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Abstract 
 
At the end of December 2019, it was found that a new coronavirus (SARS-CoV-2) was 

causing pneumonia-like illness in the city of Wuhan, China. This virus started to spread 

very rapidly causing a global large-scale infection. The Covid-19 pandemic has produced 

and it is still generating a brutal impact on society, forcing the lockdown of many 

countries as well as the collapse of their healthcare system, leading to a considerable 

growth in the number of deaths. During the outbreak, most of the information and 

dynamics of the virus was unknown and unpredictable. Therefore, the proposed study 

aims to create a stochastic mathematical model based on probabilities to estimate the 

dynamics of the outbreak of the Covid-19 pandemic using the available public domain 

data. By estimating the probabilities of getting the infection and subsequently recovering 

or dying from it, the epidemic curves of the cumulative sum of detected infected cases, 

recoveries and deaths were simulated for Germany, Italy and South Korea from 22nd 

January to 30th June 2020. Furthermore, using the outputs provided by the proposed 

model, a more accurate case fatality ratio was calculated and different lockdown scenarios 

such as its anticipation or delay were discussed. Results have been analyzed with respect 

to the political and healthcare strategies that each country has followed during the 

pandemic.  
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1. INTRODUCTION  
1.1.  Motivation 

1.1.1. Covid-19 

At the end of December 2019, the World Health Organization (WHO) communicated that 

an unknown new virus was causing pneumonia-like illness in the city of Wuhan, China. 

It was found out that a coronavirus (CoV) was causing this disease. CoV is a type of virus 

that can cause from a common cold to more severe diseases like Middle East Respiratory 

Syndrome (MERS-CoV) and Severe Acute Respiratory Syndrome (SARS-CoV) [1]. This 

novel CoV was named SARS-CoV-2, and the disease that it causes, Covid-19 [2]. 

The symptoms detected so far are highly variable since the virus affects people in very 

different ways. The most common symptoms are fever, dry cough and fatigue, although 

some people can be asymptomatic [3]. The WHO states that the majority of the infected 

people are developing mild to moderate symptoms, which enables a recovery without 

hospitalization. Around 1 out of 5 people who contract Covid-19 develop a severe illness 

and experience breathing difficulties. Elderly people and people suffering from high 

blood pressure, heart or lung affections, diabetes or cancer are more likely to develop 

severe conditions [3]. Furthermore, it has been demonstrated that the virus is highly 

contagious between human beings. The principal way of transmission occurs when an 

infected person expels small droplets when coughing, sneezing or speaking and another 

one inhales these droplets. However, if these droplets fall on objects or surfaces and 

someone else touches them, they might also get the infection. That is the reason why 

hygiene, face masks and an adequate safety distance between people have been and 

continue to be of vital importance for reducing the transmission of the virus. Several 

diagnostic techniques have been urgently developed both to detect the virus RNA and to 

identify the antibodies created by the immune system when interacting with it. The 

administered treatment is mainly symptomatic, since unfortunately, there is no current 

vaccine for SARS-CoV-2. Further research is crucial to adequately treat Covid-19.  

Therefore, the aforementioned characteristics of Covid-19 have empowered the virus to 

spread rapidly worldwide, reaching all continents and affecting more than 17 million of 

the world population, having caused more than 675000 deaths by the end of July [4]. In 

fact, on 30th January 2020 the WHO declared Covid-19 a public health emergency of 

international concern [5].  
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1.1.2. Mathematical models in epidemiology 

The Covid-19 pandemic has caused a brutal impact on society, forcing the closure of 

borders and a strict lockdown of many countries as well as the collapse of the healthcare 

system and severe damage to the world economy. This situation has led to a state of 

uncertainty, which is still present to date. Hence, mathematical models are needed in order 

to measure the impact of Covid-19, as well as to predict the future dynamics of the current 

pandemic. Mathematical models have been used in the past for planning the public health 

response to different infections [6] as well as to inform public health policy.  

Most of the mathematical models found in literature try to describe the dynamics of the 

evolution of Covid-19 and its infection rate using fraction derivates like the Susceptible, 

Exposed, Infected and Recovered (SEIR) model [7] or more complex models like the 

SEIHRD model [8]. Other models use stochastic techniques to simulate the outbreak and 

to predict the future of the pandemic [9]. Moreover, additional mathematical models try 

to simulate the effect of control strategies such as the lockdown [10]. 

 

1.1.3. Mortality rate 

Two distinct rates can be used to measure the risk of death caused by any virus: the 

infection fatality rate (IFR) and the case fatality rate (CFR). The first one measures the 

proportion of deaths among all infected people. On the other hand, CFR computes the 

proportion of individuals with fatal outcomes among the confirmed infected cases. At an 

early stage of the pandemic, all mortality ratios were calculated based on the total number 

of detected cases, given rise to a CFR between 0.1% and 25% depending on which 

country was studied [11]. 

However, computing these ratios is a complex procedure since different biases have to be 

considered. First of all, not enough people have been tested of Covid-19. During the 

course of the pandemic, each country has decided how to manage the diagnosis depending 

on the intensity of the outbreak. As a result, some countries have tested a large part of the 

population, such as South Korea, while others have chosen to only test the severe cases, 

Italy being one of them. Insufficient testing can lead to an overestimation of the CFR, 

since the number of confirmed cases is much lower than the real amount of existing cases, 

as asymptomatic individuals are not considered. Since we are faced with an ongoing 

pandemic, there is a delay between contracting the disease and death; people can be 
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infected for a long time before becoming sick enough to be at risk of death. Regarding 

Covid-19, the time between the beginning of the infection and the consequent death has 

been estimated to be around 2 to 3 weeks or more [12]. In fact, people might die from the 

long-term effects caused by SARS-CoV-2 even if there is no longer an active infection. 

Therefore, by the time the CFR is calculated some individuals that might die in the future 

are not considered, leading to a lower CFR which does not truly reflect the situation. 

 

1.2.  Objectives 

The aim of this project is to create a stochastic mathematical model to describe the 

ongoing dynamics of the Covid-19 pandemic and to individually estimate the probability 

of recovery or death for every infected patient. Initially, we develop a mathematical model 

based on the different probabilities that a patient has in terms of getting the infection or 

not, and of recovering or dying at a later stage if infected. We make use of the public 

domain data reported by several countries to calculate a more accurate CFR by reducing 

the bias caused because of the delay between illness and death. The available data and the 

computed CFR have been used to perform a parameter estimation to design a 

mathematical model similar to the real dynamics of the pandemic. The second part of the 

study aims to use the mathematical model to study the impact of the lockdown.   

The study, which was started at the beginning of the outbreak, was initially conducted for 

eleven different countries: Andorra, China, France, Germany, Italy, Netherlands, 

Singapore, South Korea, Spain, United Kingdom and United States of America. However, 

during the course of the pandemic, some of them were discarded due to missing 

information or irregularities in the reporting system. Netherlands, Spain and United 

Kingdom were discarded for their lack of reported recovered cases. Furthermore, Spain, 

China and Andorra changed the reporting system during the outbreak resulting in data 

with many variations. Regarding USA, one of the major problems encountered when 

reporting the cases was that not all the states were following the established guidelines 

[13]. The number of recovery and death cases reported by France was lower in 

comparison to the total reported infected cases, leading to a greater number of active cases 

over time. Finally, Singapore was discarded due the low number of reported deaths. Thus, 

Germany, Italy and South Korea were the countries selected in order to apply the 

mathematical model developed in this study, using their available data.   
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2. METHODS 
2.1. Data source 

The data used for this project was obtained from the Johns Hopkins University 

Coronavirus Resource Center (CSSE) [14]. This database consists of 3 different Comma-

Separated Values (CSV) format files; one for the confirmed cases, and two others for 

cases resulting in death or recovery. Each of them is provided with the following 

information: province or state, country or region, latitude, longitude, date and the 

cumulative sum of the cases. All this data was analyzed and represented graphically as 

epidemic curves by using MATLAB software. 

Some irregularities were found in the available data. Thus, the Worldometer source [4], 

which provided a database similar to CSSE, was used to compare both datasets. Both 

databases showed similarities between them for each studied country. Therefore, if a 

significant strange behavior on the epidemic curves in the CSSE database was found, such 

as a suspicious high increase in cases reported in a single day, the value of total cases of 

the CSSE dataset was modified.  
 

2.2.  Mathematical formulation of the model  

The proposed model was constructed based on stochastic procedures for studying the 

dynamics of the novel virus SARS-CoV-2 using MATLAB software. 

The model is based on a fixed number of individuals (n) constructing a population for a 

given country (c). The time unit was set to one day (d) since the reported data has been 

provided on daily basis. The total number of individuals at any day (d), are symbolized 

as N(d,c) and can be divided into four exclusive groups (Eq. 2.1): the individuals 

susceptible to be infected S(d,c), the Covid-19 active infected people I(d,c), the people 

who have recovered from the infection R(d,c), and the people who have unfortunately 

died from Covid-19 M(d,c), where:  

N(d,c) = S(d,c) + I(d,c) + R(d,c) + M(d,c) 

 

(2.1) 
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Initially, at d0 = 0, all of the population is susceptible to get the infection, meaning that 

N(d0,c) = S(d0,c). Then, during the interval [d0+1, dmax] any individual can go through the 

different states with a certain probability 𝑝. Figure 1 shows a decision tree that represents 

all the states and probabilities.  

 
Figure 1: Probability decision tree used to define the model. 𝑝"→"(𝑑, 𝑐) is the 

probability of going from being susceptible to remaining susceptible; 𝑝"→)(𝑑, 𝑐) is the 
probability of going from susceptible to being infected; 𝑝)→)(𝑑, 𝑐) is the probability of 

going from being infected to remaining infected; 𝑝)→*(𝑑, 𝑐) is the probability of 
recovering from the infection; and  𝑝)→+(𝑑, 𝑐) is the probability of dying from the 

infection. 

 

Each day, the mathematical model examines at which state does every individual belongs 

to. Thus, if an individual is susceptible, she/he can stay susceptible or get the infection. If 

an individual is infected, she/he can stay infected, recover or, unfortunately, die.  

Additionally, we assumed that 𝑝"→"(𝑑, 𝑐) and 𝑝"→)(𝑑, 𝑐) varied over time depending on 

the number of active cases 𝐼(𝑑, 𝑐). Thus, these probabilities can be described as follows:  

 

𝑝"→"(𝑑, 𝑐) = 𝑝.("→") − 𝛼 · 𝐼(𝑑 − 1, 𝑐) 

𝑝"→)(𝑑, 𝑐) = 	𝑝.("→)) + 𝛼 · 𝐼(𝑑 − 1, 𝑐) 

 

where 𝑝.("→") is the initial probability of staying susceptible but not getting the infection, 

𝑝.("→)) is the initial probability of getting the infection and 𝛼 is the extent to which the 

number of active cases of the day before affects these probabilities. 

Moreover, the time interval between when an individual gets infected and recovers or 

dies, needs also to be considered in the model. This variable is denoted as (T) and affects 

the probabilities of Eq. 2.3:  

(2.2) 
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𝑝)→)(𝑑, 𝑐) = 	𝑝.()→)) − 𝛽 · 𝑇 

𝑝)→*(𝑑, 𝑐) = 	𝑝.()→*) +
𝛽
28 · 𝑇 

𝑝)→+(𝑑, 𝑐) = 	𝑝.()→+) +
𝛽
28 · 𝑇 

 

where 𝑝.()→))	is the initial fixed probability of staying infected, 𝑝.()→*) is the initial fixed 

probability of recovering, 𝑝.()→+) is the initial fixed probability of dying, and 𝛽 is the 

magnitude in which the number of active infected days T affects these probabilities. An 

individual that suffers from an active infection will finally recover or die. Thus, the 

parameter 𝛽	affects equally the probabilities 𝑝)→*(𝑑, 𝑐) and 𝑝)→+(𝑑, 𝑐).  

To simplify the model, some assumptions were made. Firstly, we assumed that an 

individual can only get infected once so when recovered, the infected person becomes 

immune to the virus. However, how Covid-19 affects the immune system is still under 

study so further information is required. Secondly, we assumed that an infected person 

can infect others during all the course of the disease without taking into account any 

infectious period, such as incubation time gaps. Finally, we assumed that the first infected 

individual of the population is externally infected with a probability 𝑝.("→)). 

Furthermore, since all values are probabilities, the following constrains were applied:  

 

0 ≤ 𝑝(𝑑, 𝑐) ≤ 1 

𝑝"→"(𝑑, 𝑐) + 𝑝"→)(𝑑, 𝑐) = 1 

𝑝)→)(𝑑, 𝑐) + 𝑝)→*(𝑑, 𝑐) + 𝑝)→+(𝑑, 𝑐) = 1 

 

Therefore, the model outputs are an estimation of 𝐼(𝑑, 𝑐), 𝑅(𝑑, 𝑐) and 𝑀(𝑑, 𝑐). Moreover, 

the model also returns an estimate of the days that pass between when an individual gets 

the infection and when subsequently recovers or dies from it.  

The variables used for the mathematical model were found in literature and are shown in 

Table 1. The mathematical model was applied for three different countries: Germany, 

Italy and South Korea using data from the 22nd January 2020 to the 30th June 2020. A 

0.5% of the total population of each country was established as the total individuals (n).  

(2.3) 

(2.4) 
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Table 1: Variables used for the mathematical model. The total number of individuals is 
considered as a 0.5% of the total population of each country. 

 
 

 

2.3.  CFR calculations 

The CFR measures the severity of an infection, computed among all reported infected 

cases. During an ongoing pandemic, overestimation or underestimation of the CFR may 

occur due to delays of case resolution. Three different methods to calculate the CFR were 

studied and used to adjust the mathematical model.  

First, the CFR can be calculated as follows: 

𝐿(𝑑, 𝑐) = 	
𝑀(𝑑, 𝑐)
𝐼(𝑑, 𝑐) · 100 

However, results obtained with Eq. 2.5 provide an underestimation of the CFR since all 

active cases are considered. Since we are dealing with an ongoing pandemic, there is a 

delay from illness to death or recovery, so people can be infected for a long time before 

becoming sick enough to be at a risk of death.  

One simple solution to mitigate this bias is to restrict the analysis to resolved cases:   

𝑈(𝑑, 𝑐) = 	
𝑀(𝑑, 𝑐)

𝑅(𝑑, 𝑐) +𝑀(𝑑, 𝑐) · 100 

However, results obtained with Eq. 2.6 are overestimating the CFR, since sick people that 

die tend to be reported faster than infected people that will further recover. The existing 

bias both in Eq. 2.5 and 2.6 is caused by the no consideration of the active cases that will 

recover or die in the future.   

 

Notation Description Value Source 

dmax Total days 161 Data source (see Section 2.1) 

N(d,Germany) Total individuals for Germany 418500 [15] 

N(d,Italy) Total individuals for Italy 302000 [15] 

N(d,South Korea) Total individuals for South Korea 256000 [15] 

(2.5) 

(2.6) 
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Finally, we used the mathematical model outputs to mitigate this bias, by adding when 

active cases are going to die. Thus, the CFR can be calculated as: 

 

𝐶𝐹𝑅(𝑑, 𝑐) = 	
𝑀(𝑑, 𝑐) + 𝐸(𝑑, 𝑐)

𝐼(𝑑, 𝑐) · 100 

where 𝐸(𝑑, 𝑐) represents the active cases that will end up dying from the infection. Since 

the mathematical model estimates when an individual will recover or die, 𝐸(𝑑, 𝑐) was 

computed by examining the active infected cases  𝐼(𝑑, 𝑐) of a certain day that will further 

die. Therefore, this method to calculate the CFR uses information from the future to 

update the information of the present.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2.7) 
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3. RESULTS 
3.1.   Model parameters estimation 

Some of the parameters used in the model have been estimated based on published 

literature. However, despite the effort to use robust parameters, most of them have been 

manually estimated by running a large amount of simulations. In each simulation, a 

graphical comparison between epidemic curves was done in order to decide which were 

the parameters that required a better adjustment. The parameters estimated for Germany, 

Italy and South Korea are shown in Tables 2, 3 and 4.  

 

 
 

Notation Description Value Source 

𝒑𝟎(𝑺→𝑺) initial probability of staying susceptible 1 − 8.5𝑒IJ Estimated 

𝒑𝟎(𝑺→𝑰) initial probability of becoming infected 8.5𝑒IJ Estimated 

𝜶 
Magnitude in which active cases affect the probability 	

𝑝.("→") and 𝑝.("→)) 

8.47𝑒IJ	(From day 1 to 56) Estimated using [17] 

3.6𝑒IJ (From day 57 to 161) Estimated using [17] 

𝒑𝟎(𝑰→𝑰) initial fixed probability of staying infected 0.9487 Estimated using CFR 

𝒑𝟎(𝑰→𝑹) initial fixed probability of recovering 0.0435 Estimated using CFR 

𝒑𝟎(𝑰→𝑴) initial fixed probability of dying 0.0078 Estimated using CFR 

𝜷 
Magnitude in which the days a patient has been infected 

affect the probabilities 𝑝.()→)), 𝑝.()→*) and 𝑝.()→+) 
0.000026 

Estimated using [20] 

and [21] 

Notation Description Value Source 

𝒑𝟎(𝑺→𝑺) initial probability of staying susceptible 1 − 4𝑒IJ Estimated 

𝒑𝟎(𝑺→𝑰) initial probability of becoming infected 4𝑒IJ Estimated 

𝜶 
Magnitude in which active cases affect the probability 	

𝑝.("→") and 𝑝.("→)) 

5.5𝑒IJ	(From day 1 to 70) Estimated using [16] 

1.3𝑒IJ (From day 71 to 147) Estimated using [16] 

1.6𝑒IJ	 (From day 148 to 161) Estimated using [16] 

𝒑𝟎(𝑰→𝑰) initial fixed probability of staying infected 0.9487 Estimated using CFR 

𝒑𝟎(𝑰→𝑹) initial fixed probability of recovering 0.0489 Estimated using CFR 

𝒑𝟎(𝑰→𝑴) initial fixed probability of dying 0.0024 Estimated using CFR 

𝜷 
Magnitude in which the days a patient has been infected 

affect the probabilities 𝑝.()→)), 𝑝.()→*) and 𝑝.()→+) 
0.000026 

Estimated using [20] 

and [21] 

Notation Description Value Source 

𝒑𝟎(𝑺→𝑺) initial probability of staying susceptible 1 − 8.5𝑒IJ Estimated 

𝒑𝟎(𝑺→𝑰) initial probability of becoming infected 8.5𝑒IJ Estimated 

𝜶 
Magnitude in which active cases affect the probability 	

𝑝.("→") and 𝑝.("→)) 

8.47𝑒IJ	(From day 1 to 56) Estimated using [17] 

3.6𝑒IJ (From day 57 to 161) Estimated using [17] 

𝒑𝟎(𝑰→𝑰) initial fixed probability of staying infected 0.9487 Estimated using CFR 

𝒑𝟎(𝑰→𝑹) initial fixed probability of recovering 0.0435 Estimated using CFR 

𝒑𝟎(𝑰→𝑴) initial fixed probability of dying 0.0078 Estimated using CFR 

𝜷 
Magnitude in which the days a patient has been infected 

affect the probabilities 𝑝.()→)), 𝑝.()→*) and 𝑝.()→+) 
0.000026 

Estimated using [20] 

and [21] 

Table 2: Estimates of the parameters and initial values of the model for Germany. 

 

Table 3: Estimates of the parameters and initial values of the model for Italy. 
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Table 4: Estimates of the parameters and initial values of the model for South Korea. 

 

The initial probabilities of staying susceptible 𝑝.("→") and getting infected 𝑝.("→)) were 

estimated based on when the pandemic started. These probabilities mark the first cases of 

infected people, that took place when the virus started spreading. Therefore, very low 

parameters were selected in order to simulate the first detected cases. The probability that 

corresponds to South Korea is the highest, since it was the country where the virus arrived 

before, followed by Italy and then Germany. These parameters are only useful to initialize 

the outbreak, then 𝑝"→"(𝑑, 𝑐) and 𝑝"→)(𝑑, 𝑐) are governed by the other part of the 

equation (see Eq. 2.2).  

Furthermore, in order to reproduce the control measures that each government has been 

dictating to limit the spread of the disease, different 𝛼 values were adjusted for diverse 

periods of time, representing social distancing over time. Control strategies do not have 

an immediate impact on the dynamics of the pandemic. Therefore, the delay between the 

application of these strategies and their effect has been estimated, so 𝛼 values decreased 

during this time interval.  

Regarding Germany, schools and nurseries closed on 13th March. Two days later, the 

borders with five neighboring countries closed. Finally, on 22nd March, a lockdown and 

national curfew were established by the government [16]. Nevertheless, we estimated the 

effect of the lockdown 8 days later, on 1st April. On the other hand, the effect of the un-

Notation Description Value Source 

𝒑𝟎(𝑺→𝑺) initial probability of staying susceptible 1 − 1.1𝑒IT Estimated 

𝒑𝟎(𝑺→𝑰) initial probability of becoming infected 1.1𝑒IT Estimated 

𝜶 
Magnitude in which active cases affect the probability 	

𝑝.("→") and 𝑝.("→)) 

9.0𝑒IJ	(From day 1 to 70) Estimated using [19] 

1.0𝑒IJ (From day 46 to 126) Estimated using [19] 

2.0𝑒IJ	 (From day 127 to 161) Estimated using [19] 

𝒑𝟎(𝑰→𝑰) initial fixed probability of staying infected 0.9487 Estimated using CFR 

𝒑𝟎(𝑰→𝑹) initial fixed probability of recovering 0.05035 Estimated using CFR 

𝒑𝟎(𝑰→𝑴) initial fixed probability of dying 0.00095 Estimated using CFR 

𝜷 
Magnitude in which the days a patient has been infected 

affect the probabilities 𝑝.()→)), 𝑝.()→*) and 𝑝.()→+) 
0.000026 

Estimated using [20] 

and [21] 
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lockdown in Germany has been estimated on 17th June since the number of new daily 

infections started to increase again.  

In the case of Italy, the government initially established some restrictions in 11 

municipalities in late February. On 8th March, restrictions were also applied for the whole 

region of Lombardy and 14 other provinces. One day later, a national lockdown was 

imposed, restricting the movement of the population and closing all non-essential 

businesses [17]. However, we estimated the effect of the lockdown 8 days later, on 17th 

March. The progressive un-lockdown carried out in Italy has had no effect since the 

number of new infections did not increase, at least until 30th June.  

In contrast to Germany and Italy, South Korea decided to start fighting the virus by doing 

a massive testing of the population. As the outbreak increased, approximately 600 test 

centers were established in order to test patients outside the health care system. They did 

from 15,000 to 20,000 tests per day [18]. This early detection was followed by an 

extensive tracking and tracing of the South Korean population; infected patients were 

isolated and places visited by many people, such as schools and churches, were closed. 

Nonetheless, a national lockdown, as imposed in the other countries, was never 

established [19]. Therefore, we estimated that the day these effective control strategies 

caused a positive effect in the reduction of Covid-19 cases was on 3rd March. Despite the 

efforts of the government and the population to fight the virus, the number of new daily 

infected people began to rise again on 27th May.  

The initial probabilities of staying infected 𝑝.()→)), recovering 𝑝.()→*) or dying  𝑝.()→+) 

were set constant over time. The probability of dying in Italy was set higher than in 

Germany and South Korea since more people have died from Covid-19 in this country.  

Moreover, these probabilities were adjusted using the CFR as input information of every 

country. The CFR was calculated in three different ways: L(d,c), U(d,c) and CFR(d,c) 

(see Section 2.3). The results of CFR for Germany, Italy and South Korea are shown in 

Figure 2, 3 and 4. The results obtained for L(d,c) and U(d,c) follow the same dynamics in 

all countries, where L(d,c) increases and U(d,c) decreases over time. At the end of the 

outbreak of the pandemic, both curves converge since all active infected patients end up 

either recovering or dying from the disease. The initial probabilities were adjusted until 

the CFR calculated form the model also converged with the other two curves.  
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It is fundamental to emphasize that the CFR calculated with the outputs of the model 

(magenta curves in Figures 2, 3 and 4) begins to increase before the other two curves and 

finally remains constant over time. The reason for this might be because the active 

infected cases that will die in the future are considered on those given days. However, 

these CFR values slightly diminish at the end of June because as the data stops being 

recorded, there are active cases with an active infection that have not been determined 

whether they will recover or die.  

Finally, the parameter 𝛽 was adjusted so that the time interval between getting the 

infection to recovering was an average of 2 weeks [20] and the time gap between getting 

the infection and dying from it was between 2 and 3 weeks (approximately 17 days) [21].  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Different estimations of Germany’s CFR. The CFR estimated with 30 
simulations of the model shows values from 4.410 % to 4.893% on 30th June, while 

L(d,c) reaches values of 4.6% and U(d,c) reaches values of 4.805%. 
 
 
 
 
 
 

L(d,Germany) 
U(d,Germany) 
CFR(d,Germany) 
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Figure 3: Different estimations of Italy’s CFR. The CFR estimated with 30 simulations 
of the model shows values from 14.140% to 15.100% on 30th June, while L(d,c) reaches 

values of 14.45% and U(d,c) reaches values of 15.45%. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4: Different estimations of South Korea’s CFR. The CFR estimated with 30 
simulations of the model shows values from 1.986% to 2.448% on 30th June, while 

L(d,c) reaches values of 2.195% and U(d,c) reaches values of 2.371%. 
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3.2.  Numerical Simulations   

In this section, results of numerical experiments (Figures 5 to 13) are shown to illustrate 

the efficiency and robustness of the developed mathematical model, as well as to compare 

the results for the three different countries, Germany, Italy and South Korea. A total of 

30 simulations were carried out for each country by using the parameters explained in 

Section 3.1.  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5: Comparison between the curve of total confirmed cases obtained from the 
data and the ones from simulations obtained using the model for Germany. Magenta 

curves represent the 30 simulations obtained from the model. 
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Figure 6: Comparison between the curve of total recovered cases obtained from the 
data and the ones from the simulations using the model for Germany. Magenta curves 

represent the 30 simulations obtained from the model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7: Comparison between the curve of total death cases obtained from the data 

and the ones from the simulations using the model for Germany. Magenta curves 
represent the 30 simulations obtained from the model. 
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Figure 8: Comparison between the curve of total confirmed cases obtained from the 

data and the ones from the simulations using the model for Italy. Magenta curves 
represent the 30 simulations obtained from the model. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9: Comparison between the curve of total recovered cases obtained from the 
data and the ones from the simulations using the model for Italy. Magenta curves 

represent the 30 simulations obtained from the model. 
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Figure 10: Comparison between the curve of total deaths obtained from the data and 
the ones from simulations using the model for Italy. Magenta curves represent the 30 

simulations obtained from the model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 11: Comparison between the curve of total confirmed cases obtained from the 

data and the ones from the simulations using the model for South Korea. Magenta 
curves represent the 30 simulations obtained from the model. 
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Figure 12: Comparison between the curve of total recovered cases obtained from the 
data and the ones from the simulations using the model for South Korea. Magenta 

curves represent the 30 simulations obtained from the model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 13: Comparison between the curve of total deaths obtained from the data and 

the ones from the simulations using the model for South Korea. Magenta curves 
represent the 30 simulations obtained from the model. 

 

Results show that almost all reported data is included in between the stochastic simulation 

as seen graphically in Figures 5-13. However, the cumulative death cases curve for the 

different countries, especially for Germany and Italy, using the public database, is quite 
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different from the one obtained with the model. Regarding the robustness of the model, it 

has been seen that the simulations obtained for South Korea and Italy are more robust 

than the ones for Germany, which led to more dissimilar simulations. In fact, the 

difference between the lowest and highest simulation is approximatively of 90,000 cases 

in Germany, 20,000 in Italy and 10,000 in South Korea. Despite the satisfactory 

robustness of the model of South Korea, the dynamics shown in Figures 11-13 may seem 

widespread since the total number of cases is significantly lower than the ones reported 

by Germany and Italy.  

 
3.3.  Effect of changing model parameters 

3.3.1. Change on initial probabilities  

In this section, the effect of changing the initial probabilities 𝑝.("→") and 𝑝.("→)) is 

analyzed to determine how robust is the model when a perturbation is introduced in one 

of the estimated parameters. Since 𝑝.("→") + 𝑝.("→)) = 1, we decided to decrease 

𝑝.("→")	and increase 𝑝.("→)), and the other way round. Therefore, the modification of the 

probabilities caused an advance or delay of the beginning of the outbreak. Ten simulations 

were carried out for each parameter modification, shown in Figures 14, 15 and 16.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 14: Effect of changing 𝒑𝟎(𝑺→𝑺) and 𝒑𝟎(𝑺→𝑰) in Germany. The estimated 
probability 𝑝.("→)) to approximate the beginning of the outbreak was set to 4e-7. Results 
show 10 simulations obtained from increasing and decreasing this probability by 3e-7. 
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Figure 15: Effect of changing 𝒑𝟎(𝑺→𝑺) and 𝒑𝟎(𝑺→𝑰) in Italy. The estimated probability 
𝑝.("→)) to approximate the beginning of the outbreak was set to 8.5e-7. Results show 10 

simulations obtained from increasing and decreasing this probability by 3e-7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 16: Effect of changing 𝒑𝟎(𝑺→𝑺) and 𝒑𝟎(𝑺→𝑰) in South Korea. The estimated 
probability 𝑝.("→)) to approximate the beginning of the outbreak was set to 1.1e-6. 

Results show 10 simulations obtained from increasing and decreasing this probability 
by 3e-7. 
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Results show that by increasing the initial probability of getting the infection 𝑝.("→") the 

outbreak starts before it really has. On the other hand, by reducing this probability, the 

outbreak starts afterwards. Furthermore, if 𝑝.("→") increases, the model shows greater 

robustness, meaning that the range between the two more extreme simulation curves is 

reduced. On the other hand, if this probability decreases, the different simulations differ 

more between them. The aforementioned perturbations explain the difference in the 

robustness of the model between Germany, and Italy or South Korea. Since the Covid-19 

outbreak started later in Germany, the probability of someone getting the infection is 

lower and therefore, the system is less robust. 

Furthermore, the CFR was obtained for these different simulations to determine how 

changing probabilities 𝑝.("→") and 𝑝.("→)) affects this ratio. Results are shown in Figures 

17, 18 and 19. Decreasing 𝑝.("→") makes the outbreak start later in time. Therefore, 

individuals begin to die later than before. Thus, on 30th June there are many active infected 

cases, which make the CFR decrease, as seen at the end of the CFR simulations obtained 

with the model, especially in the case of Italy, where the proportion of deaths is higher 

than in the other countries.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 17: Effect of changing 𝒑𝟎(𝑺→𝑺) and 𝒑𝟎(𝑺→𝑰) in Germany’s CFR. Results show 
10 CFR simulations obtained from increasing 𝑝.("→)) by 3e-7 and 10 CFR simulations 

obtained from decreasing 𝑝.("→)) by 3e-7. 
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Figure 18: Effect of changing 𝒑𝟎(𝑺→𝑺) and 𝒑𝟎(𝑺→𝑰) in Italy’s CFR. Results show 10 
CFR simulations obtained from increasing 𝑝.("→)) by 3e-7 and 10 CFR simulations 

obtained from decreasing 𝑝.("→)) by 3e-7. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 19: Effect of changing 𝒑𝟎(𝑺→𝑺) and 𝒑𝟎(𝑺→𝑰) in South Korea’s CFR. Results 
show 10 CFR simulations obtained from increasing 𝑝.("→)) by 3e-7 and 10 CFR 

simulations obtained from decreasing 𝑝.("→)) by 3e-7. 

L(d,Italy) 
U(d,Italy) 
CFR(d,Italy) with 𝑝.("→)) = 5.5𝑒IJ 
CFR(d,Italy) with 𝑝.("→)) = 1.15𝑒IT 

L(d,South Korea) 
U(d,South Korea) 
CFR(d,South Korea) with 𝑝.("→)) = 8𝑒IJ 
CFR(d,South Korea) with 𝑝.("→)) = 1.4𝑒IT 



 
 

23 

3.3.2. Different lockdown scenarios 

Another useful application of the model is to assess the potential impact of the control 

strategies. Therefore, this section presents the effect that the modification of the start date 

of the lockdown has on the total number of infected cases.   

We assumed that the probabilities and parameters of the mathematical model remain the 

same, that the epidemic curves follow the same dynamics as represented in previous 

sections, and that the lockdown also has an effect 8 days after commencing.  

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 20: Comparison of the cumulative infected cases with different lockdown 
scenarios using the Germany’s model. Green curves are 20 simulations made by 

assuming the lockdown would have been 10 days after and magenta curves represent 20 
simulations made by assuming a 10 days earlier lockdown. 

 
 

If Germany had confined the country 10 days earlier, the number of predicted infected 

cases would have decreased around 25% and 72%. On the other hand, if it had taken 10 

more days to confine the country, results show that cases would have increased from 29% 

to 77%.  
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Figure 21: Comparison of the cumulative death cases with different lockdown 
scenarios using Germany’s model. Green curves are 20 simulations made by assuming 

the lockdown would have been 10 days after and magenta curves represent 20 
simulations made by assuming a 10 days earlier lockdown. 

 
Consequently, the number of predicted deaths would have decreased from 25% to 74% if 

the lockdown had started 10 days earlier, and would have increased from approximatively 

34% to 85% if the lockdown had started later, as seen in Figure 21. These variations in 

the number of predicted deaths and total cases are due to the randomness of the model.  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 22: Comparison of the CFR with different lockdown scenarios. 
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Figure 22 shows that the CFR obtained considering the different lockdown scenarios does 

not vary since the probability of dying remains the same. Since we fixed the probabilities 

of dying or staying infected, the proportion of deaths over total infected cases remains the 

same despite variations in the lockdown starting date. Thus, when computing the CFR, 

since the total of infected cases and the number of death cases increase or decrease in the 

same proportion, the ratio does not change.   

Results were also obtained for Italy since the country also established a national 

lockdown.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 23: Comparison of the cumulative infected cases with different lockdown 
scenarios, using Italy’s model. Green curves are 20 simulations made by assuming the 
lockdown would have been 10 days after and magenta curves represent 20 simulations 

made by assuming a 10 days earlier lockdown. 
 
 
 

If Italy had confined the country 10 days earlier, the number of predicted infected cases 

would have decreased approximatively from 2% to 15%. On the other hand, if the 

lockdown had started 10 days later, the model predicts that cases would have increased 

from 4% to 16%.  
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Figure 24: Comparison of the cumulative death cases with different lockdown 
scenarios, using Italy’s model. Green curves are 20 simulations made by assuming the 
lockdown would have been 10 days after and magenta curves represent 20 simulations 

made by assuming a 10 days earlier lockdown. 
 
Consequently, the number of predicted deaths would have decreased from 3% to 20% 

provided a 10 days earlier lockdown, and would have increased from 6% to 20% if the 

lockdown had started 10 days later, leading to a similar CFR in both scenarios.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 25: Comparison of the CFR with different lockdown scenarios. 
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4. DISCUSSION   

4.1.  Mathematical model 

In this project, a mathematical model to reproduce the dynamics of the Covid-19 

pandemic has been designed. A new model was developed following the probability that 

an individual has of being infected from SARS-CoV-2, as well as the probabilities that 

this individual has to recover or die from the infection. Furthermore, this model was used 

to calculate the CFR of Covid-19 by considering the active infected cases that will 

eventually die, as well as to simulate different scenarios related to the lockdown start date.  

The outputs obtained from the simulations approximately fit the data reported by Johns 

Hopkins Coronavirus Resource Center, and the magnitude and date of the number of 

infected cases was correctly estimated.  In this study, we represented social distancing as 

a sudden and abrupt change but a gradual decline of the probability of getting infected 

could have been considered. Further studies could be related to changing the effect of the 

control strategies to see if results would improve.  

The estimation of the dynamics of the number of death cases has not shown such good 

results. This can be explained due to the large variability of dying from Covid-19. We 

assumed a fixed probability of dying over time. However, published studies suggest that 

this probability not only varies across countries but also across individuals. In fact, the 

data obtained so far indicates that elderly people and individuals with pre-existing health 

conditions such as cardiovascular diseases, diabetes, chronic respiratory diseases, 

hypertension or cancer have a higher risk of dying from Covid-19 [22]. Furthermore, we 

assumed that the time interval between getting the infection and dying from it was around 

to 2 to 3 weeks. However, recent data suggests that patients suffering from Covid-19 are 

dying much later after getting rid of the virus, due to the pathological consequences that 

SARS-CoV-2 has caused in their organism [23]. There are other considerations that may 

affect the probability of dying over time such as the hospital saturation that many 

countries suffered during the pandemic, as well as the lack of knowledge about the best 

treatment to administer, since this SARS-CoV-2 is a novel and unknown virus. Thus, all 

the aforementioned reasons make the representation of a good approximation of the 

dynamics of dying from Covid-19 challenging.  
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Additionally, the current model has demonstrated better robustness for Italy and South 

Korea than for Germany. By looking at the results obtained when changing the initial 

probabilities of getting the infection, we can conclude that the lack of robustness for 

Germany’s model is due to the fact that very small probabilities are used in order to 

simulate the beginning of the outbreak, which was later than in Italy and South Korea. 

Robustness results could be improved by considering a smaller population or by 

predefining the day in which the outbreak started in every country.  

 

4.2.  Case fatality rate 

From the model and simulations considered in this work, the CFR of different countries 

could have been calculated by reducing the time delay that exists between getting the 

infection to dying from it. The CFR observed for Germany was lower in comparison to 

Italy. Germany did massive testing over most of the population [24]. Therefore, the 

number of confirmed cases increased, mainly because asymptomatic individuals were 

taken into consideration, which made the CFR smaller. However, other factors such as 

culture, randomness or having a competent healthcare system can also decrease the CFR. 

In particular, Germany has an efficient healthcare system, with a hospital capacity greater 

than many other countries. In fact, Germany has 8.3 hospital beds for every 1,000 people 

[25] and 33 intensive care units (ICU) for every 100,000 individuals [26]. Another key 

element that can also influence this low rate of Germany is that most cases have occurred 

among young people and it has been shown that the virus is more lethal in older people 

[27]. In fact, around 67% of the infected cases in Germany have occurred in people 

between 15 and 59 years old.  

Regarding Italy, results show that the CFR computed on 30th June had really high values. 

This could be due to several reasons such as a healthcare system that was not prepared 

for the pandemic, which led to the collapse of the system. In fact, before the outbreak, 

Italy had 3.4 hospital beds for every 1,000 people [25] and just 8 ICU for every 100,000 

people [26]. Another explanation for the high CFR values is the lack of massive testing 

that Italy carried out at the beginning of the outbreak, which led to considering only the 

most sever infected patients. Moreover, more infections occurred in older people than in 

Germany, which led to a higher number of deaths. In fact, Italy is the second country in 
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the world with the largest percentage of older adults since 22.8% of the population is 

older than 65 years old. Furthermore, it is known that the 85% of those who died due to 

Covid-19 in Italy, were over 70 years old [28].  

Focusing on South Korea, the CFR was estimated to be the smallest compared with the 

ones of Italy and Germany. South Korea performed an early and indiscriminate testing as 

a first move to fight the infection. In fact, it was the first country to start doing massive 

tests over the population [18], more than Germany. This led to a reduction of the number 

of new infections in the subsequent days after the massive testing, so the curve started to 

flatten. Moreover, since the more tests are done, the more infected people are detected, 

there was an increase in the number of reported infected cases, making the CFR lower. In 

addition, the government of South Korea decided to develop tools to extensively track 

and trace their population. This strategy also proved to be very useful to reduce the 

transmission of Covid-19, leading to fewer new daily infected cases and to an early 

detection of the infected in order to quickly treat these patients and thus, reduce the 

probability of dying. Furthermore, South Korea had from the beginning a clear idea on 

how to treat the patients and an efficient healthcare system. In fact, South Korea has 11.5 

hospital beds for every 1,000 people [25] and 10 ICU for every 100,000 people [26].  

 

4.3.  Lockdown scenarios  

Finally, a study of different lockdown scenarios was also carried out. Despite the 

differences obtained in both total cases and death cases in the different countries due to 

the small robustness of the models, especially for Germany, results demonstrated that an 

earlier lockdown would have decreased the number of infected cases and consequently, 

the number of deaths. If we take the average between the percentage ranges obtained for 

the infected cases provided the lockdown had started 10 days earlier, Germany would 

have decreased around 48% of reported cases and deaths. Regarding Italy, around 8% 

fewer cases would have been reported if the lockdown had been declared 10 days earlier. 

This difference can be explained as Italy confined the country when only 9,172 infected 

cases had been reported, whereas Germany announced the lockdown when there were 

24,870 reported cases. Therefore, we can conclude that these governments announced the 

lockdown not based on the total number of reported cases but on the increment in daily 
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cases, since in Italy cases increased much faster and earlier than in Germany leading to a 

prior lockdown. The same but opposite dynamics have been observed if the lockdown 

had started 10 days later.  

On the other hand, the strategy of South Korea needs to be considered more carefully as 

this country was able to reduce the number of infected cases without harming the 

economy of the country since no lockdown was imposed. Nevertheless, in order to be 

able to follow South Korea, a good heath system and predisposition of the population is 

required.  

 

4.4.  Limitations 

The main limitations of the current study should be discussed. First, the public domain 

data used did not have good quality due to the huge controversy on how countries are 

reporting Covid-19 cases. Moreover, the number of total infected cases is probably higher 

than reported since there are many undiagnosed cases, mainly young asymptomatic 

people. Although some mathematical models existing in literature have approximated the 

real number of total infected cases by considering the undiagnosed individuals [29], this 

has not been included in the current work. Therefore, an important limitation of the study 

is that it is only based on the diagnosed and reported cases. Another constraint is that 

parameters were manually adjusted and the results of the mathematical model were 

graphically compared. The use of a more automatic methodology to estimate the 

parameters and algorithms to calculate the accuracy of the mathematical model would 

provide more reliable results than those obtained in the current study.  

Future studies can add complexity to the model by incorporating more variables such as 

the age population ranges with distinct probabilities of getting infected, recovering or 

dying, or the unreported infected cases, in order to obtain more accurate curves of the 

dynamics of the Covid-19.   
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