On the density of systems of non-linear spatially
homogeneous SPDEs
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Abstract

In this paper, we consider a system of k second order non-linear stochastic partial
differential equations with spatial dimension d > 1, driven by a ¢-dimensional Gaussian
noise, which is white in time and with some spatially homogeneous covariance. The
case of a single equation and a one-dimensional noise, has largely been studied in the
literature. The first aim of this paper is to give a survey of some of the existing results.
We will start with the existence, uniqueness and Hdélder’s continuity of the solution.
For this, the extension of Walsh’s stochastic integral to cover some measure-valued
integrands will be recalled. We will then recall the results concerning the existence
and smoothness of the density, as well as its strict positivity, which are obtained using
techniques of Malliavin calculus. The second aim of this paper is to show how these
results extend to our system of SPDEs. In particular, we give sufficient conditions in
order to have existence and smoothness of the density on the set where the columns of
the diffusion matrix span R*. We then prove that the density is strictly positive in a
point if the connected component of the set where the columns of the diffusion matrix
span R* which contains this point has a non void intersection with the support of the
law of the solution. We will finally check how all these results apply to the case of the
stochastic heat equation in any space dimension and the stochastic wave equation in
dimension d € {1,2,3}.
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1 Introduction

Consider the system of stochastic partial differential equations:
Lu;(t, ) Zaw )W (t,x) + bi(u(t,z)), t>0, x € RY, (1.1)

i =1,..., k, with vanishing initial conditions. Here L is a second order differential operator,
and oy, b; R* = R are globally Lipschitz functions, which are the entries of a k x ¢ matrix
o and a k-dimensional vector b. We denote by oy, ..., 0, the columns of the matrix . The
driving perturbation W (t,z) = (W (t,),...,Wi(t,z)) is a g-dimensional Gaussian noise
which is white in time and with a spatially homogeneous covariance f, that is,

E[W(t,2)W(s,y)] = 6(t — ) f(x — y)dij,

where 6(-) denotes the Dirac delta function, d;; the Kronecker symbol, and f is a positive
continuous function on R\ {0}.

The basic examples we are interested in are the stochastic Wave and heat equations
with vanishing initial conditions, that is, L = atg —Aand L = at — A, where A denotes
the Laplacian operator in R%, and the spatial covariance f to be the Riesz kernel, that is,

F(2) = llel =%, 0 < 8 < d.

Let (.#:)t>0 denote the filtration generated by W, and let T > 0 be fixed. By defini-
tion, the solution to the formal equation (L) is an adapted stochastic process {u(t,x) =
(ui(t, ), ..., ux(t,z)), (t,z) € [0,T] x R4} such that
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where I' denotes the fundamental solution of the deterministic equation Lu = 0.

Recall that when I'(¢,x) is a real valued function, the stochastic integral appearing in
(C2) is the classical Walsh stochastic integral (see [27]). However, when I' is measure,
Dalang [5] extended Walsh’s stochastic integral using techniques of Fourier analysis, and
covered, for instance, the case of the wave equation in dimension three. D.Nualart and Quer-
Sardanyons [19] extend Walsh’s stochastic integral using techniques of stochastic integration
with respect to a cylindrical Wiener process (see [12]), in order to cover some classes of
measure-valued integrands.

In this paper, we are interested in studying the existence, smoothness and strict positiv-
ity of the density of the solution to the system of SPDEs (II]), on the set where {01, ...,04}
span R*. The case of a single equation has largely been studied in the literature, so our
aim is to give a survey of the known results and explain how they extend to the case of a
system of equations.

One of the motivations of the results of this article, is to develop in a further work
potential theory for solutions of systems of the type (1)) (see [9]). For the moment potential

(1.2)



theory for systems of non-linear SPDEs has been studied by Dalang and E.Nualart in [6] for
the wave equation, and by Dalang, Khoshnevisan and E.Nualart in [7] and [8], for the heat
equation, all driven by space-time white noise. That is, taking in equation (L), d =1, f
the Dirac delta function and L the fundamental solution of the deterministic wave or heat
equation. In all these works, the existence, smoothness, and strict positivity of the density
of the solution to the system of SPDEs is required.

The paper is organized as follows. Section 2 deals with the existence and uniqueness of
the solution to (IL2]). For this, we first need to define rigorously the noise W, and explain in
which sense the stochastic integral in (I.2]) is understood, recalling the mentioned results in
[5] and [19]. Studying the density of an SPDE is sometimes related to the Holder continuity
properties of the paths of its solution. Thus, we will recall some results concerning the
Hoélder continuity of the solution to the stochastic heat and wave equations. This will be
done in Section 3. Section 4 will be devoted to the study of the existence and smoothness
of the density of the solution to (II]). For this, some elements of Malliavin calculus need to
be introduced. Finally, the aim of Section 5 is to show the strict positivity of the density.
This last result turns out to be new in the literature. Its proof extends the method used by
Bally and Pardoux in [I] for the case of the stochastic heat equation driven by a space-time
white noise, in our spatially homogeneous situation.

2 The stochastic integral

The aim of this section is to recall the results concerning the existence and uniqueness of
the solution to our class of SPDEs (ILI]). For this, we will first recall in our g-dimensional
situation the extension of Walsh’s stochastic integral given in [19], that uses Da Prato and
Zabczyk’s stochastic integration theory with respect to cylindrical Wiener processes. In the
recent paper [11], Dalang and Quer-Sardanyons extensively explain how this extension is
related to the pioneer work by Dalang in [5].

Fix a time interval [0,7]. The Gaussian random perturbation W = (W' .. .WY) is a
g-dimensional zero mean Gaussian family of random variables W = {W/(p),1 < j < q,¢ €
€5°([0,T] x R4 R)}, defined on a complete probability (©2,.#, P) with covariance

T
W W] =5, [ [ [ et =) degat

where f : R? — R, is a continuous function on R\ {0} which is integrable in a neighborhood
of 0.

Observe that in order that there exists a Gaussian process with this covariance func-
tional, it is necessary and sufficient that the covariance functional is non-negative definite.
This implies that f is symmetric, and is equivalent to the fact that it is the Fourier transform
of a non-negative tempered measure y on R?. That is,

f@) = Fulo)i= [ mEnas)

and for some integer m > 1,
p(dg)
— e < Fo0.
fwr e
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Elementary properties of the convolution and Fourier transform show that this covari-
ance can also be written in terms of the measure p as

T
W W ] =5, [ [ Fe0©F 0@ nda

where %1 denotes the complex conjugate of .F1).
Let .27 denote the completion of the Schwartz space .7 (R%; RY) of €°°(R%; R?) functions
with rapid decrease, endowed with the inner product

(ot =3 L, [t dxdy—z Pl FREn(de),

¢,v € S (R%GRY). Notice that 9 may contain distributions. Set %7 = L2([0,T]; #9).
In particular, 77 is the completion of the space 6§°([0, 7] x R%; RY) with respect to the
scalar product

(.6 fq—z / T F U@l

Then the Gaussian family W can be extended to 7 and we will use the same notation
{W(g),9 € #7'}, where W(g) = 31, W'(g;).

Now, set Wi(h) = D1, Wi(l[oﬂhi), for any t > 0, h € 9. Then {W;,t € [0,T]} is
a cylindrical Wiener process in the Hilbert space 7 (cf. [I2, Section 4.3.1]). That is, for
any h € 1, {Wy(h),t € [0,T]} is a Brownian motion with variance t||h||%,,, and

EW(h)Wi(9)] = (s At)(h, g) sa-

Let (%)it>0 denote the o-field generated by the random variables {Ws(h),h € #7,0 < s <
t} and the P-null sets. We define the predictable o-field as the o-field in Q2 x [0, T'] generated
by the sets {(s,t] x A,0 < s <t <T,A € F}. Then following [12] Chapter 4], we can
define the stochastic integral of any predictable process g € L?(2 x [0, T|; #°9) with respect
to the cylindrical Wiener process W as

T 0 T
g-dW = /(g,e-bgde(e'),
RS o O

where (e;) is an orthonormal basis of ##¢. Moreover, the following isometry property holds:

L v ] o]

We next introduce the following condition on the fundamental solution of Lu =0, I'.

(H1) For all t > 0, I'(¢) is a nonnegative distribution with rapid decrease, such that

/ /Rd ()2 u(d€)dt < +oo. (2.1)



Moreover, I' is a nonnegative measure of the form I'(¢, dx)dt such that

sup / I'(t,dz) < Or < +00. (2.2)
te[0,T] JR4

Then [19, Lemma 3.2 and Proposition 3.3.] show that under condition (H1), I belongs
to 7, and one can define the stochastic integral of a predictable process G = G(t,dx) =
Z(t,x)L(t,dx) € L*(Q x [0, T]; #°%) with respect to W, provided that Z = {Z(t,z), (t,7) €
[0,T] x R} is a predictable process such that

sup  E[|Z(t,2)%] < +o0.
(t,z)€[0,T]x R4

In this case, we denote the stochastic integral as

T T
/0 [ Gls.y) Wids,dy) = /0 / Dls,)Z(5,9) - W (ds, dy).

We next state the existence and uniqueness result of the solution to equation (I.2)). This
is an extension to system of SPDEs of [19], Theorem 4.1] (see also [5, Theorem 13]) and can
be proved in the same way.

Theorem 2.1. Under condition (H1), there exists a unique adapted process {u(t,z) =
(ui(t, ), ..., ur(t,2)), (t, ) € [0,T] x R?} solution of equation (LZ), which is continuous in
L? and satisfies that for all T >0 and p > 1,

sup E[||u(t, 2)||P] < +oo. (2.3)
(t,2)€[0,T] x R4

The basic examples we are interested in are the stochastic heat and wave equations.
More precisely, it is well-known (see for e.g. [5]) that if L is the heat operator in R?, d > 1,

that is, L = % — A, where A denotes the Laplacian operator in R%, or if L is the wave

operator in RY, d € {1,2,3}, that is, L = 5)722 — A, condition (H1) is satisfied if and only if
p(de)

e < +00. 2.4

L am 24

For instance, one can take f to be a Riesz kernel, that is, f(z) = ||z|| 7%, 0 < 8 < d.
Then, u(d€) = cqp//€]|P~?d¢, and (24) holds if and only if 0 < 8 < (2 A d).

3 Holder continuity of the solution

Studying existence, smoothness and strict positivity of the density of the solution to the
system of equations (LT]), will require to know the behaviour of the moments of the incre-
ments of the solution, which in particular implies the Holder continuity of the paths. Let
us introduce the following conditions.



(H2) There exists 7, > 0 such that for all t € [0,T], h € [0,T — ], z € R% and p > 1,
EflJu(t + h,x) — u(t, 2)[["] < ¢, R 7,

for some constant ¢, 7 > 0. In particular, for all 6 > 0 the trajectories of u are
(1 — 0)-Holder continuous in time.

(H3) There exists 7o > 0 such that for all ¢ € [0,T], z,y € R?, and p > 1,
E{[Ju(t, z) — u(t, y)[I’] < cprllz —yl[7?,

for some constant c,7 > 0. In particular, for all 6 > 0 the trajectories of u are
(72 — 0)-Holder continuous in space.

Using Kolmogorov’s continuity theorem, Sanz-Solé and Sarra prove in [24] that if there

exists € € (0,1) such that
p(d§)
ST o, 3.1
Lot 3

then the stochastic heat equation satisfies (H2) for all v1 € (0,15¢), and (H3) for all
Y2 € (0,1 —¢). In particular, if f is the Riesz kernel, that is u(d¢) = cq5l/€|P~?d¢,
0 < 8 < (2Ad), then (H2) holds for all v, € (0, #), and (H3) holds for all v, € (0, 2%)
Observe that in this case (B.]) holds for all € > g

For the stochastic wave equation in dimensions d € {1,2}, one obtains that under
condition ([B1]), (H2) and (H3) are satisfied for all 71,2 € (0,1—e¢), that is, v1,v2 € (0, #)
for the Riesz kernel case. The two-dimensional case was studied by Millet and Sanz-Solé in
[16, Proposition 1.4]. See [27] for the one dimensional case.

A different approach based on Sobolev embedding theorem is needed to handle the
stochastic wave equation in dimension three. This was done by Dalang and Sanz-Solé in
[10] for the case where the spatially homogeneous covariance is defined as a product of a
Riesz kernel and a smooth function. In particular, when it is a Riesz kernel, they show that

(H2) and (H3) are satisfied with 1,72 € (0, 255).

4 Existence and smoothness of the density

We are now interested in proving existence and smoothness of the density of the solution
to the system (ILI)) on the set where {07, ...,0,} span R¥. As is well known, the Malliavin
calculus provides a powerful tool in order to show this kind of results for solutions to SDEs
and SPDEs. Let us first recall some existing results for single equations of the type (L.
For the existence and regularity of the density of the wave equation with d = 1 one refers to
the work by Carmona and D.Nualart in [3]. The wave equation in spatial dimension 2 was
studied by Millet and Sanz-Solé in [16]. The three dimensional case was then handled by
Quer-Sardanyons and Sanz-Solé, see [25] and [26]. The case of the stochastic heat equation
in any space dimension can be found in [14]. All these results where unified and generalized
by D.Nualart and Quer-Sardanyons in [19]. They assumed the following condition.



(H4) There exists n > 0 such that for all 7 € [0, 1],

n ’ 2
e < [0 1FTOer

for some constant ¢ > 0.

Then they show that if o, b are ¥°° functions with bounded derivatives of order greater than
or equal to one, and |o| > ¢ > 0, under conditions (H1) and (H4), for all (t,z) €]0,T] x R?,
the law of u(t,x) has a € density.

Observe that condition (H4) is satisfied for the stochastic heat equation for any n > 1
(see [19, Remark 6.3]), and with n = 3 for the stochastic wave equation in dimensions 1,2,3
(see [25] (A.3)]).

The proof of this result uses tools of Malliavin calculus. One needs to check first that
the random variable u(t, ) is smooth in the Malliavin sense. This can be easily generalized
to systems of equations (see Proposition 3] below). Secondly, one needs to show that the
Malliavin matrix has inverse moments of all orders. For this, one uses condition (H4) and
the non degeneracy condition on ¢. The extension of this result to systems of equations
is more delicate as ones deals with a matrix o instead of a function, and because of that
reason we need to consider the following additional assumptions on I'.

(H5) Conditions (Hi), ¢ = 1,2,3 are satisfied. Moreover, the nonnegative measure ¥
defined as ||z||"2T'(t, dx) satisfies that

T
| [ izva@ruan < +o.
0 Rd

Moreover, there exist ag,as > 0, v2 < a1, 71 < ag, such that for all 7 € [0, 1],

/OT(\II(T, %), L(r, %)) ppdr < et

for some constant ¢ > 0, and

| [ 17ree Putdgyr < ere,
0 Rd
for some constant ¢ > 0.
(H6) Conditions (H4) and (H5) are satisfied, and a := a1 A ag > 7.
We will then show the following result.

Theorem 4.1. Assume hypothesis (H6) and that o,b are € functions with bounded
partial derivatives of order greater than or equal to one. Then for all (t,x) €]0,T] x R?, the
law of the random vector u(t,z) admits a €> density on the open subset of RF ¥ := {y €
R : 01(y), ..., 04(y) span R¥}. That is, there exists a function p;, € €°°(%;R) such that
for every bounded and continuous function f : R¥ — R with support contained in 3,

Blf(ulta)] = [ 1)ty



We next prove an intermediary result that will be needed for the proof of Theorem [Tl

Lemma 4.2. Assume hypothesis (H5). Then for all t € [0,T], = € R%, € € (0,1], and
p>1,

E H /0 <(0ij(u(t — %)) — oy (u(t, )T (r,z — %), T(r, 2 — *)> dr

H

p
(07}
] < ¢p e

for some constant cp 7 > 0, where o := a1 Ao and oy, are the parameters in hypothesis
(H5).

Proof. Set G(r,dy) := (04 (u(t —r,y)) — oi;(u(t, x)))I'(r,z — dy). Then by [19, Proposition
3.3], G(r,dy) € L*(Q x [0,T]; 5#), and following the proof of this Proposition, we can write

(G(ryx — ), D(r,z — %)) /Rd Rder—dy)f( y—2)(r,z — dz).

Using Minkowski’s inequality with respect to the finite measure I'(r,x —dy)['(r,x —dz) f (y —
z)dr, together with the Lipschitz property of o, we get that for all p > 1,

P
il |
T(r,x — dy) (B [[lu(t —r,y) — u(t,2)|P)PT(r,2 — d2) f(y — 2)dr
Therefore, appealing to hypotheses (H2) and (H3), we find that the last term is bounded
by
€ p
T{\ / / / (r.z = dy)llr =yl Dlr.a — d)f(y = 2)dr
Rd JR4

}
_ %T{

FT(r) (&) p(d€)dr
Hence, using hypothesis (H5), we conclude that
d

Next, we recall some elements of Malliavin calculus. Consider the Gaussian family
{W(h),h € H#F} defined in Section 2, that is, a centered Gaussian process such that
E[W(h)W (g)] = (h,9) ss- Then, we can use the differential Malliavin calculus based on it

(see for instance [I8]). We denote the Malliavin derivative by D = (DU, ..., D(9), which
is an operator in L?((; ). For any m > 1, the domain of the iterated derivative D™ in
LP(Q; (7)®™) is denoted by D™P, for any p > 2. We set D = M,>1 Ny,>1 D™P. Recall

€

; (G(r,z — %), T(r,x — %)) pdr

Re JRR4

(ryx —dy)r""T(r,x — dz) f(y — z)dr

R4 Rd

/(\IJ(T,*),F(T* ;g:dr
0

r“’l

}

P
(6% v (8
] < cp (€7 4+ €*?P) < ¢, 7e™?

/(:(G(’I“,CC — %), [(r,x — %)) ypdr

O



that for any differentiable random variable F and any r = (r1,...,7,) € [0,T]™, D™F(r)
is an element of J#®™ which will be denoted by D™ F. We define the Malliavin matrix of
F e (D)™ by v = ((DF;, DF}) ypa)1<i j<m-

The next result is the g-dimensional extension of [I9, Proposition 6.1] (see also [26] The-
orem 1]). Its proof follows exactly along the same lines working coordinate by coordinate,
and is therefore omitted.

Proposition 4.3. Assume that (H1) holds, and that o,b are € functions with bounded
partial derivatives of order greater than or equal to one. Then, for every (t,z) € (0,T] x R¢,
the random variable u;(t,z) belongs to the space D*°, for all i = 1,...,k. Moreover, the
derivative Du;(t,z) = (DWu,(t, x), ..., DDu;(t,x)) is an H-valued process that satisfies
the following linear stochastic differential equation, for all i =1, ..., k:

Dﬁj)ui(t, z) = oy (u(r, )t —r,x — %)

+ /r /Rd L(t—s,z—y) ; D,(,j)(al-g(u(s, y))WZ(ds, dy) (4.1)

+ /r /Rd It —s, dy)D,(,j)(bi(u(s,x —y))ds,

for all r € [0,t], and is O otherwise. Moreover, for allp > 1, m >1 and i =1,...,k, it holds
that

sup E [HDmUi(t, x)H?%;q)@m] < 400 (4.2)
(t,x)€(0,T]|xRd T

Remark 4.4. Recall that the iterated derivative of w;(t, z) satisfies also the g-dimensional
extension of equation [19] (6.27)].

Recall that the stochastic integral on the right hand-side of (£I]) must be understood
by means of a Hilbert-valued stochastic integral (see [19, Section 3]) and the Hilbert-valued
pathwise integral of (4.]) is defined in [19, Section 5.

In order to prove Theorem [l we will use the following localized variant of Malliavin’s
absolute continuity theorem.

Theorem 4.5. [I, Theorem 3.1] Let ¥,, C R¥, m € N, m > 1, be a sequence of open sets
such that ¥, C py1 and let F € (D®)* such that for any ¢ > 1 and m € N,

E[(detvr) pes,,}] < +oo. (4.3)
Then the law of F' admits a €°° density on the set ¥ = Uy, X, .
Proof of Theorem [{.1l For each m € N, m > 1, define the open set

q
B = {y € R Y (0,0).9% > = Ve € R el = 1), (4.4
j=1

By Proposition €3] it suffices to prove that condition ([43]) of Theorem holds true in
each ¥,,. Indeed, observe that ¥ = U,,X,,, = {01, ..., 04 span R*}.



Let (¢,z) €]0,T] x R% and m > 1 be fixed. It suffices to prove that there exists dg(m) > 0

such that for all 0 < § < g, and all p > 1,

P{(det Yu(t,x) < 6)1{u(t,x)62m}} < C(S)\pa

(4.5)

for some \ > 0, and for some constant C' > 0 not depending on §. This implies ([4.3)), taking

p:X—l-lin(IZE).

We write

k
det Yy(t,e) > (infgeRk;||g||=1(ST’Yu(t,x)@) :
Let & € R¥ with ||¢|| = 1, and fix € € (0, 1]. The inequality
2
la+ bll%ea > 3 llall5es — 2[b0 54,

together with (4.1]), gives

k

Z Dr(ui(ta x))fz

i=1

t 2

2
fT’Yu(t,x)g > / dr > gszfl — 2.0,

t—e

4

where

2

dr,
Al

q t
A=Y / o (ulr, ), Dt — 1. — #)|Zpadr,
j:1 t—e
k
Zai(r,t,x,*)fi

t
o7 :/
tmelli=1

ai(r,t,x,*) = oA D(t — 5,2 — y) Dy (ow(u(s, y)) W(ds, dy)
;/T /Rd y) Dr(die(uls, y y

+ / Dy (bi(us, @ — y))T(t — s,y)dyds.
r JR4

Now, assume that u(t,z) € ¥,,. Then, adding and subtracting the term

q

1= Yoyt &2 [ [ 17T = n©Pu(ddr

J=1

we get that @ > o/ 1 — |9 2|, where

q t
@7172:jzl/t_e/Rd/RdI’(t—r,x—dy)F(t—r,x—dz)f(y—z)

x (<aj<u<r,y>>,s><oj<u<r, 9).€) - <oj<u<t,x>>,s>2) dr.

10
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Note that we have added and subtracted a ”local” term to make the ellipticity property
appear (see (£4])). A similar idea is used in [16] for the stochastic wave equation in dimension
2.

Then, using the fact that u(t,x) € ¥,,, we get that
ia > [ 170 Puldeydr = g0
— r r=:— .
L1 m Jo JRrd H mg ¢

Now we find out upper bounds for the p-th moment, p > 1, of the terms <7 » and <.
We start treating 7 o. We write

{o(ulr,y)), &) (o (ulr, 2)),&) = {oj(ult, z)),&)”
= (o5 (u(r,y)), &) (o (u(r, 2)) — o (u(t, )),§)
+ <Uj(u(t7x))7§> <Uj(u(r7 y)) - Uj(u(tvx))7§>'

Then, proceeding as in the proof of Lemma [£2] using the Lipschitz property of the coeffi-
cients of o, and (2.3]), it yields that

E[ ma\%ﬂﬂs%ﬂ%
EER:||¢]|=1

We next treat @%. Using the Cauchy-Schwarz inequality, for any p > 1, it yields that
k P

E[ sup \%\p} SCPZE[ }
i=1

EERL¢I=1
p €
] +E H/ HWi(r,t,x,*)Hiﬂdr
0

k €
9,,2(13 H/O |Vi(r, t, z, )| 2padr
=1

t
/ Hai(r,t,x,*)ﬂiﬂdr
t

—€

(4.7)

1

where

(7 x*::q t — 8, X — i—r(oie(u(s “(ds
sz( b, ) ;/tr/RdF(t ) y)D ( Z( ( 7y))W (d7dy)7

t
Wi(r,t,x,*) := / / L(t — s,y)Dy—r (bi(u(s,z — y))dyds.
t—r JRA

Now, using Holder’s inequality, the boundedness of the coefficients of the derivatives of o,
and [19] (3.13), (5.26)], we get that

5 H [ttt
0

p
}S%JA sup B[ Dt — 5,5) 2]
(5,9)€(0,6)xRY ‘

([ [ 1re@ruaas)

p

< Cpg(e)Qp'

11



Moreover, using Holder’s inequality, the boundedness of the partial derivatives of the co-
efficients of b, hypothesis (2.2]), and [19, (5.17), (5.26)], for the second term in (L7]) corre-
sponding to the Hilbert-valued pathwise integral, we obtain that

B H [ Wit B
0

p
} <t sup E[|Diauw(t — 5,y)|%)
(5.9)€(0,6)xRd ‘

« </0 /Rdr(s,y)dyds>
< cpePg(e)?.

Hence, we conclude that, for any p > 1,

B [ sup m@v)} < ¢(g(O™ + Pg(e)?).
geR:||¢]|=1

Appealing to (48], we have proved that, on the set {u(t,x) € £,,},

2 k
et > (99~ 1) (1.8

where I is a random variable such that for all p > 1, E[|I|P] < (¢2P + g(€)® + €Pg(e)P).
We now choose € = ¢(d,m) in such a way that §%/* = +g(e). By hypothesis (H4) this

1
implies that 3md'/% > ce?, that is, ¢ < C'd7F. Then using (4£1]), we conclude that for all
0<d<9yandp>1,

Eap+g€2p+€pgep . .
(Lg((e)) — 51/’9); ) < C(m)((Si + §nF + 5>\p)’
3m

with A = <1 Recall that 1 < o from hypothesis (H6). This proves (@L.3). O

p { (det Yugte) < 0)1{u(t,e)esm) } <

We end this section with the verification of condition (H6) for the stochastic heat and
wave equations with a Riesz kernel as spatial homogeneous covariance, that is, f(z) = ||z| "

and pu(d€) = cqpl|€]|*PdE, 0 < B < (21 d).
Consider first the stochastic heat equation in any spatial dimension, that is,

2
D(t,z) = (4nt)~%? exp(—%), t>0,z€R

For all ¢ € [0, 7], using the change variables [g = %, zZ= %], it yields that

t
L[ =21 rern ) dydzar
0 JR4 JRd

t _
:/ r—ﬂ/?/ / 15 — 2| ~PT(1, §)T(1, 5)dgdzdr = et
0 Rd JR4

12



Thus, hypothesis (H4) is satisfied for n = . Furthermore, hypothesis (H5) holds with

225 + % and az = 26 + 1. Indeed, usmg the change of variables [y = f’ zZ= \if],

for all 7 € [0, 1], we have that

[ L 1t = =720 e asagar

= [ [ i — 2t ra. gz - o5,

0

L [ ]l 2 r e ydzdyds

0 Rd JRd

:/ wlg/ / 15 — 27T (1, 2)T(L, §)dzdjdr = er 2 0.
0 Rd JRd

2-8 | 22ACm)
5ot

a1 =

and

Observe that o = a1 A ag = , which is bigger that 7, thus proves (H6).

We next treat the case of the stochastic wave equation with spatial dimension d €
{1,2,3}. Let T'y be the fundamental solution of the deterministic wave equation in R? with
null initial conditions. In this case, changing variables [¢ = r¢], for all t € [0, T], we get that

(2
[ [zraeerier-taar= [ [ Smwﬁgﬂf”)Hsnﬁ—ddwr

:/ 2— B/ Sln 277“5“ HgHﬁ_ddng
4n2||€]|2
30

Therefore, hypothesis (H4) is satisfied for n = 3 — 3. Notice also that

[ [zem@rier-rasi <12 [ [ |5ram@riep-“asi < +oc
Moreover, changing variables [€ = ], for all T € [0,1], we have that
/ (W(r, ), Ta(r, ) s dr _/ Zu(r)(©) T IED 5 geg,
R R
/ 1-3 FY (T)<£>Sln(2ﬂ-||£||)H§H5ddg-dr
R v/ 2rl¢]]

= %), L1, * f/ 2B gy = 3Bt

and

[ [ Zr @R el dear = er -,

Thus, hypotheses (H5) and (H6) hold taking a =3 -4+ Ay >3—-8=mn.
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5 Strict positivity of the density

The second aim of this article is to show that under the same condition (H6), the density
of the law of the solution to the system (II]) is strictly positive in a point if the connected
component of the set where {0, ...,04} span R* that contains this point has a non void
intersection with the support of the law of the solution (see Theorem [5.1] below). For this,
we will first extend in our situation a criterion of strict positiveness of densities proved by
Bally and Pardoux in [I], which uses essentially an inverse function type result (see Lemma
b.6) and Girsanov’s theorem.

We will then apply this criterion to our system of SPDEs (LI). In [I], the authors
apply their criterion to the density of the law of the random vector (u(t,z1),...., u(t, zx)),
0 <z <.+ <z <1, where u denotes the solution to the non-linear stochastic heat
equation driven by a space-time white noise, by using a localizing argument. Hence, their
situation is a bit different as ours, as we deal with a system of SPDEs and we evaluate the
solution at a single point (¢,z) €]0,T] x R%. In a similar context, Chaleyat and Sanz-Solé
in [4] study the strict positivity of the density of the random vector (u(t,x1),....,u(t, xg)),
0 <z <--- <z <1, where u is the solution to the stochastic wave equation in two
spatial dimensions, that is, take in equation (ILI]) d =2, k,q =1, and L = g—; - A.

We will also apply the criterion of strict positivity to the case of a single equation, that
is the solution to (1)) with k,¢ = 1. We will obtain that the density is strictly positivity
in all R under the same hypotheses that D.Nualart and Quer-Sardanyons obtained in [19]
its existence and smoothness (see Theorem [£.3] below), with the addition condition of o
being bounded. Recall that in the recent papers [20] and [2I], the same authors obtain
lower and upper bounds of Gaussian type for the density of the solution to single spatially
homogeneous SPDEs of the class (L)) in the case where o is a constant, which in particular
shows the strict positivity of the density in the quasi-linear case. A first step to show bounds
for the non-linear case is done in the recent preprint [22], where upper and lower bounds for
the density of non-linear stochastic heat equations in any space dimension are established.

There are also other many SPDEs for which the strict positivity of its density is studied.
For example, the case of non-linear hyperbolic SPDEs has been studied by Millet and Sanz-
Solé in [15], Fournier [13] considers a Poisson driven SPDE, and the Cahn-Hilliard stochastic
equation is studied by Cardon-Weber in [2].

We next state the main result of this paper.

Theorem 5.1. Assume hypothesis (H6) and that o,b are € functions with bounded
partial derivatives of order greater than or equal to one and o is bounded. Then for all
(t,x) €]0,T] x RY, the law of the random vector u(t,z) admits a € density on ¥ := {y €
RF : 01 (y), ..., 04(y) span RF} such that p,.(y) > 0 if the connected component of . which
contains y has a non void interesection with the support of u(t,x).

Remark 5.2. In the case where o is uniformly elliptic, that is, ||o(y)¢]|? > ¢ > 0, for all £ €
RY and y € R*, under the hypotheses of Theorem (.1, we get that for all (¢, z) €]0,T] x R¢,
the law of the random vector u(t,z) admits a €°° strictly positive density.

The case of a single SPDE of the type (LL1J) is as follows.
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Theorem 5.3. Assume that 0,b are € functions with bounded derivatives of order greater
than or equal to one, and 0 < ¢ < |o| < C. Then, under conditions (H1) and (H4), for
all (t,x) €]0,T] x RY, the law of u(t,z) has a €> strictly positive density function.

Remark 5.4. Observe that we only require the continuity of the density in order to show
the strict positivity (see Theorem [5.7 below). Hence the ¥ condition on the coefficients
can be weakened in order to show the strict positivity of the density.

5.1 Criterion for the strict positivity of the density

As in Section 4, we will study the strict positivity of the density on the set where the
columns of the £ x ¢ matrix o, 01, ...,04 span R*. If y € R” is in this set, then there exists
Li(y) =: ..., lk(y) =: I such that oy, (y), ..., 01, (y) span R¥. Thus it suffices to make all
the calculations using Wh®) W ®) and ignoring the other W7. In order to simplify the
notation we will take [; = i.

Given T > 0, a predictable process g € %”75 and z € R¥, we define the process W =

(W1, ..., Wk) as

A

Wi (1oghy) = W (Loghy) + 2 /O (hi (%), g7 (5, %)) s,

for anyheiﬁfk,jzl,...,k;,te[O,T]. A
We set Wi(h) = 2?21 Wj(l[oﬂhj). Then, by [12, Theorem 10.14], {W;,t € [0,T]} is a

cylindrical Wiener process in % on the probability space (Q,.7, f’), where

dp

E(w) =J,(w), weQ,

where

k T k T
, : 1 :
J, = exp <— g Zj/o /Rd ¢ (s,y)W(ds,dy) — 3 E 2]2/0 g7 (5, %)% ds). (5.1)
i=1 i=1

Then, for any predictable process Z € L*(Q x [0, T]; #%) and j = 1, ..., k, it yields that

/ /Rd (s,9)W(ds, dy) = / / I(ds ,dy) + z; /0T<Zj(5,*),gj(8,>k)>%ad5,

For any (t,z) € [0,T] x R¥, let @*(t,x) be the solution to equation (L2]) with respect to
the cylindrical Wiener process W, that is, for i = 1, ..., k,

k ¢ .
Wit x) = ;/O /Rdf(t—s,x—y)aij(u (s,9))W(ds, dy)

k ¢ ‘
+ Z 2 /0 (L(t—s,x —)oi;(0°(s, %)), ¢ (s, %)) wds (5:2)

//Rd *(t — s, —y))D(s, dy)ds.
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Then, the law of u under P coincides with the law of 4* under ]5, which implies that for all
nonnegative continuous and bounded function f : RF — R,

E[f (u(t, z))] = E[f(@°(t, 2))J-]. (5-3)

Given a sequence {gy },>1 of predictable processes in SF and z € R¥, let 42 (¢, z) be the
solution to equation (2] with respect to the cylindrical Wiener process {W},t € [0,T]},
where W/*(h) = 29?21 Wi (19 yh;) for any h € #*, and

. . t .
W™ (11g9hj) = W (19 qhj) + Zj/o (hj(*), 95 (s,%)) wds.

Set the k x k matrix ¢Z(t,z) := 0,47 (t,z), and the Hessian matrix of the random vector
02 (t,x), YZ(t,z) := 0?07 (t,z) (which is a tensor of order 3). We denote by || - || the norm
of a m X n matrix A defined as

[All = sup [AZ]].
£eR™,[|€]|=1

We next proceed to the study of the strict positivity of the density p; (-) of the law of
u(t,z), where (t,2) €]0,T] x R? are fixed. We need to introduce the following condition.
We say that y € R¥ satisfies H x(y) if

H; «(y) there exists a sequence of predictable processes {gn }n>1 in %, and positive constants
c1, ¢2, 7o and d such that

(i) limsup,,_,. P {(Hu(t,x) — gyl <7r)N(det @O(t, ) > 01)} > 0, for all r €]0, 7).

(i) Titn o0 P {supnz..g5<\|soz<t,w>|| it )l < } Y

Remark 5.5. Observe that if a point y verifies Hg x(y) then automatically belongs to the
support of the law of u(¢,x).

We next provide the main result of this section which is a criterion for the strict positivity
of a density, which was proved in [, Theorem 3.3] for the case where ,%”75 is replaced by
L%([0,1]; R*). Our case follows along the same lines as theirs. This criterium uses the
following quantitative version of the classical inverse function theorem. Let B(x;r) denote
the ball of R¥ with center x and radius r > 0.

Lemma 5.6. [I, Lemma 3.2] and [I7, Lemma 4.2.1] Let ® : R¥ s R* be a €2 mapping
such that for some constants > 1 and § > 0,

et ®'(0)] = 5 and sup (18(2)] +|2'()] + [0"()) < 5.

=<6

Then there exists constants R €]0,1] and o > 0, such that ® is a diffeomorphism from a
neighborhood of 0 contained in the ball B(0; R) onto the ball B(®(0); ).
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Theorem 5.7. Let (t,z) €]0,T] x R? and y € R be such that Hy x(y) holds true. Suppose
that the law of random vector u(t,x) has a continuous density p;, in a neighborhood of y.
Then py.(y) > 0. Moreover, if Hgx(y) holds on Supp(Pyq)) N %, with ¥ = {y € R
01(Y), -y 04(y) span RF}, then for every connected subset Y C X such that Supp(Put,e)) ny

is non void, p g 15 a strictly positive function on X.

Proof. Let y € RF satisfying Hy x(y). Then, proceeding as in [I, Theorem 3.3], using
Lemma with ®(z) = 47 (t,z), one can show that there exists n sufficiently large such
that for any continuous and bounded function f : R* — R it holds that

B[f (u(t, z))] > / £ )88 (v)d,

B(y,%)

where o > 0 is the parameter of Lemma [5.6]and 6}, is a strictly positive continuous function
on B(y, §). This proves the first statement of the theorem.

We next assume that Hgx(y) holds on Supp(Py ) N X. It suffices to check that
if ¥ C ¥ is a connected component of ¥ such that Supp(Pu(m)) N Y is non void, then
> C Supp(Py¢,2))- Indeed, this implies that Hg x(y) holds for all y € > and by the first
part of the theorem one obtains that p; »(y) > 0 and the theorem is proved.

Suppose that ¥ C Supp(Pyt,2)) is false. Then one may find x; € 3 such that z; ¢
Supp(Pu(t,x))- Moreover, since Supp(Pu(t,x))ﬂi is non void one may find z2 € Supp(P4))N
. Now, since ¥ is connected, one can find a continuous curve z()\), A € [0,1] contained
in ¥ with 2(0) = 2o and (1) = z;. Take now A, = sup{\ : z(\) € Supp(P(t,2))}- Since
71 = (1) ¢ Supp(Py 1)) and the complementary of Supp(Py ) is an open set, it follows
that A, < 1. Then we have a sequence A, T A« such that z(\,) € Supp(Pyz)) and we also
know that x()\) € Supp(Py4)) for Ax < A < 1. This means that z()\.) is on the boundary
of Supp(Py¢,4)), and since this set is closed, we conclude that x(Ax) € Supp(Py,.)). Since
z()\.) belongs also to ¥ we have that pyz(z(\:)) > 0. But this is contradictory with the
fact that x(\«) is on the boundary of Supp(Py4))- O

Remark 5.8. Observe that Theorem 5.7 says that if a specific point y, is in the support of
the law of u(t, z) then py , is strictly positive on the connected component of ¥ that contains
y«. However, this criterion based on the inverse function theorem does not give information
about the support of the law. Nevertheless, in order to prove that p;,(y) > 0, we do not
have to check that y itself belongs to the support, but only that the connected component
of ¥ which contains y has a non void intersection with the support, and in particular, if
we have ellipticity everywhere, then ¥ = R* and so the above condition is automatically

verified (see Remark [5.2]).

Remark 5.9. There is a little mistake in page 56, lines 11-13 of [I]. Indeed, the support is
a closed set and their set {¢ # 0}% is open, thus they may not intersect, so it is not always
possible to choose a point y in the boundary of the support and such that ¢(y) # 0. For
example, if {¢ # 0} = {—1,1}° and the support is [—1,1], in the boundary of the support
one has that ¢ = 0.
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5.2 Proof of Theorem [5.1]

Let (t,z) €]0,7] x R? be fixed. As explained at the beginning of Section 5.1, let y €
Supp(Py(t,)) be fixed such that o1(y),...,0x(y) span R*. Consider the sequence of pre-
dictable processes {g, }n>1 in 4, defined by

gl(s,z) = v;ll[t,Q—nﬂ(s)F(t —s,x—2z), n>1,7=1,..k, (5.4)

—/ n/Rdm )2 u(de)dr

We are going to prove that assumptions (i) and (ii) of Hg «(y) are satisfied for this se-
quence of predictable processes. Then, then second statement of Theorem (.7 will give the
conclusion of Theorem [5.11

We start by some preliminary computations. We write

where

t
@i,i,j(ta ) / <D(])( (t m))agﬁ(n*»e}fdr? 1 < Zaj < k?
0

which follows since the processes defined by the left hand-side and right hand-side satisfy
the same equation, and there is uniqueness of solution. Then by (B2 and the stochastic
differential equation satisfied by the derivative (4.1]), we obtain that

90;,@',]'(@90) JZ{rfzg(t x)—i_‘%fMJ(t x)—i_cg;ZJ( )

where

B 4(t,x) ::/J(/:/Rdr t—s,x—y Z Omase(0Z(s,))

lm=1

< (DY) (@5 (s y»,gg(r,*>>fww(d5,dy>)dr,

citear= ([ ], f:‘lambim;(s,x—y))

DI 5= D) T sy )

Note that gﬁ;(r, ) = ly_g—n g (r)gﬁ;(r, *), and that Dy(i7, ,(s,y)) = 0 if s < r. Hence, using
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these facts and Fubini’s theorem, it yields that

Bt T) = /t2"/Rd (t—s,z—y Z@kaw (s,y))

lm=1

< ([, D @), ) e ) s ),

k

Gt = [ [ S ot -y

m=1

([ AP @l = ). g 0) e )T = s, s,

Therefore, we have proved that

prz,i,j(t’x) %;Z](t x)_}"@fzzy(t x)+g1fl](t x)_i_(gil_]( ) (55)
where
grizg(t T / / t_ ST — Z amal@ (8 y))(pnm](s y)Wg(dS dy)
t—2-n JRd =1
k t
Sasta)im 30 o [ (O 5 = O 5515 5 4), 1 (5.0 s,
lm=1 t=27"
Gotan=[ [ Za b5, = )5 52 — )t = 5. dy)s.
t n

Next we study upper bounds for the p-moments of the four terms on the right hand side
of o5, ; ;(t, ). For this, we assume that ||z| < for some § > 0.
First observe that since o is bounded,

|5t @) < K. (5.6)

Appealing to [19] (3.11)] and using the fact that the partial derivatives of the coefficients
of o are bounded, we get that for all p > 1,

k

B[ 75t 0)7] < epui? sup  E[lg (5, 9)P). (5.7)
' mzzl(&y)e[QT}XRd ;1,3

Using the Cauchy-Schwarz inequality and the fact that the derivatives of o are bounded,
it yields that for all p > 1,

k

B65 ()] < cpf” SUp B (5,01 (53)
! ’ ;(s,y)E[O,Tlde "
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We finally use Minkowski’s inequality with respect to the finite measure I'(s, dy)ds, the
boundedness of the partial derivatives of the coefficients of b, and hypothesis ([2.2]), to see
that for all p > 1,

k 9-n »
B¢, (o))< > sup E[l@h,,(5,9)) ( / / F(s,dy)ds>
m—1 (8,9)€[0,T] xR 0 R4
k

< Cp,TQ_"p Z sup E”(Pfumg(& y)|P].
m—1 (5:9)€[0,T]xR4

(5.9)

Now, introducing (5.6), (5.7), (5.8) and (5.9) into (5.5]), we get that for all p > 1,

k

k
Y Ellehm (6 0)P] < Kptepr(oh?+6P+27") Y © sup  E[lg] mi(s,9) ). (5.10)

m=1 m=1 (S7y)E[O7T}XRd

Observe that, proceeding as in the proof of (£.2]), one can show that

sup — sup Ky ; (s, y)[F] < o0, (5.11)
lzl|<6 (s,y)€[0,T]x R4

as we have shown in (B.5)) that o7, ;(¢,z) satisfies a linear equation with initial condition

CAy (t,z), which is bounded. Thus, choosing n large and ¢ small such that cp7T(v£/2 + 6P +

27") < 1. we obtain from (5.10) and (5.1I) that

sup sup Engfz,i,j(Sa y)|p] < Kp- (512)
|Iz]| <6 (s,y)€[0,T] x R4

We are now ready to show that (i) and (ii) of H¢ x(y) are verified.

Proof of (i). Take z =0 in (5.5), and use (5.7)), (59) and (5.12), to get that
‘Pg,i,j(t7 T) = %O,i,j(t T) + Rn,ij(t, ),

where, for any p > 1,
B0 (. 2)F) < (02 +2777)

We now write

ALt x) = oij(ult,z)) + Onij(t, x),

n77/7]

where

9-n
On,ij(t,x) = v;l /0 <(0ij(u(t —1,%)) — oy (u(t,x)))(r,x —*),(r,z — *)> dr.

H

By Lemma and hypothesis (H6), it holds that for all p > 1,

E(|Oni(t,)P] < cpp2 @ (o> ).
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Now, as y € Supp(Py,»)) N %, there exists 79 > 0 such that for all 0 <7 < 7o,

B(y;r) c X, and P{u(t,z) € B(y;r)} > 0.

Moreover, 1 (y), ..., 0k (y) span RF. Let o(y) denotes the matrix with columns o (y), ..

Hence, for all 0 < r < rg,

p {(Hu(t,x) —yll <r)n(deto(u(t,z)) > 201)} > 0,

where

1 k
€= 5( inf inf Ha(z)f\|2> .

2€B(y;r) [I€]=1

Thus, we conclude that

limsup P {(Hu(t,x) —y| <7)N(det go%(t,x) > 61)} > 0,

n— o0

which proves (i).

Proof of (ii). We start proving that there exist ¢ > 0 and ¢ > 0, such that
lim P{ sup ||¢Z(t,x)] < c} =1
e al<e

Observe that (5.0, together with (5.6), (5.1), (5.8) and (5.9)), show that

len(t, o)l < K + sup [[97(4,2)],
lI=ll<é

where for any p > 1,

sup E[[|%; (t,2)|”] < cpr(vh/? + 6" +2777).
l=ll<é

5 0k(Y).

(5.13)

(5.14)

Hence, in order to prove (5.13]) one only needs to check the uniformity in z. Let z and
2" such that ||z]| V ||2’|| < 8. Then, using (B.5]) and similar computations as in (5.7)), (5.8])
and (5.9), and appealing to the Lipschitz property of the derivatives of the coefficients of o
and b and (5.12)), together with the Cauchy-Schwarz inequality, and finally choosing n large

and 0 small, we obtain that

sup  Ellen(s,y) —eh (sl <ep  sw Bl (s,y) — o (s,9)II7]

(s,9)€[0,T)x R4 (s,9)€[0,T]x R4
/ 1/2
+Cpr  sup B |[a5(s,y) — @ (s,9) |1
(5:9)€[0,T]xR4

We now claim that for all p > 1,

sup — Bl|a7(s,y) — g (s, )] < eprllz = |IP.
(s,9)€[0,T]xR4
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Indeed, using the Lipschitz property of the coefficients of o and b, together with [19] (3.9),
(5.15)], we obtain that

E (145 (¢, 2) — 7, (t,2) "] < cpll= — 2|1

wepr [ sup Ellia(s,) = a3 (.} [ 1FT( = o)) u(de)ds

y€Rd

t
s [ sup Bz - s.0) — 20— s.)P) [ T(s.dy)ds.
0 R

y€Rd

Thus, hypotheses (2.2)) and (2.1]), and Gronwall’s lemma prove (5.15).
We next use the Lipschitz property of o together with (5.15), to obtain that

sup B[l (s,y) — &7 (5,9)IIP] < eprllz — 2.
(s,9)€[0,T]x R4

Therefore, we have proved that

Elllgn(t ) — ¢ (6 2)I1P] < eprllz = 2|7,

which, together with (5.14]) concludes the proof of (5.13]).
The proof of (ii) for ¢Z(t,z) follows along the same lines, therefore we only give the
main steps. Let
2

(t,2) = Dz 02,

n77/7]7m

n Z(t 'CL‘)

Then we have that
t t ) )
G ymlta) = /0 /0 (DI DO 4(t, 7)), g (r, ) © g (5, %) e,

where the J ® 7 -valued process D™ pi¥) (a7, ;(t,x)), satisfies the following linear stochas-
tic differential equation

ng)Dﬁ )( i(tz)=Tt—-rx— *)D(m)(aij(u(r, ) +T(t—s,z— *)Dﬁj)(aim(u(s, *)))

/v /Rd (t —w, dy) D" )Drj)(bi(U(w,w—y)))dw.

Using the chain rule and the stochastic differential equation satisfied by the first derivative,
one can compute the different terms of ¢7 ; - m(t, z) as we did for @i i (s x), and bound their

pth-moments. Finally, one estimates the pth-moments of the difference ¢Z (¢, z) — Q,Z)fll(t, x)
as we did for ¢Z (¢, x) in order to get the desired result.
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5.3 Proof of Theorem [5.3

The existence and smoothness of the density follows from [19, Theorem 6.2]. Hence, we
only need to prove the strict positivity. For this, one applies Theorem [£.7] as in Theorem
Eltaking ¥ = R. In this case, in order to prove hypothesis (i), one proceeds as in Theorem
610 using hypotheses (H1), to show that for all p > 1,

lim E||Q2(t, ) — 0t z)|P| = 0.
n—o0

Next using the non-degeneracy assumption on o, one gets that <7°(t,2) > ¢, which implies
that

Finally, these assertions imply that for all y € Supp(Py4))

n—o0

lim sup P {(\u(t,x) —y| < )N (Lt x) > %)} >0,
which proves (i). The proof of (ii) follows exactly as in Theorem [5.11
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