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Abstract

We introduce a new concept of solution for the Dirichlet problem for the total variational
flow, named entropy solution. Using Kruzhkov’s method of doubling variables both in space
and time we prove uniqueness and a comparison principle in L' for entropy solutions. To prove
the existence we use the nonlinear semigroup theory and we show that when the initial and
boundary data are nonnegative the semigroup solutions are strong solutions.



1 Introduction

Suppose that  is an open bounded domain with a Lipschitz boundary and ¢ € L*®(99Q). Let
6:Q — RN be a vector field (whose smoothness will be precised below) with |§] < 1 . Recently,
in [7], a variational method was proposed to extend the data ¢ from 92 to a function u in
Q along the integral curves of #, the vector orthogonal to 6, so that u is constant along the
integral curves of . Formally, we think of @ as the vector field made by the normals to the level
sets of u, i.e., the sets {z € Q@ : u(x) > A}, A € IR. In that case we would have that 6- Du = |Dul|.
In case that u is a function of bounded variation, almost all levels sets are of finite perimeter
and, therefore, one can compute the normal along the boundary of the level sets (modulo a set
of HN11! null measure). Moreover, to get ¢ as a trace of a function u in €, the right function
space is BV (2), the space of functions of bounded variation in Q. Thus, to extend ¢ from 9
to €, it was proposed in [7] to minimize the functional F(u) = [, |Vu| — [ 6 - Vu defined in
the set of functions of bounded variation BV (£2) whose trace at the boundary is given by ¢.
Formally, if we integrate by parts in the second term of F'(u) we obtain

F(u):/ \vu|+/ div(8)-u— [ 6.7,
Q Q (219

Since u, 6 are known at the boundary, minimizing ¥ amounts to minimize

E(u) :/Q\Vu|+/9div(9)~u.

Let us comment on the class of admissible functions where E has to be minimized. We assume
that div(f) € LY(Q) and ¢ € L*®(9Q). It seems reasonable to impose that the solution u is a
bounded function with an L* bound given by ||¢|/s. Then the second integral in the definition
of E(u) is well defined. The first integral requires the use of the space of bounded variation
functions. Thus our admissible class is A = {u € BV (Q) : |u(z)| < ||¢]|cc a.€. ulaa = ¢}. The

final model is ([7])
Minimi \% /d' 6) -
1n1mlze/9| ul + . iv(0) - u (1.1)
ue A

As it is well known ([19], [16]) the solution of this problem has to be understood in a weak sense
as the solution of the problem

Minimize/ Vu +/ dm(@)-w] lu — |dH!
u € BV (Q) :
lul < ll¢lloo-
Existence for this variational problem was proved in ([19], Theorem 1.4) when 6 € L} (Q)2,
div(#) € L'(IR?), ¢ € L™®(99).

This is one of our motivations to study the Dirichlet problem

Ou —div( ph) +f(te) i Q= (0.00)x O

ot |Du
u(t,z) = o(z) on S =(0,00) x 9N (1.3)
u(0,z) = up(x) in xze€Q



where uy € L'(Q2) and ¢ € L% (9Q). This evolution equation is related to the gradient descent
method used to minimize the functional (1.2), if we forget about the constraint |u| < ||¢||o-
The constraint would introduce a further term in (1.3) but will not change the nature of the
difficulties related to the solution of the PDE. We shall even make a further simplification, since
we shall consider f(¢,2) = 0. Hence, our aim is to study existence and uniqueness of solutions
of the Dirichlet problem

f a—u:div(&> in Q=(0,00) xQ

ot |Du
u(t, z) = p(z) on S =(0,00) x 9 (14)
u(0, ) = ug(z) in zeQ

where ) is an open bounded domain with a Lipschitz boundary, ug € L'(Q) and ¢ € L>(9Q)

The other motivation for the study of (1.4) comes from [2], [3], and [8]. The general purpose
of the works [8] and [3] being the study of elliptic and parabolic problems in divergence form with
initial data in L'. Existence and uniqueness results of entropy solutions when the associated
variational energy has a growth at infinity of order p with p > 1 are proved (see also [4], [11]).
In [2], the authors consider the equation

"y = div(ul;—Z) (1.5)

in an open bounded Lipschitz domain with Neumann boundary conditions, proving existence and
uniqueness of entropy (or renormalized) solutions (called weak solutions in [2]). Let us recall that
this PDE appears when one uses the steepest descent method to minimize the Total Variation,
a method introduced by L. Rudin and S. Osher [24], [25] in the context of image denoising and
reconstruction. The main point being that, in the case of Neumann boundary conditions, this
equation generates a nonlinear contraction semigroup in L!(Q) which is homogeneous of degree
0, a fact related to the regularity in time of the solutions on (1.5). Indeed, the homogeneity
of the operator permits to conclude that u;(t) € L'(Q) a.e. for ¢ > 0. This was used to prove
uniqueness of solutions of (1.5) in case of Neumann boundary conditions. This property is loosed
when we consider the case of Dirichlet boundary conditions. Thus, a different approach is needed
and we believe it to be helpful with a view to the general case of energy functionals with linear
growth in |Dul|. A result about existence and uniqueness of solutions (named pseudosolutions)
for the Dirichlet problem in the case of energy functionals with linear growth in |Dul, concretely
for the Dirichlet problem for the time-dependent minimal surface equation, is studied in [22].

The aim of this paper is to introduce a new concept of solution of the problem (1.4), for
which existence and uniqueness for initial data in L!(Q) is proved.

The paper is organized as follows: in Section 2 the results we need about functions of bounded
variation are summarized. In the next section we give the definition of entropy solution and
we state the main result. In section 4 and 5 we study the problem from the point of view of
nonlinear semigroup theory, showing that for initial data in L?(f2), the semigroup solution is
a strong solution. Next section is devoted to prove the existence and uniqueness of entropy



solutions. Finally, in the last section we obtain that the time derivative of the entropy solution

is an LlloC function when the initial data are nonnegative.

2 Definitions and preliminar facts

To make precise our notion of solution let us recall several facts concerning functions of bounded
variation.

A function u € L'(Q) whose partial derivatives in the sense of distributions are measures
with finite total variation in  is called a function of bounded variation. The class of such
functions will be denoted by BV (). Thus u € BV () if and only if there are Radon measures
Ui, - .., un defined in  with finite total mass in Q and

/uDicpda: = —/ pdp; (2.1)
Q Q

for all p € C§°(R2), ¢ = 1,...,N. Thus the gradient of u is a vector valued measure with finite
total variation

| Du ||= sup{/Q udivedr : ¢ € Ci°(Q,R"),|¢(z)| <1 for z € Q}. (2.2)
The space BV () is endowed with the norm
lullBv=Iulre) + | Dull. (2.3)
For further information concerning functions of bounded variation we refer to [1], [17] and [28].
We shall need several results from [5]. Following [5], let
X(Q) = {z € L™(Q, R") : div(z) € L*(Q)}. (2.4)

If z € X(Q) and w € BV(Q2) N L*°(Q2) we define the functional (z, Dw) : C§°(2) — IR by the
formula

< (z,Dw),p >= f/ w pdiv(z) dx f/ wz-Vedz. (2.5)
Q Q
Then (z, Dw) is a Radon measure in €2,
/(z,Dw) :/ z-Vwdz (2.6)
Q Q

for all w € Wh1(Q) N L>®(Q2) and
[ .0w) < [ [Gz.Dw)] < sl [ 1D0] .1)
B B B
for any Borel set B C Q. Moreover, (z, Dw) is absolutely continuous with respect to || Dw|| with

Radon-Nikodym derivative 6(z, Dw, z) which is a ||Dw|| measurable function from 2 to IR such
that

/B(Z,Dw) :/BO(Z,Dw,m)HDwH (2.8)
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for any Borel set B C 2. We also have that

16(z, Dw, )l o= (9, Dwll) < 121l Lo (@,m)- (2.9)

In [5], a weak trace on 02 of the normal component of z € X () is defined. Concretely, it
is proved that there exists a linear operator +: X(Q) — L% (99Q) such that

17 (2)lloo < [12lloo
v(z)(z) = z(z) -v(z) forallz € dQ if ze CHQ, RY).

We shall denote ~y(z)(z) by [z,v](xz). Moreover, the following Green’s formula, relating the
function [z, v| and the measure (z, Dw), for z € X(Q2) and w € BV (Q)NL*>®(), is established:

/Qw div(z) dx + /Q(z,Dw) = /89[2,1/]10 dHNLT. (2.10)

We also need to introduce, as in [5], a weak trace on 92 of the normal component of certain
vector fields in 2. We define the space

Z(Q) = {(2,6) € L®(Q, RN) x BV(Q)* : div(z) =€ in D'(Q)}.
We denote R(Q) := Wh1(Q) N L®(Q) N C(Q). For (z,¢) € Z(Q) and w € R(Q) we define

<(z7£)aw>89 = <£7w>BV(Q)*7BV(Q) + /ﬂz - Vw.

Then, working as in the proof of Theorem 1.1. of [5], we obtain that if w,v € R(2) and w = v
on 02 one has

((z,6), w)an = ((2,€),v)a0  V (2,£) € Z(Q). (2.11)

As a consequence of (2.11), we can give the following definition: Given u € BV (Q2) N L*°(Q2)
and (z,€) € Z(Q), we define ((z,&),u)sq by setting

<(z7 f), u>39 = <(za f)’ w>6ﬂ

where w is any function in R(Q2) such that w = u on 92. Again, working as in the proof of
Theorem 1.1. of [5], we can prove that for every (z,£) € Z(Q) there exists M, ¢ > 0 such that

((2,€), wboal < M gllulpron) V¥ u € BV(Q)NL®(Q). (2.12)

Now, taking a fixed (z,£) € Z(Q2), we consider the linear functional F : L*°(9Q) — IR defined
by
F(v) := ((2,£), w)aa

where v € L*(9Q) and w € BV (Q2) N L*(12) is such that wpq = v. By estimate (2.12), there
exists 7, ¢ € L>°(0N) such that

Flv) :/ 7o e(@)o(z) dHNLL,
o
Consequently there exists a linear operator v : Z(€2) — L*(99Q), with 7(z,§) := 7., satisfying

((2,8), w)ag = fm Ve(@)w(z) dHNH Y w € BV (Q)NL>®(Q).
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In case z € C'(Q, RY), we have v,(z) = z(z) - v(z) for all z € 00. Hence, the function v, ¢()
is the weak trace of the normal component of (z,£). For simplicity of the notation, we shall
denote v, ¢(z) by [z, v](z).

We need to consider the space BV (), defined as BV (Q) N L?(2) endowed with the norm
lwllBv(0), = lwllr2(e) + |1 Dul.
It easy to see that L?(Q2) C BV (Q)4 and
lwllBv(ay; < llwllrzq) v w e L*(Q). (2.13)

Now, it is well known (see for instance [26]) that the dual space (L(0,T;BV (Q)2))" is
isometric to the space L*°(0,7;BV(Q)5, BV (Q)2) of all weakly* measurable functions f :
0,T] — BV(Q)3, such that wv(f) € L*([0,T]), where v(f) denotes the supremum of the
set {|(w, f)| : [lwlBy(n), <1} in the vector lattice of measurable real functions. Moreover, the
dual paring of the isometric is defined by

) = [ fwie), 50) at,

for w € L'(0,T; BV (Q)2) and f € L>®(0,T; BV ()%, BV (Q)s).
By L1 (0, T, BV (2)) we denote the space of weakly measurable functions w : [0, 7] — BV (Q)
T
(ie, t € [0,T] =< w(t),¢ > is measurable for every ¢ € BV (Q)*) such that / lw(t)| < oo.
0

Observe that, since BV (Q2) has a separable predual (see [1]), it follows easily that the map
t €[0,T] — ||w(t)| is measurable.

To make precise our notion of solution we need the following definitions.
Definition 1 Let ¥ € L' (0,7, BV (Q)). We say ¥ admits a weak derivative in L} (0, T, BV (2))N
L>®(Qr) if there is a function © € L. (0,7, BV (Q)) N L*>(Qr) such that ¥(t / ©(s)ds, the

integral being taken as a Pettis integral.

Definition 2 Let £ € (Ll(O,T,BV(Q)z)*. We say that £ is the time derivative in the space
(L'(0,T, BV (Q)2)" of a function u € L*((0,T) x Q) if

/0T<£(t), ) > dt = / / (t,2)O(t, z)dzdt

for all test functions ¥ € L(0, T, BV (£2)) which admit a weak derivative © € L (0, T, BV (£2))N
L*°(Qr) and have compact support in time.

Observe that if w € L'(0,T,BV(Q)) N L®(Qr) and z € L*®(Qr, RY) is such that there
exists £ € (LY(0,T, BV (Q))* with div(z) = £ in D'(Qr), we can define, associated to the pair
(z,&), the distribution (z, Dw) in Q7 by

T T
(2, Dw), §) = — /0 (1), w(t)o(2)) — /0 /Q 2(t, 2)w(t, 2) Vo d(t, ). (2.14)

for all ¢ € D(Qr).



Definition 3 Let ¢ € (L'(0,T,BV(Q)2)", z € L®(Qr,RYN). We say that £ = div(z) in
(LY(0,T, BV (Q)s)" if (2, Dw) is a Radon measure in Q7 with normal boundary values [z,v] €
L>((0,T) x 0f2), such that

/ (z, Dw) +/T < E(t),w(t) > dt = / / 2(t, ), v]w(t, z)dHN 1 dt,
T 0 o0
for all w € L' (0,7, BV (Q)) N L*>®(Q7).

We shall denote by
1 if >0
signg(r) : =1 0 if r=0

-1 if r<0
and by

1 if »>0

sign(r) := {ae [-1,1] if =0

-1 if »<0.
Let Ty(r) = [k — (k — |r|)*]signo(r), k > 0, r € IR. We consider the set T = {T, T}, T~ : k >
0}. We need to consider a more general set of truncature functions, concretely, the set P of all

nondecreasing continuous fuctions p : IR — IR, such that there exists p’ except a finite set and
supp(p') is compact. Obviously, T C P

3 The main result

In this section we give the concept of solution for the Dirichlet problem (1.4) and we state the
existence and uniqueness result for this type of solutions.

Definition 4 A measurable function u : (0,7) x  — IR is an entropy solution of (1.4) in
Qr = (0,7) x Q if u € C([0,7]; L*(R)), p(u(:)) € LLO,T,BV(Q) Vp € T and there
exist (z(t),&(t)) € Z(Q) with ||2(t)||lee < 1, and & € (L'(0,T, BV (Q)3)* such that ¢ is the

time derivative of u in (L'(0,T, BV (2)2)", § = div(z) in (LY(0,T,BV(Q))" and [z(t),v] €
sign(p(yp) — p(u(t))) a.e. int € [0,T], satisfying

[ [ - 0ner [ [ n@lpta) -0l + =0 Da@put) b <
< [" ] =0, vinptac -0,

for all | € IR, for all n € C*®(Qr), with 5 > 0, n(t,z) = ¢(t)¥(z), being ¢ € D(]0,T]),
Y € C®(Q), and p € T, where j(r) = / p(s) ds.
0

Our main result is:

Theorem 1 Let ug € L'(Q), and ¢ € L'(0Q). Then there exists a unique entropy solution of
(1.4) in (0,T) x Q for every T > 0 such that u(0) = ug. Moreover, if u(t),u(t) are the entropy
solutions corresponding to initial data ug, iy, respectively, then

I(u(t) — @) It < [l(uo — o) |1 and [u(t) —a(®)]l1 < lluo — dollx (3.1)

for all t > 0.



4 The Semigroup Solution

To prove Theorem 1 we shall use the techniques of completely accretive operators and the
Crandall-Liggett’s semigroup generation Theorem ([14]). Let us recall the notion of completely
accretive operator introduced in [9]. Let M () be the space of measurable functions in .
Given u,v e M(2), we shall write

u < v if and only if / J(u)dx < / j(v)dz (4.1)
Q Q

for all j € Jy where

Jo={j: R — [0,00], convex, ls.c., j(0) =0} (4.2)
(Ls.c. is an abbreviation for lower semicontinuous function). Let A be an operator (possibly
multivalued) in M(Q), i.e., A CM(Q)xM(Q). We shall say that A is completely accretive if

u—u<<u—u+Av—0) forall A >0 andall (u,v),(a,d) € A. (4.3)
Let
Po={peC®R): 0<p' <1, supp(p’) is compact and 0 & supp(p)}.

If AC LY(Q2) x L'(Q), then A is completely accretive if and only if

/Qp(u —a)(v—192) >0 foranype€ Py, (u,v),(a,0) € A. (4.4)

A completely accretive operator in L'(f2) is said to be m-completely accretive if R(I + \A) =
L'(Q) for any A > 0. In that case, by Crandall-Ligget’s Theorem, A generates a contraction
semigroup in L!(2) given by the exponential formula

t
et Auy = lim (I + —A)"uy  for any ug € L1(Q).
n

n—oo

Let us write u(t) = e**4ug. Then u € C([0,T], L*(R2)), for any T > 0, and is a mild solution (a
solution in the sense of semigroups [10]) of

du
—+ A 4.
7 + Au >0, (4.5)

such that u(0) = ug.

We shall use a stronger notion of solution of (4.5). We say that v € C([0,T],L'(Q)) is a
strong solution of (4.5) on [0,T] if v € Wl})’cl((O,T),Ll(Q)) and v'(t) + Av(t) 2 0 for almost all
t € (0,T). Ifug € D(A) = {u € L'(Q) : (4,9) € A, for some € L'(Q)} (the domain of A)
and A is m-completely accretive, then u € Wllo’cl((O,T), L'(Q)) and u(t) is a strong solution of
(4.5) on (0,7, for all T > 0.

To prove Theorem 1 we shall associate a completely accretive operator A, to the formal

differential expression fdiv(‘g—z‘) together with the Dirichlet boundary condition.

Let us introduce the following operator A, in L*(Q).
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(u,v) € A, if and only if u,v € L' (Q), p(u) € BV(Q) for all p € P
and there exists z € X () with ||z]|ec < 1, v = —div(z) in D'(Q2) such that

| w=p@)w< [ = Fw—1Dpl + [ jw=p(e)l= [ b =p(e)|
Yw € WHH(Q) N L*®(Q) and Vp € P.

Theorem 2 Let ¢ € L'(09Q). The operator A, is m-completely accretive in L'(Q) with dense
domain.

To prove this Theorem, we need first to consider the following operator, which is related with
the p-Laplacian operator with Dirichlet boundary condition. For p > 1, let ¢ € Wul/”*p(aﬂ),
and

W;’p(ﬂ) = {uecW?(Q) : Ugn = ¢ HNYY —ge. on 8Q}.

We define the operator A, , in L'() as:
(u,v) € Ay if and only if u € W)P(Q) N L®(Q), v € L}() and
/ (w—u)v < / |VulP2Vu - V(w — u)
Q Q
for every w € W)P(Q) N L®(Q).

Proposition 1 Let p € L®(dQ)NWLY/PP(9Q). The operator A, , is completely accretive and
L°() C R(I + Ay

Proof. Let p € Py and (u,v),(4,0) € A, p. Since (u,v), € Ay, p, taking w = u — p(u — ) as test
function in the definition of the operator A, , we get

/ p(u —a)v > / \VulP2Vu - Vp(u — a).
Q Q

Similarly, since (@,0),€ A, p, taking w = @ + p(u — ) as test function in the definition of the
operator A, , we get

/ plu —a)d < / \Va|P2Va - Vp(u — a).
Q Q

Hence

/ (v — 9)p(u — a) > / (|VulPr2Vu — |[VaPr2va) - Vp(u — @) > 0.
Q Q
Therefore, A, , is completely accretive.

Let see now that L>(Q2) C R(I + Azp,p)- Let v € L*°(Q), we need to prove that there exists
u e WHP(Q) N L®(Q) such that (u,v —u) € Ay, ie.,

f (w = w)(v —u) < / VuP2Vu V(w—u) YweWIP(QNLOQ).  (46)
Q Q
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For n € IN, let v,,(s) := T (s)+1|s[P*%s, and consider the operators Ap, : WiP(Q) — (WHP(Q))",
defined by

(Apu, w) = /9 \Vu|pL2Vu-Vw+/Q’yn(u)w.

It is easy to see that A, is monotone, coercive and continuous on finite dimensional subspaces.
Then, by classical results (see for instance [20]), given v there exists u, € W}P(Q), such that

(Anttnyin =) < [ (wn—w) ¥ we WD,
That is
[ @ u)w =) < [ Va2V V(w - wa) Y w e WD) (@)
Let k£ > 0 be such that ||¢||c < k. If we take w = T¢(u,) in (4.7), we get

/ (Th(un) — un)(v — M (un)) < / \Vun\pJJVun + V(Tk(un) — un).
Q Q

Hence, if

Ap(k) :=={x € Q : |uy(z)| > k},

we have that

[ 9= TP = [ a2V Y = [ [V 2Vt -Vt = Tin)) <
Q Apn(k) Q

< [ o~ Tilun)) | 30 () — Ta) < [ 00— Tia))

Q
Now, by Young’s inequality

[ 0ln = Tiwn)) < CellolAn (Aa() + €C [ Jun = Tiua) P
Q Q

From here, since u,, — Ty (uy,) € Wol’p(Q), using the Poincaré’s inequality, we obtain that
lun = T (un)ll1,p < RAN(An (k)P

from where it follows, applying the classical Stampacchia methods (see for instance, Appendix
B in [20]), that there exists a constant M; = M (]|v||eo, ||¢lloo), Such that

lun oo < M Vne IN. (4.8)

On the other hand, taking wy as test function in (4.7), and applying Young’s inequality, we
obtain

IN

/ \vun\pgf \vunwﬂvun.ww/ v(un—wg)—i-/ o)) (w0 — 1)
Q Q Q Q

SGC/ |Vun|p+06/ \Vwo\p+/ Uun+/ wO('Yn(un)_v)'
Q Q Q Q

12



From this follows that there exists a constant My = Ma(An (), ||v]|oc; [|¢]locs l|wol|1,p), such that
/ Vu, P < M VnelN. (4.9)
Q

As a consequence of (4.8) and (4.9), {u,}nenv is bounded in WP(Q). Hence there exists a
subsequence, still denoted wu,, such that wu, — u € WHP(Q) weakly in W'P(Q). Moreover,
by the Rellich-Kondrachov Theorem, u, — u in LP(2), and by Theorem 3.4.5 in [23], u, — u
in LP(0Q). After passing to a suitable subsequence, we can assume that wu, — u a.e. in Q.
So, by (4.8), |lullec < M;. Therefore we have that u € Wé’p(Q) N L*>®(9Q).

Proceeding as in the proof of step 3 of Theorem 2.1 in [3], we obtain that
|V, P12V, — |Vu/P2Vu in measure, and a.e.
Now, by (4.9), we have that {|Vu, [P 2Vu,} nen is bounded in (LP' (Q))". Hence
Vg P2 Vu, — |[VulP2Vu  weakly in (LP (Q))". (4.10)

Given w € WJP(2) N L™(Q2), by (4.10), we get
/ |V, P2V, - Vw — / Vul[P2Vy - Vu, (4.11)
Q Q
and by Fatou’s Lemma, we have
Vu|P2Vu - Vu < liminf [ |Vu, P2V, - Vuy,. (4.12)
Q n—oo Q
On the other hand, since u, — u in LP(2) we have

lim [ (w — un)(© — Yn(un)) :/ﬂ(w—u)(v—u). (4.13)

n—oo Q

From (4.11), (4.12) and (4.13), passing to the limit in (4.7) we get (4.6), and the proof concludes.
O

To prove Theorem 2, we need to give the following characterization of the operator A,.

Proposition 2 The following assertions are equivalent:

(a) (u,v) €A,

(b) u,v € LY(Q), p(u) € BV(Q) for all p € P, and there exists z € X(Q), with |[2]|e0 < 1,
v = —div(z) in D'(Q) such that

Jw=p)o < [ Dw) 1Dl + [ jw—pe) - [ p) -ple) (419
for every w € BV(Q)NL>®() and p € P.

(¢c) u,v € LY(Q), p(u) € BV(Q) for all p € P, and there exists z € X(Q), with |z]c <1,
v = —div(z) in D'(Q) such that

| w=p)e < [ 0w = 1D - [ viw=p(e) = [ lpw -p)]  (315)

o 1719}
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for every w € BV(Q) N L>®(Q) and p € P.

(d) u,v e LYQ), p(u) € BV(Q) for all p € P, and there exists z € X(Q), with |z]e < 1,
v = —div(z) in D'(Q) such that

| G Dp(w) = 1Dp(w)]|  ¥peP (4.16)

[z,v] € sign(p(p) —p(u)) HN' —ae on 9Q, VpeP. (4.17)

Proof. Let (u,v) € A,. Then, there exists z € X(Q) with ||z|lec < 1, v = —div(2) in D'(Q),
such that

]ﬂ<w — p(u))w < /Q . Dw — || Dp(u)|| + /39 w — p(p)] /39 Ip(u) — p()| (4.18)

for every w € WH(Q) N L*°(Q) and every p € P. Let w € BV(Q) N L¥(Q), p € P. Using
Lemmas 5.2 and 1.8 in [5] we know that there exists a sequence w, € W1(Q) N L*(f) such

that
Wy —> W in L1(Q),

[ 19wn| = | Dwl, (419)

/Qz-an:/ﬂ(z,Dwn) —>/Q(2,Dw).

and wn g0 = Wjaq, ||Wnle < W], ¥V n € IN. Then taking w, as test function in (4.18) and

letting n — oo we get that (4.18) holds for all w € BV (Q2) N L*°(£2) and all p € P. Thus (a)
and (b) are equivalent.

Since

_/BQ[Z’y](w —plp)) < /an lw — p(p)],

to prove the equivalence between (b) and (c), it is enough to show that if (u,v) € A, then (4.15)
is satisfied. In fact: Since (u,v) € A, there exists z € X(Q2) with ||z]c <1, v = —div(z) in
D'(Q2), such that

[Q (w — p(u))v < [9 (2, Dw) — || Dp(u)|| + /3 lw =) - /8 lplw = p(e) (4.20)

for every w € BV (2) N L*°(Q2) and every p € P. Now, given w € BV (2) N L*°(f2) and p € P,
by Lemma 5.2. and 5.5. of [5], there exists w,, € W11 ()N L®(Q), such that w, — w in L}(£),
Wnjan = p(¢) and [[wnlle < [|wlloo + [|P(#)lloc, ¥ 7 € IN. Then taking w, as test function in
(4.18) and using Green’s formula, we get

Jotwn— pte < [ o Dwa) ~ Dp - [ ip(a) -~ ple)| =

1719

== [ div(yen + [ [ vlp(e) = [IDp()l = [ 1p(u) = o)

o
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Letting n — oo, it follows that

| w=p)w <= [ div@uw+ [ [zvipe) = 1Dpw)] = [ p(w) = p(e).

o
Therefore, applying again Green’s formula, we obtain (4.15).

Suppose now that (b), or, equivalently, (c) is satisfied. Taking w = p(u) in (4.18) we obtain

0< /Q (2, Dp(u)) — | Dp(w)|]-

Thus,

[ Do) < 11l Dpt)| < [Dpw)] < [ (2. Dpla),
and (4.16) holds. Let us prove (4.17). Since p(p) € L*°(02), by Lemma 5.5 in [5], there exist
w, € WHH(Q) N L>®(Q) satisfying:

Wy a0 = P(p) Vne,

1
L1vun < [ p(e) o vnen,
Q o0N n

1
lwally < = Jwnllos < llp(@)llc ¥ 7 € IV.

Taking w = wy, in (4.18) and using Green’s formula (2.10), we get
| wn = p) <~ [ divywn+ [ [zviple) ~ 1D~ [ lplw) ple). (421
Then, letting n — oo in (4.21), we obtain
~ [ pe < [ ine) - IDp)] — [ i)~ ple).
Now, by (4.16), and applying Green’s formula, we have that
1Dp(w)] = [ (e Dp(w) = [ wp()+ [ [z, vlptw).
Hence,
0< [ ([lo(e) - plw)) = lp(w) — 5(0)] ).

Since

[z, v(p(¢) = p(u)) = [p(u) = p(p)| <0,

we have that

[2,v)(p(¢) — p(u)) = |p(u) —p(p)| H ' —ae. on 9Q,

and we obtain (4.17). Finally, to prove that (d) implies (c), we only need to apply Green’s
formula. U
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Remark 1 (1) As a consequence of the proof of the above proposition we can put equality in
the definition of the operator, that is, the following characterization of the operator A, holds.

(u,v) € A, if and only if u,v € L} (Q), p(u) € BV(Q) for all p € P
and there exists z € X () with ||z]|e < 1, v = —div(z) in D'(Q2) such that

[ w=p)e = [ (Dw) ~ 1Dp + [ jw—p(e) ~ [ [p) ~ ()]

Yw € BV (Q2) N L>®(Q) and Vp € P.
(2) As a consequence of the above proposition, if (u,v) € A,, we have that 6(z, DTy (u),z) =1
a.e. with respect to the measure | DTy (u)|. In case that z € C(Q, IRY), this implies that

DTy (u)

Z(.’L‘) HDTk( )H =1, HDTk(u)H_a‘e

where denotes the density of DT}y (u) with respect to ||DTy(u)||. Heuristically, this

DTy (u)
DTy (u)ll
amounts to say that z = ”D T When z is not continuous we have that
DTy(uw) _

Z(CC) . m y ||VTk(U)||-&e

where || VT}(u)|| denotes the absolutely continuous part of || DTy (u)|| with respect to the Lebesgue
measure in IRY ([5]). In particular, if u € WH1(Q) N L>®(Q) we have that

Vu
| Vul|

z(z) - =1, |Vull-a.e.

(3) Observe that by (d) in the above proposition, if u € L%°(f2), then the truncatures are
redundant in the definition of A,,.

To prove the following result, we need to introduce the functional ® : L'(Q) — (—o0, +o0]
defined by

| Du +/ w—y| ifueBV(Q)
&(u) = o0 (4.22)

400 ifu e LY(Q)\ BV(Q)
The functional @ is convex and lower semicontinuous in L'(2) (see [6] or [27]).
Proposition 3 Let ¢ € L'(99Q). Then L*(Q) C R(I +A,) and D(Ay) is dense in L*(Q).
Proof. Suppose first that ¢ € W/22(9Q) N L®(dQ). Let v € L®(Q). We shall find u €

BV (Q) N L*>®(Q) such that (u,v — u) € Ay, ie., there is z € X(Q) with ||z[cc < 1 such that
v—u = —div(z) and

/Q(w—u)(v—u)§f9z~dex—||Du]\+/m\w—go|—/m|u—go\ (4.23)

for every w € WhH1(Q) N L>®(9Q).
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Since ¢ € W1/P2(9Q) for all p > 1, by Proposition 1, we know that for any 1 < p < 2 there
is up, € Wé’p(Q) N L*(Q2) such that (up,v — up) € A, p. Hence

[ w0 w) < [ Va2V, Vi ) (4.24)
Q Q

for every w € W)P(Q) N L®(Q).

Let M := sup{||¢||co, |v]|occ }. Then, taking w =u, — (up, — M)* as test function in (4.24),
we obtain

| (= )+ (wy — v) <0
Q

Hence,

/{up>M}(up - M) < / (up — M)(up —v) = /Q(Up — M) " (up —v) <0.

{up>M}

Consequently, u, < M a.e. in Q. Analogously, taking w = u, + (u, + M) as test function, we
get —M < wu, a.e. in . Therefore,

Juplloo <M foralll <p<2. (4.25)

Taking w = wy € W,P(€2) N L®(2) in (4.24) and applying Young’s inequality we obtain
L1907 < [ V2V Vo — [ (w0~ )0~ up) <
Q Q Q

<e [ 1V +C [ [Vun + Cllolon [ao]o)

Thus
/ VuplP <M; V1<p<2 (4.26)
Q

where M; depends on v oo, ||wolleo and ||wgl/1,2. Using Holder’s inequality we also have that
/|Vup\ <M, Yi<p<?2 (4.27)
Q

where Ms does not depend on p. Thus, {u,}p>1 is bounded in W11(2) and we may extract
a subsequence such that u, converges in L!(£2) and almost everywhere to some u € L'() as
p — 14+. Now, by (4.25) and (4.27), we have that u € BV (2) N L*>°(Q).

Let us prove that {|Vu,[P2Vu,},~1 is weakly relatively compact in L!(Q, RY). For that,
using (4.26), we observe that

1

[ 19wt < ([ 19 T av(@)F < s

where M3 does not depend on p. On the other hand, for any measurable subset £ C (2 such
that Ay (E) < 1, we have

D=

p—1
‘fE |vup\1’l2vup‘ = /E VPt < M7 An(B)7 < Myn(E)?.
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Thus, {|Vu,|P?Vu,}p=1, being bounded and equiintegrable in L(Q, RY), is weakly relatively
compact in L!'(Q, RY). We may assume that

Vup[PH2Vu, — 2 as p — 17, weakly in L}(Q, RY). (4.28)

Given ¢ € C§°(Q), taking w = up £+ 9 in (4.24) and letting p — 11, we obtain

[w=uwp= [ =90,

that is, v — u = —div(z) in D'(Q). Moreover, the same technique that we use in the proof of
Lemma 1 in [2], shows that ||z]|e < 1.

For every w € W12(Q) N L*(Q), by (4.24) and Young’s inequality, we get
y "

p—1 1 1 12
\Y +f —p < A Q——fw—u v—u —|——/ Vu,P*Vu, - Vw.
/ﬂ| up| BQ|UP @l » ~N(Q) P Q( p)( p) » Q‘ p‘ P

Then, using the lower semicontinuity of the functional ® defined by (4.22), letting p — 17, we
obtain

||DuH—I—/OQ|u—cp| S—/ﬂ(w—u)(v—u)-l—/Qz~Vw, (4.29)

for every w € WL;’Z(Q) N L>®(Q).

Now, to prove (4.23), we assume first that there exists wy € W12(Q) N L (), such that
¢ = Wy, (i-e., ¢ is the trace of wp). Let w € WhH(Q) N L®(Q) and let w, € W2*(Q) N L®()
be such that w, — w in L'(Q) as n — oo and ||wy||e < ||w|ee. Using w,, as test function in
(4.29) and applying Green’s formula (2.10), we may write

[ = ww=u) < [ 2V, - 1Du] = [ -l -

= —/de'v(z)wn + /m[z,v]w — || Dul| - /69 lu— .

From here, letting n — oo and applying again the Green’s formula, we get

[w=w@-w<- [ diveuw+ [ vle—Dul = [ ju-¢l-

— [zvo [ ws [ zvde - IDul - [ Ju-vl <
Q o0 N o0
< [zvu—iDul+ [ jw-il- [ ju-gl
Q o o

and the proof of (4.23), in this particular case, concludes.
Suppose now we are in the general case, that is, ¢ € L'(99Q). Take v, € WH2(Q) N L*°(Q),

such that ¢y, 1= vy, = ¢ in L'(89). From the above, there exists u, € BV (Q) N L*(Q), and
zn € X(Q) with ||zp]|eo < 1 such that v — u,, = —div(z,) and

[ =)o =) < [ 20 Vude — [Dunll + [ fw—al = [ Jun—al  (430)
Q Q o0 o0
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for every w € Wh1(Q) N L*°(Q). Moreover, by (4.25), we have ||up|/oo < max{||v|loo, ||¥n|lco}-

We can assume that z, — z weakly* in L>°(Q2). Now, taking w = 0 in (4.30), we get

~ [wnv+ [ @)+ 10wl + [ fun = ol < [ el
Q Q o0 o0

Junll + 10wl < [ o+ [ lgnl < 2 unll g 0l3+ [ gl
Q o9 a9
Thus, {u,} is a bounded sequence in BV (2)NL2(Q). Then, since BV () is compactly embedded
in L'(Q) (see [28] or [17]), there is a subsequence, still denoted by {u,}, such that u, — u in
LY(Q). Finally, taking limits in (4.30), we obtain that (u,v — u) € A,.

Hence

To prove the density of D(A,) in L}(Q2), we prove that C§°(2) C D(AW)LI(Q). Let v €
C§°(Q). By the above, v € R(I + L A,) for all n € IN. Thus, for each n € IN there exists
un € D(A,) such that (up,n(v — uy)) € A, and, therefore there exists some z, € X () with
l2nlloo <1, n(v — up) = —div(z,) in D'(Q) such that

J = Tuw)n — ) < [ 20 Vo~ (DT + [ o)~ [ Tuun) Tl

for every w € Wh1(Q) N L>®(Q2). Taking w = Tj(v) and applying Fatou’s lemma we have that

Lo w < (1o [ lel).

1
Letting n — oo, it follows that u, — v in L?(Q). Therefore v € D(A(p)L ) d
Proof of Theorem 2. Let (u,v),(u,?) €Ay, p € Py. We have to prove that
/ plu— @) — 9) >0, (4.31)
Q

Let z,2 € X(Q), ||2]loc <1, |I2]|cc <1, be such that v = —div(z), v = —div(2) and

[ =T < [ Dw) ~ DT - [ [0l - Te(e)) ~ [ [Tilw) - Tele)l, (432

179

[ w=Ti@)s < [ ¢0w) ~ IDT@] - [ vl - Tele)) ~ [ [T(@) - Tele)l, (439

for any w € BV (Q)NL*>®(2) and any k > 0. As observed in the previous remark, 6(z, DTy (u),z) =
1 || DTy (u)|| — a.e., and, using Corollary 1.6 in [5], we obtain that

[ DTuw) = [ 6, DT(w. )| DTl = [ [1DTwl

[ @.pnw)| < [ 1DTw)

for any Borel set B C (2. Similarly,
[ @pn@) = [ IpTi@l,
B B
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[ eonw)| < [ 0@

for any Borel set B C Q. It follows that

| (= £ D(T(w) = Tu(@)) = 0
for any Borel set B C Q. This implies that
6z — 2, D(Te(u) — Ty(@)),#) > 0 ||D(Ti(u) — Te(@))]-ace..
Since, according to Proposition 2.8 in [5], we have that
0(z — 2, Dp(Tk(u) — Ti(a)), x) = 6(z — 2, D(Tk(u) — Ti(d)), z)

a.e. with respect to the measures || D(Ty(u) — Tx(a))|| and ||Dp(Tg(u) — Tk(w))||. We conclude
that
6(z — 2, Dp(Te(w) — Tu(@)),z) > 0, | Dp(Ti(w) — T(a))l|-ac. (4:34)

Taking w = Ty(u) — p(Tk(u) — Tk(a)) in (4.32) and w = Tk(a) + p(Tk(u) — Tx(a)) in (4.33),
adding both terms, and using (4.17) and (4.34), we obtain

/ p(Ti(u) — T(2)) (6 — v) < / (2 — 2, Dp(Ti (u) — Ty(@)))+
Q

Q
[ (2] EvDp(Tle) - Tu(@) = — [ 6( 2 Dp(Ti(u) - Ta(@)), )| Dp(Tu(w) - Tulw)]|+
o Q

+ [ (]~ 2 Dp(T(w) - T(a) <o
The inequality (4.31) follows by letting & — oco. Therefore A, is completely accretive.

In view of Proposition 3, to prove that A, satisfies the range condition, it is enough to prove
that A, is closed. Let (up,v,) € Ay, such that (un,vs) = (u,v) in L'(Q) x L'(Q). Let us see
that (u,v) € A,. Since (un,v,) € Ay, there exists z, € X(Q), ||zp]leo < 1 with v, = —div(zy,)
in D'(Q) such that

0= pn)yon < [ (s Dw) — Do)l + [ w—p(@) = [ o) ~ple)  (235)

for every w € BV(2) N L*>°(Q) and all p € P. Since ||z,]|c0 < 1 we may assume that z, — z in
the weak* topology of L®(Q, RY) with |z|sc < 1. Moreover, since v, — v in L'(f2), we have
v = —div(z) in D'(Q), and

lim Q(zn,Dw) :/Q(Z,Dw).

n— 00

Now, letting n — oo in (4.35), and having in mind the lower semicontinuity of the functional ®,
defined in (4.22), we obtain that

[ @ =p)o < [ (cDw) ~ 1Dp@ + [ jw—p) ~ [ [p) - pe)]

Consequently, (u,v) € A,. O
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5 Strong solutions for data in L%*(Q).

In this section we are going to see that when the initial datum is in L?(Q), then the semigroup
solution is a strong solution.

Let {S(t)};>0 be the contraction semigroup in LY(Q) generated by the operator A, via
the Crandall-Liggett’s exponential formula. Since A, is an m-completely accretive operator,
S(t)(L*(2)) C L*(2). Let ¥, : L*(Q) —] — oo, +00], the restriction to L?(£2) of the functional
® defined by (4.22), i.e.,

| Dul + /m u—¢ ifucBV(Q)NIAQ) .

plu) =

+o0 if uw € L2(Q) \ BV(Q) N L2(Q)

Since the functional W, is convex and lower semicontinuous in L?(Q2), we have that 0V, is a
maximal monotone operator in L*({2), and consequently (see [12]), if {T'(¢)}¢>¢ is the semigroup
in L%(Q) generated by 9%, for every wug € L?(2), u(t) := T(t)ug is a strong solution of the
problem

Z—u + 0¥, u(t) 30
¢ (5.2)
u(0) = uyp.

Recall that the operator 0¥, is defined by
(u,v) € 3V, if and only if u,v € L*(Q), and
T(w) > Uy (u) + /Q(w ~wv, Yw e LX(Q).
Lemma 1 Let B, := A, N (L*(Q) x L*(Q)). Then B, = 0V,,.

Proof. Let (u,v) € B,. Then, u,v € L*(Q), p(u) € BV(Q) for all p € P and there exists
z € X(Q) with ||z]|e <1, v = —div(z) in D'(2) such that

[ =p)o < [ Dw) ~ 1Dp + [ jw—p(e) ~ [ [p) - ()]

Vw € BV (Q2) N L*(Q) and Vp € P. Letting p = T}, and k — oo we obtain that

[ w=wo< [ ow—pul+ [ o=~ [ -l

Vw € BV (Q) N L*(Q). To prove that (u,v) € 0¥, we have to prove that

[ =wp < [Dul ~ 1Dl + [ g~ [ ju-y (5.3

for every w € L*(Q) N BV (). Now, given w € L*(2) N BV (Q), since (u,v) € By, by the first
observation of the Lemma, there exists z € X(Q), with ||z]|ec < 1, v = —div(2) in D'(Q) such
that

[ @) —wo < [ DTuw) = 1Dull + [ (Tuw) = ¢l = [ el
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for every k& > 0. From this, it follows that

| @) = wpo < IDTuw)] = |Dull + [ D) =gl = [ Ju-wl. (5.0
Q o o
Now, since limy_, o Tx(w) = w in L?(Q),
|Dw| < lim inf | DT (w)].
k—o0
Moreover, since ||DTy(w)]|| < ||w||, we also have that

lim sup || DTy (w)]| < ||[Dw|.

k—oo

Thus
kliIn HL,-Zk(w)H HL’LUH
—00

Therefore, letting k& — oo in (5.4), we obtain (5.3). We have proved that B, C 0%,,.

— 2
By Proposition 3, we have that L>°(Q2) C R(I + B,). Hence, 0¥, = BWL @ 1t follows that
oV, = A, N (L3(Q) x L3(9)). O

Using this Lemma and having in mind Proposition 2, we have the following result.

Theorem 3 Let ¢ € LY(0). Given ug € L*(Q), u(t) = S(t)ug is a strong solution of
(5.2). Moreover, u'(t) € L*(Q), p(u(t)) € BV(Q) for all p € P, and there ezists z(t) € X(Q),
2(t)[loo <1 and u'(t) = div(2(t)) in D'(Q) a.e. t € [0,+00[, satisfying

~ [ (w = plu@)u@) < [ (), Dw) ~ [ Dpu(®)]] -
Q Q
(5.5)
[ @l - pe) - [ lpu®) - ple)
o N

for every w € BV(Q)NL>®() and p € P.

Moreover, u(t) is also characterized as follows: there exists z(t) € X (), [|z2(t)]|co < 1 and
u'(t) = div(z2(t)) in D'(Q) a.e. t€[0,+00[, satisfying

/Q(Z(t), Dp(u(t))) = | Dp(u@®)|  VpeP (5.6)

[2(t),v] € sign(p(p) — p(u(t))) H ' —ae on 8Q, VpeP. (5.7)

Remark 2 Note that under the assumptions of Theorem 3, since u(t) € BV (), applying the
lower semicontinuity of ¥, if we take p = T} and take limits when k — oo, we obtain that
(5.5), (5.6) and (5.7) are true when p is the identity map.

We have the following weak form of the maximum principle.
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Theorem 4 Let u; and us be two strong solutions of

dui

E + a\If%ui(t) 50

(5.8)
uz(O) = um, 1= 1,2,

where u; o € L*(Q) and ¢; € L'(0N). Suppose that u1g > uag and p1 > @a. Then we have
UL > Uu9.

Proof. By Theorem 3 and the above Remark, we have that u;(t), u}(t) € L2(£2), and there exist
zi(t) € X(Q), |zi(t)]|co < 1 and u}(t) = div(z;(t)) in D'(Q), satisfying:

/Q(zi(t% D(ui(t))) = 1D (us())]] (5.9)

[2i(t), V] € sign(p; —ui(t)) HN —ae. on 99. (5.10)

Since %(uz(t) —u1(t)) = div(za(t) — 2 (t)) in L*(Q), multiplying by (ua(t) —u1(t))", integrating,
and using Green’s formula, we get

3 [ Sia(0) — ur @) = [ diveale) — 210 ale) —us(6)* = (5.11)
5.11

== /Q (z2(t) = 21(t), D((ua(t) — wi(t)")) + o[22 () = 2 (t),v](ua(t) — i (t))".
Now, by (5.9) it follows that
0(ea(t) — 21(t), D(walt) — wa($),2) >0 [ D(ualt) — wa($))] — ae..
According to Proposition 2.8 in [5], we have
B(22(t) — 21(t), D(ua(t) —ur(t),2) = O(=a(t) — z1(t), D(uz(t) — wa(t))", 2)
a.e. with respect to | D(ua(t) — u1(t))|| and ||D(uz2(t) — u1(t))"||. Hence we can conclude that
B(z2(t) — 21(t), D(ua(t) —wa(t) ", 2) 20, [ D(uz(t) — ur(8))*[| - a.e.
Consequently, we have
| (a®) — 21(8), D((ua(t) s (1)) =
(5.12)

= /99(7«2(75) — 21(8), D(ua(t) — ur (1), 2) | D(uz(t) — ur(t))*]] > 0.

On the other hand, since ¢ > @9, from (5.10), it is easy to see that

f [20(t) — 21(t), V] (ua(t) —ui (t))* <0. (5.13)
o

From (5.11), (5.12) and (5.13), we obtain that

3 [ Sl - u@) <o

Hence the initial condition uj g > u2o gives u; > ug, and the proof concludes. O
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Proposition 4 Let 0 < ug € L?>(Q) and 0 < p € LY(89Q). Then, if u is the strong solution of

the problem (5.1), we have
t
u'(t) < UT) for t > 0.

The opposite inequalty holds if ug,p < 0.

Proof. We shall prove the Proposition only when ug, ¢ > 0, the other case being similar. First,
let us see that for A > 0, we have

AMlu(at) = e 1o (A ). (5.14)

By Crandall-Liggett’s exponential formula, it is enough to prove that for all p > 0,

(I + pAy-1,)" (A o) = AT + ApAy) ™ (). (5.15)
In fact: v, := (I+'UA)\71¢)L1(AJ_1U0) if and only if (v, m) € Ay-1,, which is equivalent
to the existence of z, € X(Q), such that g
AMlyg — vy

—div(z,) = ———=,
I

| G D0 = 1D

(2, V] € sign(A\ 1o —v,,).

Then, we have
ug — )\’U)\

Ap
|z D30 = D .

[Z;u V] € SZgn((P - )‘vu)a

—div(z,) =

)

Uy — Av
which is equivalent to say that (Avy, Il

v, = AT+ )\MAW)M()\“uO), and (5.15) holds.
Fix t > 0. For h > 0, if A\t =t + h, applying (5.14), we obtain

) € Ay, that is,

u(t +h) = u(t) = w(At) = u(t) = (1= A )u(At) + A u(At) - u(t) =

h
= —qult+h) + e 1o (A ) — u(t).

Now, since A ug < ug and A1y < ¢, by Theorem 4, we get

elt‘A)\*lw ()\J_luO) < u(t)

Consequently,

u(t + h) —u(t) < " h u(t + h),

+ h
and the result follows. O
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6 Existence and Uniqueness for data in L!(Q)

In this section we are going to prove Theorem 1.

Proof of Theorem 1. Existence:

Let ug € L*(Q) and {S(¢)}+>0 the contraction semigroup in L'(f2) generated by A,. We
shall prove that u(t) := S(t)ug is an entropy solution of problem (1.4). We divide the proof in
different steps.

Step 1. Since D(A,) N L®(S) is dense in L'(R), given ug € L'(£) there exists a sequence
up,n € D(Ap) N L®(Q) such that ug, — up in L'(Q). Then, if up(t) := S(t)uon, we have that
Up, — u in C([O T); LY (2)) for every T > 0. As a consequence of Theorem 3, u,(t),u’,(t) €
L3(), p(un(t)) € BV(Q) for all p € P and there exists z,(t) € X(Q), [|zn(t)]ooc < 1 and
uy, (t) = div(z,(t)) in D'() a.e. t € [0, +oo], satisfying

n

~ [ = plun )y (0) < [ (nlt), Dw) — [ Dp(un(®)] -
Q Q

(6.1)
[ @ - ple) [ Ipun®) - ple)
o9 o9
for every w € BV (Q) N L*®(Q) and p € P. Moreover
/Q(zn(t)aDp(un(t))) = [Dp(un(@®))|  VpeP (6.2)
and
[zn(t), V] € sign(p(p) — p(un(t))) HN'! —ae on 90, VpeP. (6.3)

Since ||[zn(t),V]]lc0 < ||2n(t)]co < 1, we can suppose (up to extraction of a subsequence, if
necessary) that

[zn(-),v] = p o(L%(ST), L'(ST)).

Step 2. Convergence of the derivatives and identification of the limit. Since the map t — u/ ()
is strongly measurable from [0, 7] into L?*(Q), and by (2.13),

lun (Ol Bv(2); < llun(t)llz2(0)

it follows that this map is strongly measurable from [0,7] into BV (€2)5. Moreover, for every
w € BV (), by Green’s formula we have

/Qu'n(t)w _ /de'v(zn(t))w _ —/Q(zn(t),Dw) + [ ea®), v

[ o] < 1pwl+ [ ol < Mlwlavy, ¥ne .

Hence

Thus,
lun(®)llBv@)y; <M VneIN and t€[0,T].
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Consequently, {u,}nen is a bounded sequence in L*°(0,T; BV (Q)35). Since L*(0,T; BV (Q)3)
is a vector subspace of the dual space (L!(0,T; BV (2)3))*, we can find a net {ul} such that

ul, — & € (LY(0,T; BV(Q)3))" weakly*.
Since ||z, (t)||0c < 1 for allm € IN and a.e. ¢t € [0,T], we can suppose that
Zn — 2z € L®(Qr, RYN) weakly*.

Given n € D(Qr), since n € L'(0,T; BV (Q)3), we have

(€, m) = Tm(ug,, ) —hm/ (t)) dt =

—hm/ / da:dt—hm/ /dwza (t) de dt =

= flién/o /Qza(t) - Vn(t) de dt = /QTz -V = (divg(2), ).

Hence,

U
S

& = divg(2) in D'(Qr).

(6.4)

(6.5)

(6.6)

On the other hand, if we take n(¢t,z) = ¢(¢t)y(z) with ¢ € D(]0,T[) and ¥ € D(R), the same

calculation as above shows that

£(t) = divg(2(1)) inD'(Q) ae. tel0,T)]

(6.7)

Consequently, (z(t),£(t)) € Z(Q) for almost all ¢ € [0,T], therefore we can consider [z(t), V]

defined as in Section 2.

Lemma 2 ¢ is the time derivative of u in the sense of the Definition 2.

Proof. Let ¥ € L'(0,7,BV(f)) be the weak derivative of © € L. (0,7, BV (Q2)) N L*(Q7),

ie., U(t f O(s)ds, the integral being taken as a Pettis integral. By (6.4) we have that

T T
/ <E(t),T(t) >dt = lim/ <ul(t),¥(t) >.
0 @ Jo

/0T<u() —hm/ /\I/ t+h> ()d:cdt:

Now,

:liin/OT/Q\Il(t_h})L_ V), ()dwdt —11m// (5)ds ug () dwdt —

7/0 A@(t,x)ua(t,x)da?dt.

Passing to the limit in « in the above expression, we obtain

/0T<£(t), ) > dt = //@tm (t,z)dxds.
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Step 3. Convergence of the energy. In this step we shall prove that for any p € P, we have

Jm [ e + [ /3 Iplun() - pl9)] =
:/ |1Dp(u |+f / ().

Taking w = 0 in (6.1) we get

(6.9)

1Dp(un()l+ [ pun®) = p(0)] < = [ plun(ia(®©+ [ enlt),vIple).

r
If we denote J,(r) := / p(s) ds, it follows that
0

[ 1opn@+ [ [ ) w0 < [ pmen+ [ [ nte) =
= [ Gptuo) -~ ptun(™) + [ [ ipti)] < 0

Since the functional ®, : L'(Q) —] — 0o, +-oc], defined by

IDull + [ ju—p(o)] ifwe BY(@) 610

p(w) =

+00 if u e LY(Q)\ BV (Q),

is lower semicontinuous in L!(f), we have

&,(p(u(t)) < limint &(p(un(0) = lanint (1Dp(ua(0)] + [ Ip(un(0) -~ p(0)]). (610

On the other hand, by the Fatou’s Lemma, it follows that

/OT lim inf (|Dp(un(t))|| + /{m p(un(t)) _P(¢)> <

iimint [ (10pn®)]+ [ iplan(t) ~ple) ) < M

As a consequence of (6.11) and (6.12), we obtain that p(u(t)) € BV (Q) for almost all ¢ € [0,T].

(6.12)

Lemma 3 The map t — p(u(t)) from [0,T] into BV (Q) is weakly measurable.

Proof. Let E := C.(Q)V*! be and S : BV(Q) — E* the map defined by

ow ow

S(w) := (w dz, FIAA %)

Then, [[w|pv(0) < [|S(w)]

g+ < N|jw| gy (q)- If we denote by F' the closure in E of the set

{(¢0a¢1a"'7¢N) : ¢z GD(Q)a and ¢0 = div (¢17"'a¢N)}a
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in [1] it is showed that S(BV()) is isomorphic to (£)*, that is, G := £ is the predual of the
space BV(Q) NOW, if ¢ - (¢07 ¢17 T ¢N) € D(Q)N_l—la

(S(p(u(t)), ) = [ plu(®)do - > [ )22

Hence, the map ¢ — (S(p(u(t)),#) is measurable. From here, aproximating the functions of
C.(2)N*! by functions of D(Q)V 1 we get that for every ¢ € G, the function t — (S(p(u(t)), #)
is measurable. Thus, since G is separable, it follows that the map

t = lp(u®)llBv(e) = ¢€GSHH1;H<1<S(p(U(t)),¢>

is measurable.

Given w € BV (Q)*, let g(t) := (p(u(t)),w). To see that g is measurable, consider w, € G,
such that w, — w respect to o(G**,G*) = o(BV(Q)*, BV (Q2)). From the above, we know that
if ga(t) :== (S(p(u(t)), wa), ga is measurable, and go(t) — g(t). Now, since

19a(8)] < llp(w(t)llBv(0)lwall By () < Rllp(u(®))|lsy (@) = F(t) € L}(0,T),

and the order interval [—F, F] in L'(0,T) is o(L'(0,T), L>(0,T))-relatively compact, there
exists a sequence g,,,, such that

Jan — g in o(L'(0,T),L%(0,T)).
Hence, g is measurable. O

From the above, if 0 < n € D(]0,T|), the map t — p(u(t))n(t), from [0,T] into BV (Q) is
weakly measurable.

Lemma 4 For any 7 > 0, we define the function ¢7, as the Dunford integral (see [15])

wr(t):= 1 [ nolu(s)) ds € BV(Q)",

that is,

W) =2 [ tas)ptu(s)),w) ds,

T Jtlr

for any w € BV(Q)*. Then ¢" € C([0,T]; BV(Q)). Moreover, ¥7(t) € L*(Q2), and, thus,
Y7 (t) € BV (Q)s.

Proof. Given ¢ € D(Q2),

.ol < 2 [ o), o) ds =2 [ o) ( [ pas)lgl de) ds < Clole

T Jtl

Consequently, ¢7(t) is a finite Radon measure in . Moreover, a similar calculation shows

YT (t
that for every ¢ = 1,2,..., N, vT(t)
axi

Y7 (t) € BV () (see, Exercise 3.2. in [1]), and the Dunford integral of the definition of 7 (¢) is

is also a finite Radon measure in 2. Hence, we have
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a Pettis integral. Moreover, if a, — 0 (for simplicity suppose that a,, > 0), given w € BV ()

with ||w|| < 1, we have

{7 (t + an) — 7 (1), w)

T o)) as - [ e pue) v s <
t+an tlr4+an
< L[ e puten, v ds - [T o) platon), w) ds| <

1 t+an 1 tlT+an
ft In(s)[llp(uls))lBv () ds + ?fu n(s)[llp(u(s))lBv(a) ds-

< =

T
Since the function s — |n(s)|l[p(u(s)) pv (o) is in LY([0,7))
Tim [47(t + an) — 67(8) v = 0.
Thus, ¥" € C([0,T]; BV (Q)).
i , si * we

Moreover, 97 (t) € L*(Q2). In fact, given g € L*°(Q), with ||g||2 < 1, since g € BV ()

have Lt
WO = |- [ n)pu(s),g) ds =
T Jtlr
1t 1t
— 2 [ e ( [ ptatsng dz) ds < - [ pio)llp()lzlgla < 0.
T Jtlr Q T Jtlr
From the density of L>®(Q) in L2()), we obtain that 7 (t) € L?(Q) O
Lemma 5 For 7 > 0 small enough, we have
(6.13)

[Fwrwem a<— [0 [ 1D )

Proof. Since 7 € C([0,T], BV(Q)) admits a weak derivative in L. (0,7, BV (Q)) N L®(Q7)

using (6.8) we have for 7 > 0 small enough that

[Cwraseon a= [ [ D g00)

Now, since p is nondecreasing, we have
Ip(u(t)) — Jp(u(t + 7)) < (u(t) — u(t + 7))p(u(t))

and consequently, for 7 > 0 small enough, we obtain

// u(t+71) — u( // u(t+ 7)) Jp(u(t))n(t):
—/ /”S*T o)1) g s,

and we finish the proof of (6.13).
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Now, we can conclude the proof of Step 3. As a consequence of (6.13), using Green’s formula,

I / My < - [ /
ot s (s )
o)) o
i [ [T (3 [ 06 ([ Gatt), Dptute)) ds) e
[ ol o) ) ]
< [T ivptuent as) st [ (2 [ a)( [ otopats)) das) ar

Then, taking limit as 7 — 0, we get

T T T
/0 /Q 7 () (u(t)) < /0 n(t)| Dp(u(t))] - /0 n(t) /8 plOp(ut)).

Now, since this is true for all 0 <n € D(]0,T]), it follows that

we have

4 [ ) < 100Nl - [ plorptuce),

and consequently

[ ) = syt < [ ioptatent - [ [ pterptuce). (6.14)

Finally, using (6.14), we obtain

/OT | Dp(u(t))l —|—/0T /8Q p(u(t)) v)| < hmlnf/ | Dp(un(t))]l —|—/ / p(un(t <

<timint ([ [ ptuninu 0+ [ Lﬂ[zn<t>,u]p(w))= [ ) syt [ /mp(wp(so)s
< [Tipweni+ [ [ piete) - plat) < [ 10wl + [ [ ptute -

which concludes the proof of (6.9). Moreover, we get that

p(t) € sign(p(¢) — p(u(t))) HN*! —ae. on 8Q, ae. te[0,7T]. (6.15)

Step 4. The boundary condition. Let see now that

p(t) = [2(t), V] HNY —ae. on dQ, ae. te[0,T]. (6.16)
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In fact: If w € BV(Q) N L*>(Q2), and v € R(?) such that vjgq = w)gq, we have that

/0t<za( ) >3Q—/0t<dzv (za(s / /za

lim,, /Ot<za( ), w)on = /t<£(s),v> + t/ 2(s) - Vo =

0 JQ

Hence

(6.17)
t
= [ whon = [ [ [=(s),hw a1,
0 o
On the other hand, since z,(s) € X (Q), if we apply Green’s formula we have that
t
/ (div(zq(s / / 2q(8) - Vo —I—/ / Za($
0 [2}9)
Consequently,
t t
/ (za(8), w)a0 = / / [2a($), V]w
0 0 Joo
From here, taking limits in «, we get
t t
/ / p(s)w = / / [2(s),vJw ¥ w e BV(Q)NL®(Q),and ¢ € [0,T]. (6.18)
0 JOQ 0 JOQ

Now, if w € L'(89), we take wy, € BV (Q) N L®(Q) such that wy,,, = Tx(w). By (6.18), we

have
/Ot » p(s)wy = /ag[z(s)’y]wk'

Letting k — oo, it follows that

/Ot /[m pls)w = /Ot /89[2(8)»1/]10 Vw e L'(09),and t € [0, T,

and consequently (6.16) holds.

Step 5. Next, we prove that ¢ = div(z) in (L'(0,T, BV (2)2)" in the sense of the Definition 3.
To do that let us first observe that (z, Dw), defined by (2.14), is a Radon measure in Q7 for all
w e LL (0,7, BV(Q) N L>®(Qr). Let ¢ € D(Qr), then

(20,6 = — [ (W) — w0, w@o0) — [ w20 Vadt [ ((zal0), Dult), 6(0),

O T

Then by (6.4), taking limits in a, we get

T
((z, Dw), ¢) = 1i(§nf0 ((za(t), Dw(t)), ¢(1))- (6.19)

Therefore

T
(2, Dw), ¢)| < H¢||o<>/0 [ Dw(#)]| dt,
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from where it follows that (z, Dw) is a Radon measure in Q7. Moreover, from (6.19), applying
Green’s formula we obtain that

/T(z Duw) = hm/ 24(t), Dw(t)) = hm( / / div(zq(t))w(t) —I—/OT /BQ[za(t)’y]w(t)) =
- 7/0 (€(t), w(t) +/0 /m[z(t),zx]w(t)

/T(z,Dw) +/OT<§(t),w(t)> — fOT /Bﬂ[z(t),u]w(t). (6.20)

Step 6. Conclusion. Finally, we are going to prove that u verifies:

[t o [ aoipp) - oli+
[ Lo ornns //mzt -

for all n € C*(Qr), / with 5 > 0, n(t,z) = ¢(t)y(z), being ¢ € D(]0,T[), ¥ € C®(Q), and
)= [ pls) ds.

Consequently

(6.21)

p € P, where j(r

Let n € C*(Qr), with 7 >0, n(t,z) = ¢(t)i(x), being ¢ € D(J0,T), ¥ € C¥(Q), and
p € P,a € R. Let Hy(r) := / p(s) ds. Since ul,(t) = div(z,(t)), multiplying by p(u,(t))n(t)

and integrating, we obtain that

[ ] myunomo = [ [ pam@i@n® = [ [ divt@mtm@mn =
[ nlt), Dun@n®) + [ [ [z, vlplun(®)n(t) =
I b
a1 [ [ () Inl) plun()+
L, L,
+/T/m nlt), om0 = [ [ ) Do)
/ [ zatt)- e / [ () = pl)n(e) + /OT [ entt).vlp(once)

Hence, having in mind that n(0) = n(T") = 0, we get

/] )1 Dp(un(?) ||+//\pun — p(@)n(t) =

= [ [0 V0@ plane) + [ [ alt)vinte tf/ /Eﬂpuna))n(t):
Ry
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_/T/ %(Hp(un(t))ﬂ(t)) +/T/ Hy(un(t)) ne =
/ /zn - Vn(t) p(un(t +/ /BQ Zn(t )n(t)+/0T/QHp(un(t)) N

Letting n — oo, it follows that

[ [ n@impteni + [ [ o) - s <
<timint [ [* [ n@lpt@)+ [ / 0) = sl -
~timint [~ [* [ ) 9n) plan(t) + [ /[m s+ [ [ Hylualt) m] =
0w ey + [ ) )n(t)+/T/QHp(U(t))m

Now, using that |p(u(t)) — p(e)| = [2(2), v](p(¢) — p(u(t))), we have

[ [ m@oms [ [ awimpwo)
fOTsz(t)Vn(t) p(u(t)) < /OT/@Q[Z(t),V}p(u(t))n(t).

Finally, given | € IR and p € P, since ¢(r) := p(r —[) is an element of P, and taking a = [, we
obtain (6.21) as a consequence of (6.22) and the proof of the existence is finished.

(6.22)

Proof of Theorem 1: Uniqueness

To prove uniqueness we shall show that the entropy solutions and semigroup solutions co-
incide. As consequence of the semigroup theory (3.1) is satisfied. Our technique is inspired
by a method introduced by Kruzhkov [21] to prove L!-contraction for entropy solutions for
scalar conservation laws: the doubling of variables. Carrillo [13] probably was the first to apply
Kruzhkov’s method to second order equations (see also [18]).

Let u(t) be an entropy solution with initial datum uy € L'(Q) and u(t) = S(t)%y the
semigroup solution with initial datum @y € L® (). Then, there exist z(t),z(t) € Z(Q?) with
[2(#)loc <1, [[Z(t)]loc <1 and

[2(t), V] € sign(Ty (¢) — T (u(t))) ae.in t€[0,T), (6.23)
[2(t),v] € sign(T} (¢) — T} (u(t))) ae.in te[0,T), (6.24)
and such that, if »,7 € RN, with ||r|| < 1, ||| < 1 and I1,ls € IR, then

it ek [ a@IDT e - )+

+/0Tfﬂ(z(t) —r) - Dn(t) T (u(t) — L)+ (6.25)

—I—//an £) TH(u(t) — 1) f/{m (6T (ult) — 1),
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and

[ @0 -t [ [ a@1pTi @ - b+

[ [ -7 Do T @0 - )+ (6.26)

//an t) TE(a(t) — 12) //m ()T (@(t) — 1),

for all n € C®(Qr), with n > 0, n(t,z) = ¢(t)¥(z), being ¢ € D(]0,T[), % € C>®(Q), and
/T+ ) ds, ji(r) = / L(s) ds.
0
We choose two different pairs of variables (¢, z), (s, y) and consider u, z as functions in (¢, z),

T, Z in (s,y). Let 0 < ¢ € D(]0,T]), 0 < 9 € D(RQ), p, a classical sequence of mollifiers in R
and p, a sequence of mollifiers in IR. Define

Mt 2,5, 9) = pu(@ — 9)pn(t — s)¢(t;3)¢(°’”;y).

Note that for n sufficiently large,
(t,z) = m(t, z,s,9) € D(J0,T[xQ) V (s,y) € Qr,

(s,9) = mu(t,z,s,y) € D(]0,T[xQ) V (t,z) € Qr.

Hence, for (s,y) fixed, if we take in (6.25) I; = u(s,y) and r = Z(s,y), we get

//]k u(t,z) —u(s,y)) nnt-l-//nn\DT u(t,z) —u(s,y))||+

[ [ ett) - 30,0)  Vama T (e ) o, (6:27)

T
+ /0 [Q 2(5,y) - Vet T (u(t,z) — 6(s,y)) < 0.

Similarly, for (¢, z) fixed, if we take in (6.26) Iy = u(¢, ) and 7 = z(¢, x), we get

[ [t —wte)m [ [ T @) - utt )+

/ / s,y) — z(t,z)) - Vynn T (u(s,y) — u(t,z))+ (6.28)

/ / (t,z) ynnT (u(s,y) — u(t,z)) <O0.

34



Now, since T (r) = —T} (—r) and ji-(r) = j; (—r), we can rewrite (6.28) as

//Jk u(t,z) —a(s,9))(Mn)s + //nnIIDT u(t,z) —u(s,y))l+

s [ [ ett) =,9) Ty Tl ) — s, ) - (6.29)

[ [ o) Ty e, ) ~ s, ) <0

Integrating (6.27) in (s,y), (6.29) in (¢, ) and taking their sum yields

[t @) ) () + (na)e)+
QrxQr

+ Ml DaTy (ult, ) — (s, y)l|l+

QrxQr

L DT (ult, ) — (s, ) |+
QrXxQr
(6.30)

+ (2(t,2) = 2(5,9)) - (Vi + Vyna) Ty (u(t, 2) —a(s, y))+
QrxQr

+ E(Say) : vEnTIj(u(tam) o ﬂ(s)y))i
QrxQr

[ sfte) VT (altx) — a(s,p) < 0.
QTXQr
Now, by Green’s formula we have

Lo ) Ve T lt) ~ o)+ [ DT ) — s, )] =
QrxQr QrXQr

= [ o) DT ltw) T+ [ ol D (ultw) )] >0,
QrXxQr QrxQr
and

/QTxQT z(t,x) - Vynn Ty (u(t, ) —u(s,y)) + Ml Dy Ty (u(t, z) —a(s,y))|| =

QrXQr

= mnz(t, @) - DyT (u(t, z) —u(s, y)) +/ || Dy Ty (u(t, z) — (s, y))|| > 0.
QrXxQr QrxQr

Hence, from (6.30), it follows that

[l w) T ) () + (1))
QrxQr
(6.31)
[ (altw) ~ 2s9) - (Tt + Ty (ult,2) — (s, ) < 0.
QrxQr
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Since,

(M)t + (1n)s = pu(@ — y)pn(t — 8)¢/(t + 3)¢($ + y)

2 2
and t+ +
- S rry
Vann + Vy77n = pn(m - y)pn(t - 8)¢( 9 )V'I/J( 9 )a

passing to the limit in (6.31), it yields

- /Q i (u(t, @) —a(t, 2))¢ () () +
(6.32)

+ o (z(t,x) —Z(t,x)) - Vip(x) ¢(t)Tk+(u(t,9:) —a(t,z)) <O0.

We have to prove that

lirrln o (z(t,x) —Z(t,x)) - Vb () gb(t)T,j(u(t,a:) —u(t,z)) > 0.

for any sequence 1, 1 lg. Since ¢ = div(z), £ = div(Z) in (L1(0,T, BV (Q)2), the following
integration by parts formula holds

fQT(z —z,Dw) + /OT <E(t) =€), w(t) > dt = /OT/OQ[Z(t’m) 3t ), vt o)dHN P dt,
for all w € L'(0,T, BV (R2)) N L>®(Q7). Set

w = ((¢ = 1)¢Ty (u —0))"(t,2) = (Y(z) — 1)(¢T} (u — 7)) (t,2),

where
t+71

(T u—m)(te) = = [ o(s)T;F (uls, @) — (s, 2))ds,

T Jt

in the above formula to obtain
/Q (z(t,x) —Z(t,x)) - V(¢(x) — 1) (ngkJ“(u —u))" (¢, z)dxdt =
[ (el@) 20w - (6(e) 1) DT (e 0))7 (12
—fQ (£(t) — E@) (W(x) — V(ST (u— )7 (¢, z) +
+/T/ [2(t,z) — Z(t,z), v](¥(z) — 1)(¢T, (u — @) (t,z)dHN 1 dt
0 20, ) y L)y k 3 .

Since

/ (z— %) V(¢ — 1)¢T} (u — w)dzdt = 713& ° (z—2)- V(¢ — 1) (¢T; (v — 0))" dzdt,

and, using that ¢|sq = 0, also
T
_ / f [z — 2, V]oT (u — W)dHN 1 dt =
0 Joo
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= limf / [z —Z,v](y — 1) (T} (u—n))"d dHN 1t
T—0+ a0

we may write

z2—z Fu—1) = z—z - Fu—1) =
[ =DV =) = | =2V - 6Ty (u—)

Qr

= lim 0 (z—2)- (1 —¢) D(¢T} (v — u))" dzdt+

+ [ (- - )T (u— 7)) / / ST (u — w)dEHN .
Qr a0

Now, since ¢, € are the time derivatives of u, resp. @, in (L'(0,T, BV (Q2))", we have that

£ =81 —¥)(ST, (u—1))" £ (1~ Y)IT (u—w)" =
K - [/

/f1— )T} (u )lAi(u—a)

where At (u—@) = (u —@)(t) — (v —@)(t — 7). Let v = u — 4. Since

Ty (v®))(v(t) = vt = 7)) = Jp (v(t)) = Jp (v(E = 7))

k

J+ being the primitive of T"), and ¢, (1 — %) > 0, we have for 7 small enough that
T g k

/]5 £)(1 — ) (6T (u— W) //1_ T iT,:'(v(tT))

_/(] fﬂu(l = )+ (u = ).

Thus, we have

/ (=~ 2)VydT} (u @) > lim (/ (%) (1 ) DT (u — w)) dedt

T T T
T —
f/ / M(l T+ U’U,) / / s 7 l/(z)T+ ﬂ)dHNlldt
0 Q T o0
Finally, we observe that

lim
T

/Q (2 = 2)(1 — ) D($T; (u — m))" dudt

<9 /Q (1 - $)¢|| DT} (u — )| dadt,

which enables us to write that

[, c=2vvomi = = =2 [ (1= 0elDT (0~ w)dede-
Qr T

_fOT/qu(t)(l —@b)JTIj(u—E)—/OT/OQ[Z—E,V]QST,j(u—ﬂ)dHN“dt.
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Let ¢ = 1, where b, 1 lg in last expression. Using that | DT} (u(t)—u(t))| is a Radon measure
a.e. in t with || DT;! (u(t) — u(t))|| € L*(0,T), letting n — oo, we obtain

T
lim QT(z—z)wnqﬁT,j(u—a) > —/0 fm[z—z, VT (u — w)dHNdt.

Ihus
/ ] (u(t CC) - u(t Q?))QS,(t) > */ / [Z — Z V]¢T (u — u)dHN 1dt >0 (6 33)
]k I I - 0 ) k - -

Since this is true for all 0 < ¢ € D(]0,T7), we get

& [ it e, ) —wte,2)) <o

Hence

[ i (utts) —att,2)) < | G (wo o)

Then, letting £ — oo, we obtain

/ﬂ(u(t,x) _a(t, )t g/(uo — )t

Q

From here we deduce that
lu(t) —u(t)[1 < lluo —ollr, VE=0.
Hence, taking uy(t) = S(t)uon, von € L¥(2) and ug, — ug in L'(Q), we have
[u(t) = un(t)lly < [luo —womlli, V10

Consequently, letting n — oo, u(t) = S(t)ug, and the proof of the uniqueness concludes. O

7 Regularity for positive initial data

In this section we shall see that when the initial data are nonnegative, the semigroup solutions
are strong solutions.

We need to consider truncatures T, 3, a < b, defined by

a if r<a
Top(r):=qr if a<r<b
b if »>b.

Proposition 5 Let ug € L'(2), ¢ € L'(99Q). Let (S(t)),>, be the semigroup generated by A,.
Then, if u(t) = S(t)ug, -

(i)
[+ [ eeuen < [ [ )+ [ i)
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where p is a truncature (p = Toyp), j is the primitive of p and ® is the functional defined by
(4.22).

(i) p(u): € L2 (0,7, L%(R)), for every truncature p as above. Moreover, we have the estimate

t
o(p(u(®) + [ [ pn<c.
where C > 0 depends on s, ||uo||r1, ||¢llr1 and p.

Proof. (i) First, assume that ug € L*(Q)

u [itw = [ pue= [ pwdiv) =~ [ z-Dp)+ | [zvlp(w) =
=~ [1Dpl+ [ _[v)p(w) ~ ple) +p(e) =

= —/Q\Dp(u”—/ |p(u)—p(50)|+/ [z, v]p().

o0 o0

Integrating this expression, we obtain

Lo+ [Towwen < [ [ pe)+ [ ) (71)

Since j has linear growth at infinity, if ug € L'(Q), the estimate in (i) follows by approximating
ug by functions ug, € L?(Q) and passing to the limit.

(ii) Assume first that ug € L?(Q). Let § > 0 and ¢, s > § such that (u(t), —us(t)), (u(s), —us(s)) €
A,. We know that

[ @u®) = wuatt) < [ (), Dw) = 1Dp(@)| + [0 =p@) = [ Ip(u(t) - o)
for all w € BV (2) N L*°(Q2). Setting w = p(u(s)) in the above expression we have

B(p(u(t)) — 2(p(u(s))) < / uy(t)(p(u(s)) — p(u(t))).

Q

Using the estimate for semigroups generated by subdifferentials in L? (see for instance [12], Th.
3.2) we have

®(p(u(t))) — 2(p(u(s))) < C(0)]luoll2llp(u(s)) — p(u(t))]2.
Since a similar estimate holds with s and t interchanged, we have
[@(p(u(t))) — @(p(u(s)))] < C(6)luoll2llp(uls)) — p(u(t))ll2- (7.2)

Since u € Wl})’cl((O, 7), L?(Q)), i.e, is a locally absolutely continuous function of time, then also
p(u) is, and, from (7.2), we deduce that ®(p(u)) is absolutely continuous in [0, 7] for all 7 > 0.
Let t € [0,00) be such that u, p(u), ®(p(u)) are differentiable at ¢ and (u(t), —u¢(t)) € A,. Set

w = p(u(t +¢€)), w = p(u(t — €)) in the above expression to obtain
/Q(p(u(t)) — p(u(t £ €)))uy(t) < D(p(u(t £ €))) — (p(u(t))).
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Letting € — 0+ we have

d
2 =0.
o)+ [

In particular, since p' is either 0 or 1, we have

d, +/|
il Py

In particular ®(p(u(t)) is a decreasing function of t. If ug € BV (Q2) N L?(Q), integrating from 0

to t we get
+//|P ? < ®(uo).

Observe that by estimate in (i), if ug € L?(Q2), then u(s) € BV (Q) N L*(Q) for almost all s > 0

and we have
0)+ [ [ 1ol < 8(p()(s))

for almos all 0 < s < t. Now, let ug € L'(Q2) and ug, € L*(Q) be such that ug, — ug in L'(Q).
Then, if u, (¢, z) denotes the solution corresponding to initial datum wg, we have

0+ [ [ ol < B(plua)(s)), (73)

for almost all 0 < s < ¢ and all n. Now, observe that by the estimate in (i),

[ @tptu)r) <

for some constant C > 0. Let 6 > 0. Then

[ o)) = [ 2 2 o) 6)s

Consequently, ®(p(uy,)(s)) is a bounded sequence for almost all s > 0. Thus, for a.e. s > 0, the
left hand side of (7.3) is bounded. Hence, we may assume that p(u,(t)) — p(u(t)) in L}(2) for
a.e. t > 0. Now, we may pass to the limit in (7.3) and use the lower semicontinuity of the left

hand side to obtain that .
N+ [ [ <c (74)

where C depends on s, ||ugl| 11, ||¢l 11, p- O

Theorem 5 Letug € L'(Q), ¢ € L' (0Q). Suppose that ug+M >0, p+M >0 (or ug—M <0,
@ — M < 0) for some M > 0. Let (5(t)),~, be the semigroup generated by A,. Then, if
u(t) = S(t)ug, us € L}, (0, T, L1(Q)).

Proof. It is easy to check via the resolvents that the semigroup solution corresponding to the
data ug £ M, ¢ & M coincides with the semigroup solution corresponding to the data ug, ¢ plus
the constant M, i.e., S(t)(ug = M, p + M) = S(t)(ug, p) = M. Thus, without loss of generality
we may assume that M = 0. Let us prove the Theorem in case ug, ¢ > 0, the other case being
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analogous. We know, by the homogeneity estimate, Proposition 4, that u; is a Radon measure
n (s,t) x Q, for all 0 < s < ¢t. Thus, its mass is bounded, i.e.,

t
/ /\ut| < 00.
s JQ

Now, taking p = T, the estimate in (ii) of previous proposition says that u; is a function in
L*(Qap), for all @ < b, where Qup = {(t,z) € Q : a < u(t,r) < b}. Thus, this with the last
integral bound, prove that u; € L} (0,7, L'(Q)). O

loc

Remark 3 Under the assumption of the above theorem, since u; € Lj,.(0,T, L' (2)), working
as in [2] we can prove that u is a strong solution. Consequently, existence and uniquenes can be

obtained in an easier way than in the general case using the same technique than in [2].
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