xt; k
�
t ; vt))

�
�@

2BS

@k2
(t;Xt; k

�
t ; BS

�1 (Et (BS (t;Xt; k
�
t ; vt))))

�
: (5)

Now the proof is decomposed into several steps.
Step 1. Let us �rst prove that @2I

@k2 (t; k
�
t ) is positive.

The Clark-Ocone formula (see Nualart (2006)), together with Hypotheses
(H1) and (H3), leads to

BS (t;Xt; k
�
t ; vt) = Et (BS (t;Xt; k

�
t ; vt)) +

Z T

t

UrdBr;

where

Ur : = Er
�
DB
r (BS (t;Xt; k

�
t ; vt))

�
= Er

��
@BS

@�
(t;Xt; k

�
t ; vt)

�
DB
r MT

2(T � t)vt

�
; r > t: (6)

Hence, utilizing the convention 	(a) := @2BS
@k2

�
t;Xt; k

�
t ; BS

�1 (a)
�
and equality
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(5), we get

@BS

@�
(t;Xt; k

�
t ; I(t; k

�
t ))

@2I

@k2
(t; k�t )

= Et

"
@2BS

@k2

 
t;Xt; k

�
t ; BS

�1

 
Et (BS (t;Xt; k

�
t ; vt)) +

Z T

t

UrdBr

!!

�@
2BS

@k2
(t;Xt; k

�
t ; BS

�1 (Et (BS (t;Xt; k; vt))))

�
= Et

"Z T

t

@	

@a

�
Et (BS (t;Xt; k

�
t ; vt)) +

Z u

t

UrdBr

�
UudBu

+
1

2

Z T

t

@2	

@a2

�
Et (BS (t;Xt; k

�
t ; vt)) +

Z u

t

UrdBr

�
U2udu

#

= Et

"Z T

t

@	

@a
(Eu (BS (t;Xt; k

�
t ; vt)))UudBu

+
1

2

Z T

t

@2	

@a2
(Eu (BS (t;Xt; k

�
t ; vt)))U

2
udu

#

=
1

2
Et

"Z T

t

@2	

@a2
(Eu (BS (t;Xt; k

�
t ; vt)))U

2
udu

#
;

where, in the last equality, we use the fact that @	
@a (a) =

1
4 �

1
a2(T�t) ; and

hypotheses (H1) and (H3). So, now it is easy to see

@BS

@�
(t; x�t ; k; I(t; x

�
t ))

@2I

@k2
(t; x�t )

= Et

2664e�Xt

Z T

t

p
2� exp

�
(BS�1(Eu(BS(t;Xt;k

�
t ;vt))))

2
(T�s)

8

�
(BS�1 (Eu (BS (t;Xt; k�t ; vt))))

3
(T � t)3=2

U2udu

3775 :
Thus @2I

@k2 (t; x
�
t ) > 0 w.p.1.

Step 2. Here we show that

Et

�R T
t

@2	
@a2 (t;�r)

�
U2r �

�
Er

�
@�BS(t;Xt; k

�
t ; vt)

(T�r)D+�2t
2(T�t)vt

��2�
dr

�
(T � t)1=2 ;

where �r de�ned as in Lemma 4, converges to 0 as t " T .
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By Schwarz inequality, we can write�����U2r �
�
Er

�
@�BS(t;Xt; k

�
t ; vt)

(T � r)D+�2t
2(T � t)vt

��2�����
=

�����Er
 
@�BS(t;Xt; k

�
t ; vt)

1

2(T � t)vt

Z T

r

(DB
r �

2
u +D

+
t �

2
t )du

!�����
�
�����Er

 
@�BS(t;Xt; k

�
t ; vt)

1

2(T � t)vt

Z T

r

(DB
r �

2
u �D+

t �
2
t )du

!�����
� Ce2Xt

(T � t)

������Er
0@exp

�
�v2t (T�t)

8

�
vt

Z T

r

(DB
r �

2
u +D

+
t �

2
t )du

1A������
�

������Er
0@exp

�
�v2t (T�t)

8

�
vt

Z T

r

(DB
r �

2
u �D+

t �
2
t )du

1A������
� Ce2Xt

(T � t)Er

0@exp
�
�v2t (T�t)

4

�
v2t

1A0@Er
0@"Z T

r

(DB
r �

2
u +D

+
t �

2
t )du

#21A1A1=2

�

0@Er
0@"Z T

r

(DB
r �

2
u �D+

t �
2
t )du

#21A1A1=2

� C(T � r)2e2Xt

(T � t) Er

0@exp
�
�v2t (T�t)

4

�
v2t

1A� sup
r�u�T

Er
�
(DB

r �
2
u +D

+
t �

2
t )
2
��1=2

�
�
sup

r�u�T
Er
�
(DB

r �
2
u �D+

t �
2
t )
2
��1=2

:
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Hence, Lemma 4 gives

Et

�R T
t

@2	
@a2 (t;�r)

�
U2r �

�
Er

�
@�BS(t;Xt; k

�
t ; vt)

(T�r)D+
t �

2
t

2(T�t)vt

��2�
dr

�
(T � t)1=2

� CeXt

(T � t)Et

24Z T

t

Er

�
exp

�
v2t (T � t)

8

��
Er

0@exp
�
3v2t (T�t)

8

�
v3t

1AEr
0@exp

�
�v2t (T�t)

4

�
v2t

1A
�
�
sup

r�u�T
Er
�
(DB

r �
2
u +D

+
t �

2
t )
2
��1=2�

sup
r�u�T

Er
�
(DB

r �
2
u �D+

t �
2
t )
2
��1=2

dr

#

� CeXt

(T � t)

0@Et Z T

t

0@Er �exp�v2t (T � t)
8

��
Er

0@exp
�
3v2t (T�t)

8

�
v3t

1A

�Er

0@exp
�
�v2t (T�t)

4

�
v2t

1A1A2

dr

1CA
1=2

�
 
Et

Z T

t

sup
r�u�T

��Er �(DB
r �

2
u +D

+
t �

2
t )
���4 dr!1=4

�
 
Et

Z T

t

sup
r�u�T

��Er �(DB
r �

2
u �D+

t �
2
t )
���4 dr!1=4

! 0; as t " T;

due to Hypotheses (H2) and (H3). Thus the claim of this part of the proof is
true.
Step 3. Finally we prove that limt!T

@2I
@k2 (t; x

�
t ) =

(D+
t �

2
t )
2

12�5t
:

From Step 2, we obtain

lim
t!T

@2I

@k2
(t; x�t )

= lim
t!T

Et

�R T
t

@2	
@a2 (t;�r)

�
Er

�
@�BS(t;Xt; k

�
t ; vt)

(T�r)D+�2t
2(T�t)vt

��2
dr

�
1p
2�
(T � t)1=2eXt

= lim
t!T

Et

�
(D+�2t )

2
R T
t

@2	
@a2 (t;�r)

�
Er

�
@�BS(t;Xt; k

�
t ; vt)

(T�r)
2vt

��2
dr

�
1p
2�
(T � t)5=2eXt

:
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Note that the right continuity of � and (H3) imply

(D+�2t )
2
R T
t

@2	
@a2 (t;�r)

�
Er

�
@�BS(t;Xt; k

�
t ; vt)

(T�r)
2vt

��2
dr

1p
2�
(T � t)5=2eXt

! (D+�2t )
2

12�5t
as t! T; w.p.1;

and

(D+�2t )
2
R T
t

@2	
@a2 (t;�r)

�
Er

�
@�BS(t;Xt; k

�
t ; vt)

(T�r)
2vt

��2
dr

1p
2�
(T � t)5=2eXt

� (D+�2t )
2

(T � t)

Z T

t

Er

�
exp

�
v2r(T � t)

8

��
Er

0@exp
�
3v2r(T�t)

8

�
v3t

1AEr
0@exp

�
�v2t (T�t)

4

�
v2t

1A dr:
Therefore, the result follows from the dominated convergence theorem and the
fact that

1

(T � t)

Z T

t

Et

0@0@Er �exp�v2r(T � t)
8

��
Er

0@exp
�
3v2r(T�t)

8

�
v3t

1A
�Er

0@exp
�
�v2t (T�t)

4

�
v2t

1A1A2
1CA dr ! Et

�
1

�10t

�
; as t! T;

which follows from (H3). Now the proof is �nished.

Remark 6 Notice that (H3) can be substituted by adequate integrability condi-
tions.

Remark 7 The above theorems proves that, �xed t 2 [0; T ] ; the implied volatil-
ity I(t; k) is a locally convex function of the srike with a minimum at k = k�t ;
according to the previous results by Renault and Touzi (1996).

5 Examples

5.1 Di¤usion stochastic volatilities

Assume that the squared volatility �2 can be written as �2 = f(Y ); where f
2 C1b and Y is the solution of a stochastic di¤erential equation:

dYr = a (r; Yr) dr + b (r; Yr) dBr; (7)
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for some real funcions a; b 2 C1b : Then, classical arguments (see for example
Nualart, 2006) give us that Y 2 L1;2B and that

DB
s Yr =

Z r

s

@a

@x
(u; Yu)D

B
s Yudu+ b(s; Ys) +

Z r

s

@b

@x
(u; Yu)D

B
s YudBu: (8)

Taking now into account that DB
s �u = f 0(Yu)D

B
s Yu it can be easily deduced

from (8) that (H1), and (H3) hold and that

lim
t"T

R T
t
Et

�
supr�u�T

��Er �DB
r �

2
u � f 0(Yt)b(t; Yt)

���4� dr
T � t = 0;

which implies (H2). Then, Theorem1 and Theorem 2 give us that, for all t 2
[0; T ] ; @I@k (t; k

�
t ) = 0 and @2I

@k2 (t; k
�
t ) � 0, which proves that I(t; k) is a locally

convex function with a minimun at k = k�t : Moreover, Theorem 2 say us that

lim
t!T

@2I

@k2
(t; k�t ) =

(D+
t �

2
t )
2

12�5t
=
(f 0(Yt)b(t; Yt))

2

12�5t
:

5.2 Fractional stochastic volatility models

Assume that the squared volatility �2 can be written as �2 = f(Y ); where f
2 C1b and Y is a process of the form

Yr = m+ (Yt �m) e��(r�t) + c
p
2�

Z r

t

exp (�� (r � s)) dBHs ; (9)

where BHs :=
R s
0
(s � u)H� 1

2 dBu: As in Comte and Renault (1998), where this
class of models have been introduced to capture the long-time behaviour of the
implied volatility, we assume the volatility model (9), for some H > 1=2: Notice
that (see for example Alòs, Mazet and Nualart (2000))

R r
t
exp (�� (r � s)) dBHs

can be written as�
H � 1

2

�Z r

t

�Z r

s

exp (�� (r � u)) (u� s)H� 1
3 du

�
dBs;

from where it follows easily that supt�s�r�T
��E �DB

s �r
��Fs��� ! 0 as t ! T .

In a similar way as in Example 5.1, Theorem 1 and Theorem 2 give us that,
for all t 2 [0; T ] ; @I@k (t; k

�
t ) = 0 and

@2I
@k2 (t; k

�
t ) � 0, and then I(t; k) is a locally

convex function with a minimun at k = k�t : Moreover, Theorem 2 say us that
limt!T

@2I
@k2 (t; k

�
t ) = 0: This result indicates that, in order to capture both the

short-time and the long time behaviour of the implied volatility, a possible
approach could be to consider a volatility process of the form �2 = f(Y 1; Y 2);
where Y 1 is a solution of (7) and Y 2 is a solution of (9), as considered in a
recent paper by Alòs and Yang (2014).
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6 Conclusions

We have seen, by a computation of the corresponding �rst and second deriva-
tives, that in the case of uncorrelated volatility, the implied volatility is a locally
convex function of the strike, with a minimum at the forward price of the stock.
This recovers the previous results by Renault and Touzi (1996). Moreover, we
see that the short-time limit of the at-the-money second derivative can be ex-
plicitly computed in terms of the Malliavin derivative of the volatility process.
Our analysis only needs some general integrability and regularity conditions in
the Malliavin calculus sense and does not need the volatility to be a di¤usion
or a Markov process
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