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Model-free framework 

Kuramoto Local order parameter 

The time behaviour of the modulus of the Kuramoto local order parameter for a given 

brain area is named as the amplitude turbulence, 𝑅𝜆(𝑥̅, 𝑡) and is mathematically defined 

as: 

 

  𝑅𝜆(𝑥̅, 𝑡)𝑒𝑖𝜗𝜆(𝑥̅,𝑡) = 𝑘 ∫ 𝑑𝑥̅′𝐺𝜆(𝑥̅ − 𝑥̅′)𝑒𝑖𝜑(𝑥̅′,𝑡)∞

−∞
 (1) 

 

where 𝐺𝜆 is the local weighting kernel 𝐺𝜆(𝑥̅) = 𝑒−𝜆|𝑥̅|, 𝜑(𝑥̅, 𝑡) are the phases of the 

spatiotemporal data, 𝑘 is the normalization factor [∫ 𝑑𝑥̅′𝐺𝜆(𝑥̅ − 𝑥̅′)]
∞

−∞

−1
 and 𝜆 is the 

spatial scaling. 

 Therefore, 𝑅𝜆 defines local levels of synchronisation at a given scale, 𝜆, as function of 

space, 𝑥̅, and time, 𝑡. This measure captures what call the brain vortex space, 𝑅𝜆, over 

time, and can be related with the rotational vortices observed in fluid dynamics. 



Amplitude turbulence 

The level of amplitude turbulence, D, is defined as the standard deviation across time and 

space of the modulus of local Kuramoto order parameter (R):  

 

  𝐷 = 〈𝑅𝜆
2〉𝑥̅,𝑡 − 〈𝑅𝜆〉𝑥̅,𝑡

2  (2) 

 

where the brackets 〈〉𝑥̅,𝑡 denotes averages across time and space. 

Information cascade flow and Information cascade 

The information cascade flow indicates how the information travels from a given scale 

(λ) to a lower scale (λ − ∆λ, where ∆λ is a scale step) in consecutive time steps (t and t 

+ ∆t). In this sense, the information cascade flow measures the information transfer 

across scales computed as the time correlation between the Kuramoto local order 

parameter in two consecutive scales and times: 

 

  𝐹(𝜆) = 〈𝑐𝑜𝑟𝑟𝑡(𝑅𝜆(𝑥̅, 𝑡 + 𝛥𝑡), 𝑅𝜆−𝛥𝜆(𝑥̅, 𝑡))〉𝑥̅    (3) 

 

where the brackets 〈〉𝑥̅ denotes averages across time and space. Then, the information 

cascade is obtained by averaging the information cascade flow across scales λ ranging 

from 0.01 to 0.24, which captures the whole behaviour of the information processing 

across scales. 

Information transfer 

The spatial information transfer indicates how the information travels across space at a 

specific scale, λ. This measurement is computed as the slope of a linear fitting in the log-

log scale of the time correlation between the Kuramoto local order parameter of two brain 

areas at the same scale as a function of its Euclidean distance (r) within the inertial 

subrange: 

 

    𝑙𝑜𝑔 (𝑐𝑜𝑟𝑟𝑡(𝑅𝑛
𝜆, 𝑅𝑝

𝜆)(𝑟)) = 𝐴 ∗ 𝑙𝑜𝑔(𝑟) + 𝐵            (4) 

 

where A and B are the fitting parameters, and the first one, the negative slope, stands for 

the spatial information transfer. 



Node variability of local synchronisation: node-level metastability  

We computed the node variability of the local synchronisation as the standard deviation 

across time of the local Kuramoto order parameter as follows:  

 

     𝑁𝐿𝑀(𝑛, 𝜆) = 〈𝑅𝑛
𝜆(𝑡)2〉𝑡 − 〈𝑅𝑛

𝜆(𝑡)〉𝑡
2                  (5) 

 

where the brackets  〈〉𝑡 represent average values across time points. 

Here, we used the discrete version of the node-level Kuramoto order parameter, with 

modulus R and phase ν, representing a spatial average of the complex phase factor of the 

local oscillators weighted by the coupling calculated through: 

  

  𝑅𝑛
𝜆(𝑡)𝑒𝑖𝜈𝑛(𝑡) = ∑ [

𝐶𝑛𝑝
𝜆

∑ 𝐶𝑛𝑞
𝜆𝑁

𝑞
]𝑁

𝑝 𝑒𝑖𝜑𝑝(𝑡) (6) 

 

where ϕp(t) are the phases of the spatiotemporal data, N is the total amount of nodes and 

𝐶𝑛𝑞
𝜆  is the local weighting kernel between node n and p, and λ defines the spatial scaling: 

 

  𝐶𝑛𝑝 = 𝑒−𝜆(𝑟(𝑛,𝑝))  (7) 

 

where r(n,q) is the Euclidean distance between the brain areas n and p in MNI space.  

To compare the node-level metastability statistics, we collected the 1000 nodes values for 

all participants in each group and generated the distributions. Then, we compared across 

states the distributions using the Kolmogorov-Smirnov distance between them. The 

Kolmogorov–Smirnov distance quantifies the maximal difference between the 

cumulative distribution functions of the two samples, where larger values stand for more 

significant differences between both distributions. 

 

Model-based framework 

Whole-Brain Computational Model 

We constructed whole-brain dynamical models based on the normal form of a 

supercritical Hopf bifurcation (also known as Stuart-Landau) [39]. This type of 

bifurcation can change the qualitative nature of the solutions from a limit cycle that yields 



self-sustained oscillations towards a stable fixed point in phase space. This whole-brain 

computational model is characterised by a series of model parameters that rules the global 

dynamical behaviour. One of them is the multiplicative factor, G, representing the global 

conductivity of the fibres scaling the structural connectivity between brain areas, which 

is assumed to be equal across the brain [39, 40]. The other relevant parameters are the 

local bifurcation parameter (aj), which rules the dynamical behaviour of each area 

between noise-induced (a < 0), self-sustained oscillations (a > 0) or a critical behaviour 

between both (a ∼ 0) (Fig.1C). We optimized the model parameters to better fit the 

empirical functional connectivity as a function of the distance, r, within the inertial 

subrange. The models consisted of 1000 cortical brain areas from the resting-state atlas 

mentioned above. The underlying anatomical matrix Cnp was added to link the brain 

structure and functional dynamics and was obtained by measuring the exponential 

distance rule as defined in Equation (7). The local dynamics of each brain area was 

described by the normal form of a supercritical Hopf bifurcation, which emulates the 

dynamics for each brain area from noisy to oscillatory dynamics as follows: 

 

  
𝑑𝑥𝑛

𝑑𝑡
= 𝑎𝑛𝑥𝑛 − [𝑥𝑛

2 + 𝑦𝑛
2]𝑥𝑛 − 𝜔𝑛𝑦𝑛 + 𝜈𝜂𝑛(𝑡)  (8) 

  
𝑑𝑦𝑛

𝑑𝑡
= 𝑎𝑛𝑦𝑛 − [𝑥𝑛

2 + 𝑦𝑛
2]𝑦𝑛 + 𝜔𝑛𝑥𝑛 + 𝜈𝜂𝑛(𝑡)  (9) 

 

where ηn(t) is additive Gaussian noise with standard deviation 𝜈 = 0.01. This normal 

form has a supercritical bifurcation at an = 0, such that for an > 0, the system is in a stable 

limit cycle oscillation with frequency fn = ωn/2π, whereas for an < 0, the local dynamics 

are in a stable point (i.e., noisy state). The frequency ωn of each brain area was estimated 

from the empirical fMRI data as the peak of the power spectrum. 

Finally, the whole-brain dynamics was defined by the following set of coupled equations: 

 

  
𝑑𝑥𝑛

𝑑𝑡
= 𝑎𝑛𝑥𝑛 − [𝑥𝑛

2 + 𝑦𝑛
2]𝑥𝑛 − 𝜔𝑛𝑦𝑛 + 𝐺 ∑ 𝐶𝑛𝑝(𝑥𝑝(𝑡) − 𝑥𝑛)𝑁

𝑝=1 + 𝜈𝜂𝑛(𝑡) (10) 

  
𝑑𝑦𝑛

𝑑𝑡
= 𝑎𝑛𝑦𝑛 − [𝑥𝑛

2 + 𝑦𝑛
2]𝑦𝑛 + 𝜔𝑛𝑥𝑛 + 𝐺 ∑ 𝐶𝑛𝑝(𝑦𝑝(𝑡) − 𝑦𝑝)𝑁

𝑝=1 + 𝜈𝜂𝑛(𝑡) (11) 

 

Where the global coupling factor G, scaled equally for each brain area, represents the 

input received in region n from every other region p. 

 



Functional Connectivity Fitting 

An adaptation of Kolmogorov’s structure-function is proposed and the variable u was 

applied to the BOLD signal of the data, instead to the velocity field of the fluid. Thus, the 

functional correlations between each pair of brain areas with equal Euclidean distance 

can be defined as: 

 

  𝑆(𝑟) = 〈(𝑢(𝑥̅ + 𝑟) − 𝑢(𝑥̅))2〉𝑥,𝑡 = 2[𝐹𝐶(0) − 𝐹𝐶(𝑟)] (12) 

 

where FC is the spatial correlations of two points separated by a Euclidean distance r, 

which is given by: 

 

  𝐹𝐶(𝑟) = 〈𝑢(𝑥̅ + 𝑟)𝑢(𝑥̅)〉𝑥̅,𝑡 (13) 

 

where the symbol 〈〉𝑥̅,𝑡  refers to the average across the spatial location 𝑥̅ of the brain areas 

and time. Thus, the structure functions characterise the evolution of the functional 

connectivity (FC) as a function of the Euclidean distance between nodes at the same 

distance, which is different from the usual definition of FC that does include distance. 

The fitting between the empirical and simulated FC is defined as the Euclidean distance 

between both matrices within the inertial range as defined in Deco et al. [17]. 

Susceptibility 

How the brain reacts to external stimulations is quantified by the susceptibility measure 

of the whole-brain model. For each coupling strength value, G, we generated a global 

perturbation by randomly changing the local bifurcation parameter, an, in the range [-

0.02: 0] for all brain regions. We repeated for each G, i.e., each brain condition model, 

50 times the same perturbation and then we averaged across trials. Is important to notice, 

that perturbation is carefully defined to keep the dynamical scenario in the subcritical 

regime of each oscillator, and in all the cases the perturbation approaches the dynamic of 

the node to the critical point a=0. The sensitivity of the perturbations on the 

spatiotemporal dynamics was calculated by measuring the changes in modulus of the 

local Kuramoto order parameter as: 

 

    𝜒 = 〈〈〈𝑅̃𝜆𝑠
(𝑥̅, 𝑡)〉𝑡 − 〈𝑅𝜆𝑠

(𝑥̅, 𝑡)〉𝑡)〉𝑡𝑟𝑖𝑎𝑙𝑠〉𝑥̅   (14) 

 



where 𝑅̃𝜆𝑠
(𝑥̅, 𝑡) corresponds to the perturbed case, the 𝑅𝜆𝑠

(𝑥̅, 𝑡) to the unperturbed case, 

and 〈〉𝑡, 〈〉𝑡𝑟𝑖𝑎𝑙𝑠 and 〈〉𝑥̅ to the average across time, trials, and space, respectively. 

Information encoding capability 

The information encoding capability captures how the external stimulations are encoded 

in whole-brain dynamics. The information capability, I, was defined as the standard 

deviation across trials of the difference between the perturbed 𝑅̃𝜆𝑠
(𝑥̅, 𝑡)  and unperturbed 

𝑅𝜆𝑠
(𝑥̅, 𝑡)  mean of the modulus of the local Kuramoto order parameter across time t, 

averaged across all brain areas n as: 

 

  𝐼 = 〈〈〈𝑅̃𝜆𝑠
(𝑥̅, 𝑡)〉𝑡 − 〈𝑅𝜆𝑠

(𝑥̅, 𝑡)〉𝑡)²〉𝑡𝑟𝑖𝑎𝑙𝑠〉𝑥̅ − 〈〈〈𝑅̃𝜆𝑠
(𝑥̅, 𝑡)〉𝑡 − 〈𝑅𝜆𝑠

(𝑥̅, 𝑡)〉𝑡〉2
𝑡𝑟𝑖𝑎𝑙𝑠

〉𝑥̅ 

(15) 

  

      where the brackets 〈〉𝑡, 〈〉𝑡𝑟𝑖𝑎𝑙𝑠 and 〈〉𝑥̅ denote the averages defined as above. 

 

Supplementary figures 

 

Supplementary Figure 1: Model-free turbulence result comparison between healthy controls (CNT) and non-
responder/responder patient’s dichotomization: Turbulence across all scales ((from λ=0.01 to 0.27 in 0.03 steps). In 



the figure, P-values were assessed using the Wilcoxon rank-sum permutation test, and False discovery rate corrected: 
*P < 0.05, **P < 0.01 and ***P < 0.001. 

 

 

Supplementary Figure 2: Model-free information transfer result comparison between healthy controls (CNT) and 
non-responder/responder patient’s dichotomization: Turbulence across all scales ((from λ=0.01 to 0.27 in 0.03 steps). 
In the figure, P-values were assessed using the Wilcoxon rank-sum permutation test, and False discovery rate 
corrected: *P < 0.05, **P < 0.01 and ***P < 0.001. 

 

 

 

 

 

 



 

Supplementary Figure 3: difference between the mean of the turbulence between non-responder vs healthy controls 
as a function of the scale (lambda) (left). The difference of the mean non-responder and responder turbulence (right) 
as a function of the scale. In both cases the p-value of a Wilcoxon rank-sum permutation test (1000 repetitions) are 
also displayed as a function of the scale. 

 


