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AbstractWe introduce a new concept of solution for the Dirichlet problem for the total variational
ow, named entropy solution. Using Kruzhkov's method of doubling variables both in spaceand time we prove uniqueness and a comparison principle in L1 for entropy solutions. To provethe existence we use the nonlinear semigroup theory and we show that when the initial andboundary data are nonnegative the semigroup solutions are strong solutions.
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1 IntroductionSuppose that 
 is an open bounded domain with a Lipschitz boundary and ' 2 L1(@
). Let� : 
! IRN be a vector �eld (whose smoothness will be precised below) with j�j � 1 . Recently,in [7], a variational method was proposed to extend the data ' from @
 to a function u in
 along the integral curves of �?, the vector orthogonal to �, so that u is constant along theintegral curves of �?. Formally, we think of � as the vector �eld made by the normals to the levelsets of u, i.e., the sets fx 2 
 : u(x) � �g, � 2 IR. In that case we would have that � �Du = jDuj.In case that u is a function of bounded variation, almost all levels sets are of �nite perimeterand, therefore, one can compute the normal along the boundary of the level sets (modulo a setof HN�1 null measure). Moreover, to get ' as a trace of a function u in 
, the right functionspace is BV (
), the space of functions of bounded variation in 
. Thus, to extend ' from @
to 
, it was proposed in [7] to minimize the functional F (u) = R
 jruj � R
 � � ru de�ned inthe set of functions of bounded variation BV (
) whose trace at the boundary is given by '.Formally, if we integrate by parts in the second term of F (u) we obtainF (u) = Z
 jruj+ Z
 div(�) � u� Z@
 � � ~nu;Since u; � are known at the boundary, minimizing F amounts to minimizeE(u) = Z
 jruj+ Z
 div(�) � u:Let us comment on the class of admissible functions where E has to be minimized. We assumethat div(�) 2 L1(
) and ' 2 L1(@
). It seems reasonable to impose that the solution u is abounded function with an L1 bound given by k'k1. Then the second integral in the de�nitionof E(u) is well de�ned. The �rst integral requires the use of the space of bounded variationfunctions. Thus our admissible class is A = fu 2 BV (
) : ju(x)j � k'k1 a.e. uj@
 = 'g. The�nal model is ([7]) MinimizeZ
 jruj+ Z
 div(�) � uu 2 A (1.1)As it is well known ([19], [16]) the solution of this problem has to be understood in a weak senseas the solution of the problemMinimize Z
 jruj+ Z
 div(�) � u+ Z@
 ju� 'jdH1u 2 BV (
)juj � k'k1: (1.2)Existence for this variational problem was proved in ([19], Theorem 1.4) when � 2 L1loc(
)2,div(�) 2 L1(IR2), ' 2 L1(@
).This is one of our motivations to study the Dirichlet problem8>>>>>>><>>>>>>>:
@u@t = div� DujDuj�+ f(t; x) in Q = (0;1) � 
u(t; x) = '(x) on S = (0;1) � @
u(0; x) = u0(x) in x 2 
 (1.3)

4



where u0 2 L1(
) and ' 2 L1(@
). This evolution equation is related to the gradient descentmethod used to minimize the functional (1.2), if we forget about the constraint juj � k'k1.The constraint would introduce a further term in (1.3) but will not change the nature of thedi�culties related to the solution of the PDE. We shall even make a further simpli�cation, sincewe shall consider f(t; x) = 0. Hence, our aim is to study existence and uniqueness of solutionsof the Dirichlet problem8>>>>>>><>>>>>>>:
@u@t = div� DujDuj� in Q = (0;1) � 
u(t; x) = '(x) on S = (0;1)� @
u(0; x) = u0(x) in x 2 
 (1.4)where 
 is an open bounded domain with a Lipschitz boundary, u0 2 L1(
) and ' 2 L1(@
)The other motivation for the study of (1.4) comes from [2], [3], and [8]. The general purposeof the works [8] and [3] being the study of elliptic and parabolic problems in divergence form withinitial data in L1. Existence and uniqueness results of entropy solutions when the associatedvariational energy has a growth at in�nity of order p with p > 1 are proved (see also [4], [11]).In [2], the authors consider the equationut = div� DujDuj� (1.5)in an open bounded Lipschitz domain with Neumann boundary conditions, proving existence anduniqueness of entropy (or renormalized) solutions (called weak solutions in [2]). Let us recall thatthis PDE appears when one uses the steepest descent method to minimize the Total Variation,a method introduced by L. Rudin and S. Osher [24], [25] in the context of image denoising andreconstruction. The main point being that, in the case of Neumann boundary conditions, thisequation generates a nonlinear contraction semigroup in L1(
) which is homogeneous of degree0, a fact related to the regularity in time of the solutions on (1.5). Indeed, the homogeneityof the operator permits to conclude that ut(t) 2 L1(
) a.e. for t > 0. This was used to proveuniqueness of solutions of (1.5) in case of Neumann boundary conditions. This property is loosedwhen we consider the case of Dirichlet boundary conditions. Thus, a di�erent approach is neededand we believe it to be helpful with a view to the general case of energy functionals with lineargrowth in jDuj. A result about existence and uniqueness of solutions (named pseudosolutions)for the Dirichlet problem in the case of energy functionals with linear growth in jDuj, concretelyfor the Dirichlet problem for the time-dependent minimal surface equation, is studied in [22].The aim of this paper is to introduce a new concept of solution of the problem (1.4), forwhich existence and uniqueness for initial data in L1(
) is proved.The paper is organized as follows: in Section 2 the results we need about functions of boundedvariation are summarized. In the next section we give the de�nition of entropy solution andwe state the main result. In section 4 and 5 we study the problem from the point of view ofnonlinear semigroup theory, showing that for initial data in L2(
), the semigroup solution isa strong solution. Next section is devoted to prove the existence and uniqueness of entropy5



solutions. Finally, in the last section we obtain that the time derivative of the entropy solutionis an L1loc function when the initial data are nonnegative.2 De�nitions and preliminar factsTo make precise our notion of solution let us recall several facts concerning functions of boundedvariation.A function u 2 L1(
) whose partial derivatives in the sense of distributions are measureswith �nite total variation in 
 is called a function of bounded variation. The class of suchfunctions will be denoted by BV (
). Thus u 2 BV (
) if and only if there are Radon measures�1; : : : ; �N de�ned in 
 with �nite total mass in 
 andZ
 uDi'dx = � Z
 'd�i (2.1)for all ' 2 C10 (
), i = 1; : : : ; N . Thus the gradient of u is a vector valued measure with �nitetotal variationk Du k= supfZ
 u div ' dx : ' 2 C10 (
; IRn); j'(x)j � 1 for x 2 
g: (2.2)The space BV (
) is endowed with the normk u kBV=k u kL1(
) + k Du k : (2.3)For further information concerning functions of bounded variation we refer to [1], [17] and [28].We shall need several results from [5]. Following [5], letX(
) = fz 2 L1(
; IRn) : div(z) 2 L1(
)g: (2.4)If z 2 X(
) and w 2 BV (
) \ L1(
) we de�ne the functional (z;Dw) : C10 (
) ! IR by theformula < (z;Dw); ' >= � Z
w'div(z) dx � Z
w z � r'dx: (2.5)Then (z;Dw) is a Radon measure in 
,Z
(z;Dw) = Z
 z � rw dx (2.6)for all w 2W 1;1(
) \ L1(
) and���� ZB(z;Dw)���� � ZB j(z;Dw)j � kzk1 ZB kDwk (2.7)for any Borel set B � 
. Moreover, (z;Dw) is absolutely continuous with respect to kDwk withRadon-Nikodym derivative �(z;Dw; x) which is a kDwk measurable function from 
 to IR suchthat ZB(z;Dw) = ZB �(z;Dw; x)kDwk (2.8)6



for any Borel set B � 
. We also have thatk�(z;Dw; :)kL1(
;kDwk) � kzkL1(
;IRN ): (2.9)In [5], a weak trace on @
 of the normal component of z 2 X(
) is de�ned. Concretely, itis proved that there exists a linear operator 
 : X(
)! L1(@
) such thatk
(z)k1 � kzk1
(z)(x) = z(x) � �(x) for all x 2 @
 if z 2 C1(
; IRN ):We shall denote 
(z)(x) by [z; �](x). Moreover, the following Green's formula, relating thefunction [z; �] and the measure (z;Dw), for z 2 X(
) and w 2 BV (
)\L1(
), is established:Z
w div(z) dx+ Z
(z;Dw) = Z@
[z; �]w dHN�1: (2.10)We also need to introduce, as in [5], a weak trace on @
 of the normal component of certainvector �elds in 
. We de�ne the spaceZ(
) := f(z; �) 2 L1(
; IRN )�BV (
)� : div(z) = � in D0(
)g:We denote R(
) :=W 1;1(
) \ L1(
) \ C(
). For (z; �) 2 Z(
) and w 2 R(
) we de�neh(z; �); wi@
 := h�; wiBV (
)�;BV (
) + Z
 z � rw:Then, working as in the proof of Theorem 1.1. of [5], we obtain that if w; v 2 R(
) and w = von @
 one has h(z; �); wi@
 = h(z; �); vi@
 8 (z; �) 2 Z(
): (2.11)As a consequence of (2.11), we can give the following de�nition: Given u 2 BV (
) \ L1(
)and (z; �) 2 Z(
), we de�ne h(z; �); ui@
 by settingh(z; �); ui@
 := h(z; �); wi@
where w is any function in R(
) such that w = u on @
. Again, working as in the proof ofTheorem 1.1. of [5], we can prove that for every (z; �) 2 Z(
) there exists Mz;� > 0 such thatjh(z; �); ui@
j �Mz;�kukL1(@
) 8 u 2 BV (
) \ L1(
): (2.12)Now, taking a �xed (z; �) 2 Z(
), we consider the linear functional F : L1(@
)! IR de�nedby F (v) := h(z; �); wi@
where v 2 L1(@
) and w 2 BV (
) \ L1(
) is such that wj@
 = v. By estimate (2.12), thereexists 
z;� 2 L1(@
) such that F (v) = Z@
 
z;�(x)v(x) dHN�1:Consequently there exists a linear operator 
 : Z(
)! L1(@
), with 
(z; �) := 
z;�, satisfyingh(z; �); wi@
 = Z@
 
z;�(x)w(x) dHN�1 8 w 2 BV (
) \ L1(
):7



In case z 2 C1(
; IRN ), we have 
z(x) = z(x) � �(x) for all x 2 @
. Hence, the function 
z;�(x)is the weak trace of the normal component of (z; �). For simplicity of the notation, we shalldenote 
z;�(x) by [z; �](x).We need to consider the space BV (
)2, de�ned as BV (
) \ L2(
) endowed with the normkwkBV (
)2 := kwkL2(
) + kDuk:It easy to see that L2(
) � BV (
)�2 andkwkBV (
)�2 � kwkL2(
) 8 w 2 L2(
): (2.13)Now, it is well known (see for instance [26]) that the dual space (L1(0; T ;BV (
)2))� isisometric to the space L1(0; T ;BV (
)�2; BV (
)2) of all weakly� measurable functions f :[0; T ] ! BV (
)�2, such that v(f) 2 L1([0; T ]), where v(f) denotes the supremum of theset fjhw; fij : kwkBV (
)2 � 1g in the vector lattice of measurable real functions. Moreover, thedual paring of the isometric is de�ned byhw; fi = Z T0 hw(t); f(t)i dt;for w 2 L1(0; T ;BV (
)2) and f 2 L1(0; T ;BV (
)�2; BV (
)2).By L1w(0; T;BV (
)) we denote the space of weakly measurable functions w : [0; T ]! BV (
)(i.e., t 2 [0; T ] !< w(t); � > is measurable for every � 2 BV (
)�) such that Z T0 kw(t)k < 1.Observe that, since BV (
) has a separable predual (see [1]), it follows easily that the mapt 2 [0; T ]! kw(t)k is measurable.To make precise our notion of solution we need the following de�nitions.De�nition 1 Let 	 2 L1(0; T;BV (
)). We say 	 admits a weak derivative in L1w(0; T;BV (
))\L1(QT ) if there is a function � 2 L1w(0; T;BV (
)) \L1(QT ) such that 	(t) = Z t0 �(s)ds, theintegral being taken as a Pettis integral.De�nition 2 Let � 2 (L1(0; T;BV (
)2)�. We say that � is the time derivative in the space(L1(0; T;BV (
)2)� of a function u 2 L1((0; T ) � 
) ifZ T0 < �(t);	(t) > dt = � Z T0 Z
 u(t; x)�(t; x)dxdtfor all test functions 	 2 L1(0; T;BV (
)) which admit a weak derivative � 2 L1w(0; T;BV (
))\L1(QT ) and have compact support in time.Observe that if w 2 L1(0; T;BV (
)) \ L1(QT ) and z 2 L1(QT ; IRN ) is such that thereexists � 2 (L1(0; T;BV (
))� with div(z) = � in D0(QT ), we can de�ne, associated to the pair(z; �), the distribution (z;Dw) in QT byh(z;Dw); �i := � Z T0 h�(t); w(t)�(t)i � Z T0 Z
 z(t; x)w(t; x)rx�(t; x): (2.14)for all � 2 D(QT ). 8



De�nition 3 Let � 2 (L1(0; T;BV (
)2)�, z 2 L1(QT ; IRN ). We say that � = div(z) in(L1(0; T;BV (
)2)� if (z;Dw) is a Radon measure in QT with normal boundary values [z; �] 2L1((0; T ) � @
), such thatZQT (z;Dw) + Z T0 < �(t); w(t) > dt = Z T0 Z@
[z(t; x); �]w(t; x)dHN�1dt;for all w 2 L1(0; T;BV (
)) \ L1(QT ).We shall denote by sign0(r) := 8<: 1 if r > 00 if r = 0�1 if r < 0and by sign(r) := 8<: 1 if r > 0a 2 [�1; 1] if r = 0�1 if r < 0:Let Tk(r) = [k� (k� jrj)+]sign0(r), k � 0, r 2 IR. We consider the set T = fTk; T+k ; T�k : k >0g. We need to consider a more general set of truncature functions, concretely, the set P of allnondecreasing continuous fuctions p : IR ! IR, such that there exists p0 except a �nite set andsupp(p0) is compact. Obviously, T � P3 The main resultIn this section we give the concept of solution for the Dirichlet problem (1.4) and we state theexistence and uniqueness result for this type of solutions.De�nition 4 A measurable function u : (0; T ) � 
 ! IR is an entropy solution of (1.4) inQT = (0; T ) � 
 if u 2 C([0; T ];L1(
)), p(u(�)) 2 L1w(0; T;BV (
)) 8 p 2 T and thereexist (z(t); �(t)) 2 Z(
) with kz(t)k1 � 1, and � 2 (L1(0; T;BV (
)2)� such that � is thetime derivative of u in (L1(0; T;BV (
)2)�, � = div(z) in (L1(0; T;BV (
))� and [z(t); �] 2sign(p(')� p(u(t))) a.e. in t 2 [0; T ], satisfying� Z T0 Z
 j(u(t)� l)�t + Z T0 Z
 �(t)kDp(u(t) � l)k+ z(t) �D�(t)p(u(t) � l) �� Z T0 Z@
[z(t); �]�(t)p(u(t) � l);for all l 2 IR, for all � 2 C1(QT ), with � � 0, �(t; x) = �(t) (x), being � 2 D(]0; T [), 2 C1(
), and p 2 T , where j(r) = Z r0 p(s) ds.Our main result is:Theorem 1 Let u0 2 L1(
), and ' 2 L1(@
). Then there exists a unique entropy solution of(1.4) in (0; T ) � 
 for every T > 0 such that u(0) = u0. Moreover, if u(t); û(t) are the entropysolutions corresponding to initial data u0; û0, respectively, thenk(u(t)� û(t))+k1 � k(u0 � û0)+k1 and ku(t)� û(t)k1 � ku0 � û0k1 (3.1)for all t � 0. 9



4 The Semigroup SolutionTo prove Theorem 1 we shall use the techniques of completely accretive operators and theCrandall-Liggett's semigroup generation Theorem ([14]). Let us recall the notion of completelyaccretive operator introduced in [9]. Let M (
) be the space of measurable functions in 
.Given u; v 2M(
), we shall writeu� v if and only if Z
 j(u)dx � Z
 j(v)dx (4.1)for all j 2 J0 where J0 = fj : IR! [0;1]; convex; l:s:c:; j(0) = 0g (4.2)(l.s.c. is an abbreviation for lower semicontinuous function). Let A be an operator (possiblymultivalued) in M(
), i.e., A �M(
)�M(
). We shall say that A is completely accretive ifu� û� u� û+ �(v � v̂) for all � > 0 and all (u; v); (û; v̂) 2 A: (4.3)Let P0 = fp 2 C1(IR) : 0 � p0 � 1; supp(p0) is compact and 0 62 supp(p)g:If A � L1(
)� L1(
), then A is completely accretive if and only ifZ
 p(u� û)(v � v̂) � 0 for any p 2 P0, (u; v); (û; v̂) 2 A: (4.4)A completely accretive operator in L1(
) is said to be m-completely accretive if R(I + �A) =L1(
) for any � > 0. In that case, by Crandall-Ligget's Theorem, A generates a contractionsemigroup in L1(
) given by the exponential formulae�tAu0 = limn!1(I + tnA)�nu0 for any u0 2 L1(
).Let us write u(t) = e�tAu0. Then u 2 C([0; T ]; L1(
)), for any T > 0, and is a mild solution (asolution in the sense of semigroups [10]) ofdudt +Au 3 0; (4.5)such that u(0) = u0.We shall use a stronger notion of solution of (4.5). We say that v 2 C([0; T ]; L1(
)) is astrong solution of (4.5) on [0; T ] if v 2 W 1;1loc ((0; T ); L1(
)) and v0(t) + Av(t) 3 0 for almost allt 2 (0; T ). If u0 2 D(A) = f�u 2 L1(
) : (�u; �v) 2 A; for some �v 2 L1(
)g (the domain of A)and A is m-completely accretive, then u 2 W 1;1loc ((0; T ); L1(
)) and u(t) is a strong solution of(4.5) on (0; T ), for all T > 0.To prove Theorem 1 we shall associate a completely accretive operator A' to the formaldi�erential expression �div( DujDuj) together with the Dirichlet boundary condition.Let us introduce the following operator A' in L1(
).10



(u; v) 2 A' if and only if u; v 2 L1(
), p(u) 2 BV (
) for all p 2 Pand there exists z 2 X(
) with kzk1 � 1, v = �div(z) in D0(
) such thatZ
(w � p(u))v � Z
 z � rw � kDp(u)k + Z@
 jw � p(')j � Z@
 jp(u)� p(')j;8w 2W 1;1(
) \ L1(
) and 8p 2 P.Theorem 2 Let ' 2 L1(@
). The operator A' is m-completely accretive in L1(
) with densedomain.To prove this Theorem, we need �rst to consider the following operator, which is related withthe p-Laplacian operator with Dirichlet boundary condition. For p > 1, let ' 2 W 1�1=p;p(@
),and W 1;p' (
) := fu 2W 1;p(
) : uj@
 = ' HN�1 � a:e: on @
g:We de�ne the operator A';p in L1(
) as:(u; v) 2 A';p if and only if u 2W 1;p' (
) \ L1(
), v 2 L1(
) andZ
(w � u)v � Z
 jrujp�2ru � r(w � u)for every w 2W 1;p' (
) \ L1(
).Proposition 1 Let ' 2 L1(@
)\W 1�1=p;p(@
). The operator A';p is completely accretive andL1(
) � R(I +A';p).Proof. Let p 2 P0 and (u; v); (û; v̂) 2 A';p. Since (u; v);2 A';p, taking w = u� p(u� û) as testfunction in the de�nition of the operator A';p we getZ
 p(u� û)v � Z
 jrujp�2ru � rp(u� û):Similarly, since (û; v̂);2 A';p, taking w = û + p(u � û) as test function in the de�nition of theoperator A';p we get Z
 p(u� û)v̂ � Z
 jrûjp�2rû � rp(u� û):Hence Z
(v � v̂)p(u� û) � Z
 (jrujp�2ru� jrûjp�2rû) � rp(u� û) � 0:Therefore, A';p is completely accretive.Let see now that L1(
) � R(I +A';p). Let v 2 L1(
), we need to prove that there existsu 2W 1;p' (
) \ L1(
) such that (u; v � u) 2 A';p, i.e.,Z
(w � u)(v � u) � Z
 jrujp�2ru � r(w � u) 8 w 2W 1;p' (
) \ L1(
): (4.6)11



For n 2 IN , let 
n(s) := Tn(s)+ 1n jsjp�2s, and consider the operators An : W 1;p' (
)! (W 1;p(
))�,de�ned by hAnu;wi := Z
 jrujp�2ru � rw + Z
 
n(u)w:It is easy to see that An is monotone, coercive and continuous on �nite dimensional subspaces.Then, by classical results (see for instance [20]), given v there exists un 2W 1;p' (
), such thathAnun; un � wi � Z
 v(un � w) 8 w 2W 1;p' (
):That is Z
(w � un)(v � 
n(un)) � Z
 jrunjp�2run � r(w � un) 8 w 2W 1;p' (
): (4.7)Let k > 0 be such that k'k1 � k. If we take w = Tk(un) in (4.7), we getZ
(Tk(un)� un)(v � 
n(un)) � Z
 jrunjp�2run � r(Tk(un)� un):Hence, if An(k) := fx 2 
 : jun(x)j > kg;we have thatZ
 jr(un � Tk(un))jp = ZAn(k) jrunjp�2run � run = Z
 jrunjp�2run � r(un � Tk(un)) �� Z
 v(un � Tk(un))� Z
 
n(un)(un � Tk(un)) � Z
 v(un � Tk(un)):Now, by Young's inequalityZ
 v(un � Tk(un)) � C�kvkp01�N (An(k)) + �C Z
 jun � Tk(un)jp:From here, since un � Tk(un) 2W 1;p0 (
), using the Poincar�e's inequality, we obtain thatkun � Tk(un)k1;p � R�N (An(k))1=p;from where it follows, applying the classical Stampacchia methods (see for instance, AppendixB in [20]), that there exists a constant M1 =M1(kvk1; k'k1), such thatkunk1 �M1 8 n 2 IN: (4.8)On the other hand, taking w0 as test function in (4.7), and applying Young's inequality, weobtain Z
 jrunjp � Z
 jrunjp�2run � rw0 + Z
 v(un � w0) + Z
 
n(un))(w0 � un) �� �C Z
 jrunjp + C� Z
 jrw0jp + Z
 vun + Z
w0(
n(un)� v):12



From this follows that there exists a constant M2 =M2(�N (
); kvk1; k'k1; kw0k1;p), such thatZ
 jrunjp �M2 8 n 2 IN: (4.9)As a consequence of (4.8) and (4.9), fungn2IN is bounded in W 1;p(
). Hence there exists asubsequence, still denoted un, such that un ! u 2 W 1;p(
) weakly in W 1;p(
). Moreover,by the Rellich-Kondrachov Theorem, un ! u in Lp(
), and by Theorem 3.4.5 in [23], un ! uin Lp(@
). After passing to a suitable subsequence, we can assume that un ! u a.e. in 
.So, by (4.8), kuk1 �M1. Therefore we have that u 2W 1;p' (
) \ L1(
).Proceeding as in the proof of step 3 of Theorem 2.1 in [3], we obtain thatjrunjp�2run ! jrujp�2ru in measure; and a:e:Now, by (4.9), we have that fjrunjp�2rungn2IN is bounded in (Lp0(
))N . Hencejrunjp�2run ! jrujp�2ru weakly in (Lp0(
))N : (4.10)Given w 2W 1;p' (
) \ L1(
), by (4.10), we getZ
 jrunjp�2run � rw ! Z
 jrujp�2ru � rw; (4.11)and by Fatou's Lemma, we haveZ
 jrujp�2ru � ru � lim infn!1 Z
 jrunjp�2run � run: (4.12)On the other hand, since un ! u in Lp(
) we havelimn!1 Z
(w � un)(v � 
n(un)) = Z
(w � u)(v � u): (4.13)From (4.11), (4.12) and (4.13), passing to the limit in (4.7) we get (4.6), and the proof concludes.To prove Theorem 2, we need to give the following characterization of the operator A'.Proposition 2 The following assertions are equivalent:(a) (u; v) 2 A'(b) u; v 2 L1(
), p(u) 2 BV (
) for all p 2 P, and there exists z 2 X(
), with kzk1 � 1,v = �div(z) in D0(
) such thatZ
(w � p(u))v � Z
(z;Dw)� kDp(u)k + Z@
 jw � p('))j � Z@
 jp(u)� p(')j (4.14)for every w 2 BV (
) \ L1(
) and p 2 P.(c) u; v 2 L1(
), p(u) 2 BV (
) for all p 2 P, and there exists z 2 X(
), with kzk1 � 1,v = �div(z) in D0(
) such thatZ
(w � p(u))v � Z
(z;Dw) � kDp(u)k � Z@
[z; �](w � p(')) � Z@
 jp(u)� p(')j (4.15)13



for every w 2 BV (
) \ L1(
) and p 2 P.(d) u; v 2 L1(
), p(u) 2 BV (
) for all p 2 P, and there exists z 2 X(
), with kzk1 � 1,v = �div(z) in D0(
) such thatZ
(z;Dp(u)) = kDp(u)k 8 p 2 P (4.16)[z; �] 2 sign(p(') � p(u)) HN�1 � a:e: on @
; 8 p 2 P: (4.17)Proof. Let (u; v) 2 A'. Then, there exists z 2 X(
) with kzk1 � 1, v = �div(z) in D0(
),such thatZ
(w � p(u))v � Z
 z �Dw � kDp(u)k+ Z@
 jw � p(')j � Z@
 jp(u)� p(')j (4.18)for every w 2 W 1;1(
) \ L1(
) and every p 2 P. Let w 2 BV (
) \ L1(
), p 2 P. UsingLemmas 5.2 and 1.8 in [5] we know that there exists a sequence wn 2 W 1;1(
) \ L1(
) suchthat wn ! w in L1(
),Z
 jrwnj ! kDwk;Z
 z � rwn = Z
(z;Dwn)! Z
(z;Dw): (4.19)and wnj@
 = wj@
, kwnk1 � kwk1, 8 n 2 IN . Then taking wn as test function in (4.18) andletting n ! 1 we get that (4.18) holds for all w 2 BV (
) \ L1(
) and all p 2 P. Thus (a)and (b) are equivalent.Since � Z@
[z; �](w � p(')) � Z@
 jw � p(')j;to prove the equivalence between (b) and (c), it is enough to show that if (u; v) 2 A', then (4.15)is satis�ed. In fact: Since (u; v) 2 A', there exists z 2 X(
) with kzk1 � 1, v = �div(z) inD0(
), such thatZ
(w � p(u))v � Z
(z;Dw) � kDp(u)k+ Z@
 jw � p(')j � Z@
 jp(u)� p(')j (4.20)for every w 2 BV (
) \ L1(
) and every p 2 P. Now, given w 2 BV (
) \ L1(
) and p 2 P,by Lemma 5.2. and 5.5. of [5], there exists wn 2W 1;1(
)\L1(
), such that wn ! w in L1(
),wnj@
 = p(') and kwnk1 � kwk1 + kp(')k1, 8 n 2 IN . Then taking wn as test function in(4.18) and using Green's formula, we getZ
(wn � p(u))v � Z
(z;Dwn)� kDp(u)k � Z@
 jp(u)� p(')j == � Z
 div(z)wn + Z@
[z; �]p(') � kDp(u)k � Z@
 jp(u)� p(')j:14



Letting n!1, it follows thatZ
(w � p(u))v � � Z
 div(z)w + Z@
[z; �]p(') � kDp(u)k � Z@
 jp(u)� p(')j:Therefore, applying again Green's formula, we obtain (4.15).Suppose now that (b), or, equivalently, (c) is satis�ed. Taking w = p(u) in (4.18) we obtain0 � Z
(z;Dp(u)) � kDp(u)k:Thus, Z
(z;Dp(u)) � kzk1kDp(u)k � kDp(u)k � Z
(z;Dp(u));and (4.16) holds. Let us prove (4.17). Since p(') 2 L1(@
), by Lemma 5.5 in [5], there existwn 2W 1;1(
) \ L1(
) satisfying:wnj@
 = p(') 8 n 2 IN;Z
 jrwnj � Z@
 jp(')j + 1n 8 n 2 IN;kwnk1 � 1n; kwnk1 � kp(')k1 8 n 2 IN:Taking w = wn in (4.18) and using Green's formula (2.10), we getZ
(wn � p(u))v � � Z
 div(z)wn + Z@
[z; �]p(') � kDp(u)k � Z@
 jp(u)� p(')j: (4.21)Then, letting n!1 in (4.21), we obtain� Z
 p(u)v � Z@
[z; �]p(') � kDp(u)k � Z@
 jp(u)� p(')j:Now, by (4.16), and applying Green's formula, we have thatkDp(u)k = Z
(z;Dp(u)) = Z
 vp(u) + Z@
[z; �]p(u):Hence, 0 � Z@
 �[z; �](p(')� p(u))� jp(u)� p(')j�:Since [z; �](p(')� p(u))� jp(u)� p(')j � 0;we have that [z; �](p(')� p(u)) = jp(u)� p(')j HN�1 � a:e: on @
;and we obtain (4.17). Finally, to prove that (d) implies (c), we only need to apply Green'sformula. 15



Remark 1 (1) As a consequence of the proof of the above proposition we can put equality inthe de�nition of the operator, that is, the following characterization of the operator A' holds.(u; v) 2 A' if and only if u; v 2 L1(
), p(u) 2 BV (
) for all p 2 Pand there exists z 2 X(
) with kzk1 � 1, v = �div(z) in D0(
) such thatZ
(w � p(u))v = Z
(z;Dw) � kDp(u)k+ Z@
 jw � p(')j � Z@
 jp(u)� p(')j;8w 2 BV (
) \ L1(
) and 8p 2 P.(2) As a consequence of the above proposition, if (u; v) 2 A', we have that �(z;DTk(u); x) = 1a.e. with respect to the measure kDTk(u)k. In case that z 2 C(
; IRN ), this implies thatz(x) � DTk(u)kDTk(u)k = 1; kDTk(u)k-a.e.where DTk(u)kDTk(u)k denotes the density of DTk(u) with respect to kDTk(u)k. Heuristically, thisamounts to say that z = DukDuk . When z is not continuous we have thatz(x) � DTk(u)kDTk(u)k = 1; krTk(u)k-a.e.where krTk(u)k denotes the absolutely continuous part of kDTk(u)k with respect to the Lebesguemeasure in IRN ([5]). In particular, if u 2W 1;1(
) \ L1(
) we have thatz(x) � rukruk = 1; kruk-a.e.(3) Observe that by (d) in the above proposition, if u 2 L1(
), then the truncatures areredundant in the de�nition of A'.To prove the following result, we need to introduce the functional � : L1(
) ! (�1;+1]de�ned by �(u) = 8><>: kDuk+ Z@
 ju� 'j if u 2 BV (
)+1 if u 2 L1(
) n BV (
) (4.22)The functional � is convex and lower semicontinuous in L1(
) (see [6] or [27]).Proposition 3 Let ' 2 L1(@
). Then L1(
) � R(I +A') and D(A') is dense in L1(
).Proof. Suppose �rst that ' 2 W 1=2;2(@
) \ L1(@
). Let v 2 L1(
). We shall �nd u 2BV (
) \ L1(
) such that (u; v � u) 2 A', i.e., there is z 2 X(
) with kzk1 � 1 such thatv � u = �div(z) andZ
(w � u)(v � u) � Z
 z � rwdx� kDuk+ Z@
 jw � 'j � Z@
 ju� 'j (4.23)for every w 2W 1;1(
) \ L1(
). 16



Since ' 2 W 1�1=p;p(@
) for all p > 1, by Proposition 1, we know that for any 1 < p � 2 thereis up 2W 1;p' (
) \ L1(
) such that (up; v � up) 2 A';p. HenceZ
(w � up)(v � up) � Z
 jrupjp�2rup � r(w � up); (4.24)for every w 2W 1;p' (
) \ L1(
).Let M := supfk'k1; kvk1g. Then, taking w = up � (up �M)+ as test function in (4.24),we obtain Z
(up �M)+(up � v) � 0:Hence, Zfup>Mg(up �M)2 � Zfup>Mg(up �M)(up � v) = Z
(up �M)+(up � v) � 0:Consequently, up �M a.e. in 
. Analogously, taking w = up+ (up+M)� as test function, weget �M � up a.e. in 
. Therefore,kupk1 �M for all 1 < p � 2: (4.25)Taking w = w0 2W 1;p' (
) \ L1(
) in (4.24) and applying Young's inequality we obtainZ
 jrupjp � Z
 jrupjp�2rup � rw0 � Z
(w0 � up)(v � up) �� � Z
 jrupjp + C� Z
 jrw0jp + C(kvk1; kw0k1):Thus Z
 jrupjp �M1 8 1 < p � 2 (4.26)where M1 depends on kvk1, kw0k1 and kw0k1;2. Using H�older's inequality we also have thatZ
 jrupj �M2 81 < p � 2 (4.27)where M2 does not depend on p. Thus, fupgp>1 is bounded in W 1;1(
) and we may extracta subsequence such that up converges in L1(
) and almost everywhere to some u 2 L1(
) asp! 1+. Now, by (4.25) and (4.27), we have that u 2 BV (
) \ L1(
).Let us prove that fjrupjp�2rupgp>1 is weakly relatively compact in L1(
; IRN ). For that,using (4.26), we observe thatZ
 jrupjp�1 � �Z
 jrupjp�p�1p �N (
) 1p �M3;where M3 does not depend on p. On the other hand, for any measurable subset E � 
 suchthat �N (E) < 1, we have���ZE jrupjp�2rup��� � ZE jrupjp�1 �M p�1p1 �N (E) 1p �M4�N (E) 12 :17



Thus, fjrupjp�2rupgp>1, being bounded and equiintegrable in L1(
; IRN ), is weakly relativelycompact in L1(
; IRN ). We may assume thatjrupjp�2rup * z as p! 1+, weakly in L1(
; IRN ): (4.28)Given  2 C10 (
), taking w = up �  in (4.24) and letting p! 1+, we obtainZ
(v � u) = Z
 z � r ;that is, v � u = �div(z) in D0(
). Moreover, the same technique that we use in the proof ofLemma 1 in [2], shows that kzk1 � 1.For every w 2W 1;2' (
) \ L1(
), by (4.24) and Young's inequality, we getZ
 jrupj+ Z@
 jup � 'j � p� 1p �N (
)� 1p Z
(w � up)(v � up) + 1p Z
 jrupjp�2rup � rw:Then, using the lower semicontinuity of the functional � de�ned by (4.22), letting p ! 1+, weobtain kDuk+ Z@
 ju� 'j � � Z
(w � u)(v � u) + Z
 z � rw; (4.29)for every w 2W 1;2' (
) \ L1(
).Now, to prove (4.23), we assume �rst that there exists w0 2 W 1;2(
) \ L1(
), such that' = w0j@
 (i.e., ' is the trace of w0). Let w 2W 1;1(
)\L1(
) and let wn 2W 1;2' (
)\L1(
)be such that wn ! w in L1(
) as n ! 1 and kwnk1 � kwk1. Using wn as test function in(4.29) and applying Green's formula (2.10), we may writeZ
(wn � u)(v � u) � Z
 z � rwn � kDuk � Z@
 ju� 'j == � Z
 div(z)wn + Z@
[z; �]'� kDuk � Z@
 ju� 'j:From here, letting n!1 and applying again the Green's formula, we getZ
(w � u)(v � u) � � Z
 div(z)w + Z@
[z; �]'� kDuk � Z@
 ju� 'j == Z
 z � rw � Z@
[z; �]w + Z@
[z; �]' � kDuk � Z@
 ju� 'j �� Z
 z � rw � kDuk+ Z@
 jw � 'j � Z@
 ju� 'j;and the proof of (4.23), in this particular case, concludes.Suppose now we are in the general case, that is, ' 2 L1(@
). Take vn 2 W 1;2(
) \ L1(
),such that 'n := vnj@
 ! ' in L1(@
). From the above, there exists un 2 BV (
) \ L1(
), andzn 2 X(
) with kznk1 � 1 such that v � un = �div(zn) andZ
(w � un)(v � un) � Z
 zn � rwdx� kDunk+ Z@
 jw � 'nj � Z@
 jun � 'nj (4.30)18



for every w 2 W 1;1(
) \ L1(
). Moreover, by (4.25), we have kunk1 � maxfkvk1; k'nk1g.We can assume that zn ! z weakly� in L1(
). Now, taking w = 0 in (4.30), we get� Z
 unv + Z
(un)2 + kDunk+ Z@
 jun � 'nj � Z@
 j'nj:Hence kunk22 + kDunk � Z
 unv + Z@
 j'nj � 12kunk22 + 12kvk22 + Z@
 j'nj:Thus, fung is a bounded sequence in BV (
)\L2(
). Then, since BV (
) is compactly embeddedin L1(
) (see [28] or [17]), there is a subsequence, still denoted by fung, such that un ! u inL1(
). Finally, taking limits in (4.30), we obtain that (u; v � u) 2 A'.To prove the density of D(A') in L1(
), we prove that C10 (
) � D(A')L1(
). Let v 2C10 (
). By the above, v 2 R(I + 1nA') for all n 2 IN . Thus, for each n 2 IN there existsun 2 D(A') such that (un; n(v � un)) 2 A' and, therefore there exists some zn 2 X(
) withkznk1 � 1, n(v � un) = �div(zn) in D0(
) such thatZ
(w � Tk(un))n(v � un) � Z
 zn � rw � kDTk(un)k+ Z@
 jw � Tk(')j � Z@
 jTk(un)� Tk(')jfor every w 2W 1;1(
) \ L1(
). Taking w = Tk(v) and applying Fatou's lemma we have thatZ
(v � un)2 � 1n�Z
 jrvj+ Z@
 j'j�:Letting n!1, it follows that un ! v in L2(
). Therefore v 2 D(A')L1(
).Proof of Theorem 2. Let (u; v); (û; v̂) 2A', p 2 P0. We have to prove thatZ
 p(u� û)(v � v̂) � 0: (4.31)Let z; ẑ 2 X(
), kzk1 � 1; kẑk1 � 1, be such that v = �div(z), v̂ = �div(ẑ) andZ
(w � Tk(u))v � Z
(z;Dw) � kDTk(u)k � Z@
[z; �](w � Tk(')) � Z@
 jTk(u)� Tk(')j; (4.32)Z
(w � Tk(û))v̂ � Z
(ẑ; Dw)� kDTk(û)k � Z@
[ẑ; �](w � Tk(')) � Z@
 jTk(û)� Tk(')j; (4.33)for any w 2 BV (
)\L1(
) and any k > 0. As observed in the previous remark, �(z;DTk(u); x) =1 kDTk(u)k � a:e:, and, using Corollary 1.6 in [5], we obtain thatZB(z;DTk(u)) = ZB �(z;DTk(u); x)kDTk(u)k = ZB kDTk(u)k;���ZB(ẑ; DTk(u))��� � ZB kDTk(u)kfor any Borel set B � 
. Similarly,ZB(ẑ; DTk(û)) = ZB kDTk(û)k;19



���ZB(z;DTk(û))��� � ZB kDTk(û)kfor any Borel set B � 
. It follows thatZB(z � ẑ; D(Tk(u)� Tk(û))) � 0for any Borel set B � 
. This implies that�(z � ẑ; D(Tk(u)� Tk(û)); x) � 0 kD(Tk(u)� Tk(û))k-a.e..Since, according to Proposition 2.8 in [5], we have that�(z � ẑ; Dp(Tk(u)� Tk(û)); x) = �(z � ẑ; D(Tk(u)� Tk(û)); x)a.e. with respect to the measures kD(Tk(u) � Tk(û))k and kDp(Tk(u) � Tk(û))k. We concludethat �(z � ẑ; Dp(Tk(u)� Tk(û)); x) � 0; kDp(Tk(u)� Tk(û))k-a.e. (4.34)Taking w = Tk(u) � p(Tk(u) � Tk(û)) in (4.32) and w = Tk(û) + p(Tk(u) � Tk(û)) in (4.33),adding both terms, and using (4.17) and (4.34), we obtainZ
 p(Tk(u)� Tk(û))(v̂ � v) � Z
(ẑ � z;Dp(Tk(u)� Tk(û)))++ Z@
([z; �]� [ẑ; �])p(Tk(u)�Tk(û)) = � Z
 �(z� ẑ; Dp(Tk(u)�Tk(û)); x)kDp(Tk(u)�Tk(û))k++ Z@
([z; �]� [ẑ; �])p(Tk(u)� Tk(û)) � 0:The inequality (4.31) follows by letting k !1. Therefore A' is completely accretive.In view of Proposition 3, to prove that A' satis�es the range condition, it is enough to provethat A' is closed. Let (un; vn) 2 A', such that (un; vn) ! (u; v) in L1(
) � L1(
). Let us seethat (u; v) 2 A'. Since (un; vn) 2 A', there exists zn 2 X(
), kznk1 � 1 with vn = �div(zn)in D0(
) such thatZ
(w � p(un))vn � Z
(zn;Dw)� kDp(un))k+ Z@
 jw � p(')j � Z@
 jp(un)� p(')j (4.35)for every w 2 BV (
) \ L1(
) and all p 2 P. Since kznk1 � 1 we may assume that zn * z inthe weak* topology of L1(
; IRN ) with kzk1 � 1. Moreover, since vn ! v in L1(
), we havev = �div(z) in D0(
), and limn!1 Z
(zn;Dw) = Z
(z;Dw):Now, letting n!1 in (4.35), and having in mind the lower semicontinuity of the functional �,de�ned in (4.22), we obtain thatZ
(w � p(u))v � Z
(z;Dw) � kDp(u)k+ Z@
 jw � p(')j � Z@
 jp(u)� p(')j:Consequently, (u; v) 2 A'. 20



5 Strong solutions for data in L2(
).In this section we are going to see that when the initial datum is in L2(
), then the semigroupsolution is a strong solution.Let fS(t)gt�0 be the contraction semigroup in L1(
) generated by the operator A' viathe Crandall-Liggett's exponential formula. Since A' is an m-completely accretive operator,S(t)(L2(
)) � L2(
). Let 	' : L2(
) !]�1;+1], the restriction to L2(
) of the functional� de�ned by (4.22), i.e.,	'(u) = 8><>: kDuk+ Z@
 ju� 'j if u 2 BV (
) \ L2(
)+1 if u 2 L2(
) nBV (
) \ L2(
) (5.1)Since the functional 	' is convex and lower semicontinuous in L2(
), we have that @	' is amaximal monotone operator in L2(
), and consequently (see [12]), if fT (t)gt�0 is the semigroupin L2(
) generated by @	', for every u0 2 L2(
), u(t) := T (t)u0 is a strong solution of theproblem 8>><>>: dudt + @	'u(t) 3 0u(0) = u0: (5.2)Recall that the operator @	' is de�ned by(u; v) 2 @	' if and only if u; v 2 L2(
); and	'(w) � 	'(u) + Z
(w � u)v; 8w 2 L2(
):Lemma 1 Let B' := A' \ (L2(
)� L2(
)). Then B' = @	'.Proof. Let (u; v) 2 B'. Then, u; v 2 L2(
), p(u) 2 BV (
) for all p 2 P and there existsz 2 X(
) with kzk1 � 1, v = �div(z) in D0(
) such thatZ
(w � p(u))v � Z
(z;Dw) � kDp(u)k+ Z@
 jw � p(')j � Z@
 jp(u)� p(')j;8w 2 BV (
) \ L1(
) and 8p 2 P. Letting p = Tk and k !1 we obtain thatZ
(w � u)v � Z
(z;Dw) � kDuk+ Z@
 jw � 'j � Z@
 ju� 'j;8w 2 BV (
) \ L1(
). To prove that (u; v) 2 @	', we have to prove thatZ
(w � u)v � kDwk � kDuk+ Z@
 jw � 'j � Z@
 ju� 'j (5.3)for every w 2 L2(
) \ BV (
). Now, given w 2 L2(
) \ BV (
), since (u; v) 2 B', by the �rstobservation of the Lemma, there exists z 2 X(
), with kzk1 � 1, v = �div(z) in D0(
) suchthat Z
(Tk(w)� u)v � Z
(z;DTk(w)) � kDuk+ Z@
 jTk(w)� 'j � Z@
 ju� 'j;21



for every k > 0. From this, it follows thatZ
(Tk(w)� u)v � kDTk(w)k � kDuk+ Z@
 jTk(w)� 'j � Z@
 ju� 'j: (5.4)Now, since limk!1 Tk(w) = w in L2(
),kDwk � lim infk!1 kDTk(w)k:Moreover, since kDTk(w)k � kwk, we also have thatlim supk!1 kDTk(w)k � kDwk:Thus limk!1kDTk(w)k = kDwk:Therefore, letting k !1 in (5.4), we obtain (5.3). We have proved that B' � @	'.By Proposition 3, we have that L1(
) � R(I + B'): Hence, @	' = B'L2(
). It follows that@	' = A' \ (L2(
)� L2(
)).Using this Lemma and having in mind Proposition 2, we have the following result.Theorem 3 Let ' 2 L1(@
). Given u0 2 L2(
), u(t) = S(t)u0 is a strong solution of(5.2). Moreover, u0(t) 2 L2(
), p(u(t)) 2 BV (
) for all p 2 P, and there exists z(t) 2 X(
),kz(t)k1 � 1 and u0(t) = div(z(t)) in D0(
) a.e. t 2 [0;+1[, satisfying� Z
(w � p(u(t)))u0(t) � Z
(z(t);Dw) � kDp(u(t))k�Z@
[z(t); �](w � p(')) � Z@
 jp(u(t))� p(')j (5.5)for every w 2 BV (
) \ L1(
) and p 2 P.Moreover, u(t) is also characterized as follows: there exists z(t) 2 X(
), kz(t)k1 � 1 andu0(t) = div(z(t)) in D0(
) a.e. t 2 [0;+1[, satisfyingZ
(z(t);Dp(u(t))) = kDp(u(t))k 8 p 2 P (5.6)[z(t); �] 2 sign(p(') � p(u(t))) HN�1 � a:e: on @
; 8 p 2 P: (5.7)Remark 2 Note that under the assumptions of Theorem 3, since u(t) 2 BV (
), applying thelower semicontinuity of 	', if we take p = Tk and take limits when k ! 1, we obtain that(5.5), (5.6) and (5.7) are true when p is the identity map.We have the following weak form of the maximum principle.22



Theorem 4 Let u1 and u2 be two strong solutions of8>><>>: duidt + @	'iui(t) 3 0ui(0) = ui;0; i = 1; 2; (5.8)where ui;0 2 L2(
) and 'i 2 L1(@
). Suppose that u1;0 � u2;0 and '1 � '2. Then we haveu1 � u2.Proof. By Theorem 3 and the above Remark, we have that ui(t); u0i(t) 2 L2(
), and there existzi(t) 2 X(
), kzi(t)k1 � 1 and u0i(t) = div(zi(t)) in D0(
), satisfying:Z
(zi(t);D(ui(t))) = kD(ui(t))k (5.9)[zi(t); �] 2 sign('i � ui(t)) HN�1 � a:e: on @
: (5.10)Since ddt (u2(t)�u1(t)) = div(z2(t)�z1(t)) in L2(
), multiplying by (u2(t)�u1(t))+, integrating,and using Green's formula, we get12 Z
 ddt [(u2(t)� u1(t))+]2 = Z
 div(z2(t)� z1(t))(u2(t)� u1(t))+ == � Z
 (z2(t)� z1(t);D((u2(t)� u1(t))+)) + Z@
[z2(t)� z1(t); �](u2(t)� u1(t))+: (5.11)Now, by (5.9) it follows that�(z2(t)� z1(t);D(u2(t)� u1(t)); x) � 0 kD(u2(t)� u1(t))k � a:e::According to Proposition 2.8 in [5], we have�(z2(t)� z1(t);D(u2(t)� u1(t)); x) = �(z2(t)� z1(t);D(u2(t)� u1(t))+; x)a.e. with respect to kD(u2(t)� u1(t))k and kD(u2(t)� u1(t))+k. Hence we can conclude that�(z2(t)� z1(t);D(u2(t)� u1(t))+; x) � 0; kD(u2(t)� u1(t))+k � a:e:Consequently, we haveZ
 (z2(t)� z1(t);D((u2(t)� u1(t))+) == Z
 �(z2(t)� z1(t);D(u2(t)� u1(t))+; x)kD(u2(t)� u1(t))+k � 0: (5.12)On the other hand, since '1 � '2, from (5.10), it is easy to see thatZ@
[z2(t)� z1(t); �](u2(t)� u1(t))+ � 0: (5.13)From (5.11), (5.12) and (5.13), we obtain that12 Z
 ddt [(u2(t)� u1(t))+]2 � 0:Hence the initial condition u1;0 � u2;0 gives u1 � u2, and the proof concludes.23



Proposition 4 Let 0 � u0 2 L2(
) and 0 � ' 2 L1(@
). Then, if u is the strong solution ofthe problem (5.1), we have u0(t) � u(t)t for t > 0:The opposite inequalty holds if u0,' � 0.Proof. We shall prove the Proposition only when u0; ' � 0, the other case being similar. First,let us see that for � > 0, we have��1u(�t) = e�tA��1'(��1u0): (5.14)By Crandall-Liggett's exponential formula, it is enough to prove that for all � > 0,(I + �A��1')�1(��1u0) = ��1(I + ��A')�1(u0): (5.15)In fact: v� := (I+�A��1')�1(��1u0) if and only if (v�; ��1u0 � v�� ) 2 A��1', which is equivalentto the existence of z� 2 X(
), such that�div(z�) = ��1u0 � v�� ;Z
(z�;Dv�) = kDv�k;[z�; �] 2 sign(��1'� v�):Then, we have �div(z�) = u0 � �v��� ;Z
(z�;D�v�) = kD�v�k;[z�; �] 2 sign('� �v�);which is equivalent to say that (�v�; u0 � �v��� ) 2 A', that is,v� = ��1(I + ��A')�1(��1u0); and (5.15) holds.Fix t > 0. For h > 0, if �t = t+ h, applying (5.14), we obtainu(t+ h)� u(t) = u(�t)� u(t) = (1� ��1)u(�t) + ��1u(�t)� u(t) == ht+ hu(t+ h) + e�tA��1'(��1u0)� u(t):Now, since ��1u0 � u0 and ��1' � ', by Theorem 4, we gete�tA��1'(��1u0) � u(t):Consequently, u(t+ h)� u(t) � ht+ hu(t+ h);and the result follows. 24



6 Existence and Uniqueness for data in L1(
)In this section we are going to prove Theorem 1.Proof of Theorem 1. Existence:Let u0 2 L1(
) and fS(t)gt�0 the contraction semigroup in L1(
) generated by A'. Weshall prove that u(t) := S(t)u0 is an entropy solution of problem (1.4). We divide the proof indi�erent steps.Step 1. Since D(A') \ L1(
) is dense in L1(
), given u0 2 L1(
) there exists a sequenceu0;n 2 D(A') \ L1(
) such that u0;n ! u0 in L1(
). Then, if un(t) := S(t)u0;n, we have thatun ! u in C([0; T ];L1(
)) for every T > 0. As a consequence of Theorem 3, un(t); u0n(t) 2L2(
), p(un(t)) 2 BV (
) for all p 2 P and there exists zn(t) 2 X(
), kzn(t)k1 � 1 andu0n(t) = div(zn(t)) in D0(
) a.e. t 2 [0;+1[, satisfying� Z
(w � p(un(t)))u0n(t) � Z
(zn(t);Dw) � kDp(un(t))k�� Z@
[zn(t); �](w � p('))� Z@
 jp(un(t))� p(')j (6.1)for every w 2 BV (
) \ L1(
) and p 2 P. MoreoverZ
(zn(t);Dp(un(t))) = kDp(un(t))k 8 p 2 P (6.2)and [zn(t); �] 2 sign(p(') � p(un(t))) HN�1 � a:e: on @
; 8 p 2 P: (6.3)Since k[zn(t); �]k1 � kzn(t)k1 � 1, we can suppose (up to extraction of a subsequence, ifnecessary) that [zn(�); �]! � �(L1(ST ); L1(ST )):Step 2. Convergence of the derivatives and identi�cation of the limit. Since the map t 7! u0n(t)is strongly measurable from [0; T ] into L2(
), and by (2.13),ku0n(t)kBV (
)�2 � ku0n(t)kL2(
);it follows that this map is strongly measurable from [0; T ] into BV (
)�2. Moreover, for everyw 2 BV (
)2, by Green's formula we haveZ
 u0n(t)w = Z
 div(zn(t))w = � Z
(zn(t);Dw) + Z@
[zn(t); �]w:Hence ���� Z
 u0n(t)w���� � kDwk+ Z@
 jwj �MkwkBV (
)2 8 n 2 IN:Thus, ku0n(t)kBV (
)�2 �M 8 n 2 IN and t 2 [0; T ]:25



Consequently, fu0ngn2IN is a bounded sequence in L1(0; T ;BV (
)�2). Since L1(0; T ;BV (
)�2)is a vector subspace of the dual space (L1(0; T ;BV (
)2))�, we can �nd a net fu0�g such thatu0� ! � 2 (L1(0; T ;BV (
)2))� weakly�: (6.4)Since kzn(t)k1 � 1 for all n 2 IN and a.e. t 2 [0; T ], we can suppose thatzn ! z 2 L1(QT ; IRN ) weakly�: (6.5)Given � 2 D(QT ), since � 2 L1(0; T ;BV (
)2), we haveh�; �i = lim� hu0�; �i = lim� Z T0 hu0�(t); �(t)i dt == lim� Z T0 Z
 u0�(t)�(t) dx dt = lim� Z T0 Z
 div(z�(t))�(t) dx dt == � lim� Z T0 Z
 z�(t) � r�(t) dx dt = � ZQT z � r� = hdivx(z); �i:Hence, � = divx(z) in D0(QT ): (6.6)On the other hand, if we take �(t; x) = �(t) (x) with � 2 D(]0; T [) and  2 D(
), the samecalculation as above shows that�(t) = divx(z(t)) in D0(
) a:e: t 2 [0; T ]: (6.7)Consequently, (z(t); �(t)) 2 Z(
) for almost all t 2 [0; T ], therefore we can consider [z(t); �]de�ned as in Section 2.Lemma 2 � is the time derivative of u in the sense of the De�nition 2.Proof. Let 	 2 L1(0; T;BV (
)) be the weak derivative of � 2 L1w(0; T;BV (
)) \ L1(QT ),i.e., 	(t) = Z t0 �(s)ds, the integral being taken as a Pettis integral. By (6.4) we have thatZ T0 < �(t);	(t) > dt = lim� Z T0 < u0�(t);	(t) > :Now, Z T0 < u0�(t);	(t) >= limh Z T0 Z
	(t)u�(t+ h)� u(t)h dxdt == limh Z T0 Z
 	(t� h)�	(t)h u�(t)dxdt = � limh Z T0 Z
 1h Z tt�h�(s)ds u�(t)dxdt == � Z T0 Z
�(t; x)u�(t; x)dxdt:Passing to the limit in � in the above expression, we obtainZ T0 < �(t);	(t) > dt = � Z T0 Z
�(t; x)u(t; x)dxds: (6.8)26



Step 3. Convergence of the energy. In this step we shall prove that for any p 2 P, we havelimn!1 Z T0 kDp(un(t))k + Z T0 Z@
 jp(un(t))� p(')j == Z T0 kDp(u(t))k + Z T0 Z@
 jp(u(t)) � p(')j: (6.9)Taking w = 0 in (6.1) we getkDp(un(t))k+ Z@
 jp(un(t))� p(')j � � Z
 p(un(t))u0n(t) + Z@
[zn(t); �]p('):If we denote Jp(r) := Z r0 p(s) ds, it follows thatZ T0 kDp(un(t))k+ Z T0 Z@
 jp(un(t))� p(')j � � Z T0 ddt Z
 Jp(un(t)) + Z T0 Z@
 jp(')j == Z
(Jp(u0;n)� Jp(un(T )) + Z T0 Z@
 jp(')j �Mp:Since the functional �p : L1(
)!]�1;+1], de�ned by�p(w) = 8><>: kDuk+ Z@
 ju� p(')j if w 2 BV (
)+1 if u 2 L1(
) n BV (
), (6.10)is lower semicontinuous in L1(
), we have�p(p(u(t)) � lim infn!1 �p(p(un(t)) = lim infn!1 �kDp(un(t))k + Z@
 jp(un(t))� p(')j�: (6.11)On the other hand, by the Fatou's Lemma, it follows thatZ T0 lim infn!1 �kDp(un(t))k+ Z@
 jp(un(t))� p(')j� �lim infn!1 Z T0 �kDp(un(t))k+ Z@
 jp(un(t))� p(')j� �Mp: (6.12)As a consequence of (6.11) and (6.12), we obtain that p(u(t)) 2 BV (
) for almost all t 2 [0; T ].Lemma 3 The map t 7! p(u(t)) from [0; T ] into BV (
) is weakly measurable.Proof. Let E := Cc(
)N+1 be and S : BV (
)! E� the map de�ned byS(w) := (w dx; @w@x1 ; � � � ; @w@xN ):Then, kwkBV (
) � kS(w)kE� � NkwkBV (
). If we denote by F the closure in E of the setf(�0; �1; � � � ; �N ) : �i 2 D(
); and �0 = div (�1; � � � ; �N )g;27



in [1] it is showed that S(BV (
)) is isomorphic to (EF )�, that is, G := EF is the predual of thespace BV (
). Now, if � = (�0; �1; � � � ; �N ) 2 D(
)N+1,hS(p(u(t)); �i = Z
 p(u(t))�0 � NXi=1 Z
 p(u(t)) @�@xi :Hence, the map t 7! hS(p(u(t)); �i is measurable. From here, aproximating the functions ofCc(
)N+1 by functions of D(
)N+1, we get that for every � 2 G, the function t 7! hS(p(u(t)); �iis measurable. Thus, since G is separable, it follows that the mapt 7! kp(u(t))kBV (
) = sup�2G; k�k�1hS(p(u(t)); �iis measurable.Given w 2 BV (
)�, let g(t) := hp(u(t)); wi. To see that g is measurable, consider w� 2 G,such that w� ! w respect to �(G��; G�) = �(BV (
)�; BV (
)). From the above, we know thatif g�(t) := hS(p(u(t)); w�i, g� is measurable, and g�(t)! g(t). Now, sincejg�(t)j � kp(u(t))kBV (
)kw�kBV (
)� � Rkp(u(t))kBV (
) = F (t) 2 L1(0; T );and the order interval [�F; F ] in L1(0; T ) is �(L1(0; T ); L1(0; T ))-relatively compact, thereexists a sequence g�n , such thatg�n ! g in �(L1(0; T ); L1(0; T )):Hence, g is measurable.From the above, if 0 � � 2 D(]0; T [), the map t 7! p(u(t))�(t), from [0; T ] into BV (
) isweakly measurable.Lemma 4 For any � > 0, we de�ne the function  � , as the Dunford integral (see [15]) � (t) := 1� Z tt�� �(s)p(u(s)) ds 2 BV (
)��;that is, h � (t); wi = 1� Z tt�� h�(s)p(u(s)); wi ds;for any w 2 BV (
)�. Then  � 2 C([0; T ];BV (
)). Moreover,  � (t) 2 L2(
), and, thus, � (t) 2 BV (
)2.Proof. Given � 2 D(
),jh � (t); �ij � 1� Z tt�� j�(s)jjhp(u(s)); �ij ds = 1� Z tt�� j�(s)j�Z
 jp(u(s))jj�j dx� ds � Ck�k1:Consequently,  � (t) is a �nite Radon measure in 
. Moreover, a similar calculation showsthat for every i = 1; 2; : : : ; N , @ � (t)@xi is also a �nite Radon measure in 
. Hence, we have � (t) 2 BV (
) (see, Exercise 3.2. in [1]), and the Dunford integral of the de�nition of  � (t) is28



a Pettis integral. Moreover, if an ! 0 (for simplicity suppose that an > 0), given w 2 BV (
)�with kwk � 1, we have jh � (t+ an)�  � (t); wij == ����1� Z t+ant+an�� �(s)hp(u(s)); wi ds� 1� Z tt�� �(s)hp(u(s)); wi ds���� �� ����1� Z t+ant �(s)hp(u(s)); wi ds� 1� Z t��+ant�� �(s)hp(u(s)); wi ds���� �� 1� Z t+ant j�(s)jkp(u(s))kBV (
) ds+ 1� Z t��+ant�� j�(s)jkp(u(s))kBV (
) ds:Since the function s 7! j�(s)jkp(u(s))kBV (
) is in L1([0; T ]),limn!1 k � (t+ an)�  � (t)kBV (
) = 0:Thus,  � 2 C([0; T ];BV (
)).Moreover,  � (t) 2 L2(
). In fact, given g 2 L1(
), with kgk2 � 1, since g 2 BV (
)�, wehave jh � (t); gij = ����1� Z tt�� �(s)hp(u(s)); gi ds���� == ����1� Z tt�� �(s)�Z
 p(u(s))g dx� ds���� � 1� Z tt�� j�(s)jkp(u(s))k2kgk2 �M:From the density of L1(
) in L2(
), we obtain that  � (t) 2 L2(
).Lemma 5 For � > 0 small enough, we haveZ T0 h � (t); �(t)i dt � � Z T0 Z
 �(t� �)� �(t)�� Jp(u(t)): (6.13)Proof. Since  � 2 C([0; T ]; BV (
)) admits a weak derivative in L1w(0; T;BV (
)) \ L1(QT ),using (6.8) we have for � > 0 small enough thatZ T0 h � (t); �(t)i dt = Z T0 Z
 u(t+ �)� u(t)� �(t)p(u(t)):Now, since p is nondecreasing, we haveJp(u(t))� Jp(u(t+ �)) � (u(t)� u(t+ �))p(u(t))and consequently, for � > 0 small enough, we obtainZ T0 Z
 u(t+ �)� u(t)� �(t)p(u(t)) � Z T0 Z
 Jp(u(t+ �))� Jp(u(t))� �(t) == Z T0 Z
 �(s� �)� �(s)� Jp(u(s));and we �nish the proof of (6.13). 29



Now, we can conclude the proof of Step 3. As a consequence of (6.13), using Green's formula,we have Z T0 Z
 �(t� �)� �(t)�� Jp(u(t)) � � Z T0 Z T0 h � (t); �(t)i dt == � lim� Z T0 h � (t); u0�(t)i dt = � lim� Z T0 �1� Z tt�� �(s)hp(u(s)); u0�(t)i ds� dt == � lim� Z T0 �1� Z tt�� �(s)�Z
 p(u(s)) div z�(t)� ds� dt == lim� � Z T0 �1� Z tt�� �(s)�Z
 (z�(t);Dp(u(s))) ds� dt�� Z T0 �1� Z tt�� �(s)�Z@
[z�(t); �]p(u(s))� ds� dt� �� Z T0 �1� Z tt�� �(s)kDp(u(s))k ds� dt� Z T0 �1� Z tt�� �(s)�Z@
 �(t)p(u(s))� ds� dt:Then, taking limit as � ! 0+, we getZ T0 Z
 �0(t)Jp(u(t)) � Z T0 �(t)kDp(u(t))k � Z T0 �(t) Z@
 �(t)p(u(t)):Now, since this is true for all 0 � � 2 D(]0; T [), it follows that� ddt Z
 Jp(u(t)) � kDp(u(t))k � Z@
 �(t)p(u(t));and consequentlyZ
 (Jp(u0)� Jp(u(T ))) � Z T0 kDp(u(t))k � Z T0 Z@
 �(t)p(u(t)): (6.14)Finally, using (6.14), we obtainZ T0 kDp(u(t))k+ Z T0 Z@
 jp(u(t))� p(')j � lim infn!1 Z T0 kDp(un(t))k+ Z T0 Z@
 jp(un(t))� p(')j �� lim infn!1 �Z T0 Z
 p(un(t))u0n(t)+Z T0 Z@
[zn(t); �]p(')� = Z
 Jp(u0)�Jp(u(T ))+Z T0 Z@
 �(t)p(') �� Z T0 kDp(u(t))k + Z T0 Z@
 �(t)(p(')� p(u(t))) � Z T0 kDp(u(t))k + Z T0 Z@
 jp(u(t))� p(')j;which concludes the proof of (6.9). Moreover, we get that�(t) 2 sign(p(') � p(u(t))) HN�1 � a:e: on @
; a:e: t 2 [0; T ]: (6.15)Step 4. The boundary condition. Let see now that�(t) = [z(t); �] HN�1 � a:e: on @
; a:e: t 2 [0; T ]: (6.16)30



In fact: If w 2 BV (
) \ L1(
), and v 2 R(
) such that vj@
 = wj@
, we have thatZ t0 hz�(s); wi@
 = Z t0 hdiv(z�(s)); vi + Z t0 Z
 z�(s) � rv:Hence lim� Z t0 hz�(s); wi@
 = Z t0 h�(s); vi + Z t0 Z
 z(s) � rv == Z t0 hz(s); wi@
 = Z t0 Z@
[z(s); �]w dHN�1: (6.17)On the other hand, since z�(s) 2 X(
), if we apply Green's formula we have thatZ t0 hdiv(z�(s)); vi = � Z t0 Z
 z�(s) � rv + Z t0 Z@
[z�(s); �]w:Consequently, Z t0 hz�(s); wi@
 = Z t0 Z@
[z�(s); �]w:From here, taking limits in �, we getZ t0 Z@
 �(s)w = Z t0 Z@
[z(s); �]w 8 w 2 BV (
) \ L1(
); and t 2 [0; T ]: (6.18)Now, if w 2 L1(@
), we take wk 2 BV (
) \ L1(
) such that wkj@
 = Tk(w). By (6.18), wehave Z t0 Z@
 �(s)wk = Z@
[z(s); �]wk:Letting k !1, it follows thatZ t0 Z@
 �(s)w = Z t0 Z@
[z(s); �]w 8 w 2 L1(@
); and t 2 [0; T ];and consequently (6.16) holds.Step 5. Next, we prove that � = div(z) in (L1(0; T;BV (
)2)� in the sense of the De�nition 3.To do that let us �rst observe that (z;Dw), de�ned by (2.14), is a Radon measure in QT for allw 2 L1w(0; T;BV (
) \ L1(QT ). Let � 2 D(QT ), thenh(z;Dw); �i = � Z TO h�(t)� u0�(t); w(t)�(t)i � ZQT w(z � z�) � rx�+ Z T0 h(z�(t);Dw(t)); �(t)i:Then by (6.4), taking limits in �, we geth(z;Dw); �i = lim� Z T0 h(z�(t);Dw(t)); �(t)i: (6.19)Therefore jh(z;Dw); �ij � k�k1 Z T0 kDw(t)k dt;31



from where it follows that (z;Dw) is a Radon measure in QT . Moreover, from (6.19), applyingGreen's formula we obtain thatZQT (z;Dw) = lim� Z T0 (z�(t);Dw(t)) = lim� �� Z T0 Z
 div(z�(t))w(t) + Z T0 Z@
[z�(t); �]w(t)� == � Z T0 h�(t); w(t)i + Z T0 Z@
[z(t); �]w(t):Consequently ZQT (z;Dw) + Z T0 h�(t); w(t)i = Z T0 Z@
[z(t); �]w(t): (6.20)Step 6. Conclusion. Finally, we are going to prove that u veri�es:� Z T0 Z
 j(u(t) � l)�t + Z T0 Z
 �(t)kDp(u(t) � l)k++ Z T0 Z
 z(t) �D�(t)p(u(t)� l) � Z T0 Z@
[z(t); �]�(t)p(u(t) � l); (6.21)for all � 2 C1(QT ), with � � 0, �(t; x) = �(t) (x), being � 2 D(]0; T [),  2 C1(
), andp 2 P, where j(r) = Z r0 p(s) ds.Let � 2 C1(QT ), with � � 0, �(t; x) = �(t) (x), being � 2 D(]0; T [),  2 C1(
), andp 2 P, a 2 IR. Let Hp(r) := Z ra p(s) ds. Since u0n(t) = div(zn(t)), multiplying by p(un(t))�(t)and integrating, we obtain thatZ T0 Z
 ddtHp(un(t))�(t) = Z T0 Z
 p(un(t))u0n(t)�(t) = Z T0 Z
 div(zn(t))p(un(t))�(t) == � Z T0 Z
 (zn(t);D(p(un(t))�(t)) + Z T0 Z@
[zn(t); �]p(un(t))�(t) == � Z T0 Z
 �(t)kDp(un(t))k � Z T0 Z
 zn(t) � r�(t) p(un(t))++ Z T0 Z@
[zn(t); �]p(un(t))�(t) = � Z T0 Z
 �(t)kDp(un(t))k�� Z T0 Z
 zn(t) � r�(t) p(un(t))� Z T0 Z@
 jp(un(t))� p(')j�(t) + Z T0 Z@
[zn(t); �]p(')�(t):Hence, having in mind that �(0) = �(T ) = 0, we getZ T0 Z
 �(t)kDp(un(t))k+ Z T0 Z@
 jp(un(t))� p(')j�(t) == � Z T0 Z
 zn(t) � r�(t) p(un(t)) + Z T0 Z@
[zn(t); �]p(')�(t) � Z T0 Z
 ddtHp(un(t))�(t) == � Z T0 Z
 zn(t) � r�(t) p(un(t)) + Z T0 Z@
[zn(t); �]p(')�(t)�32



� Z T0 Z
 ddt(Hp(un(t))�(t)) + Z T0 Z
Hp(un(t)) �t == � Z T0 Z
 zn(t) � r�(t) p(un(t)) + Z T0 Z@
[zn(t); �]p(')�(t) + Z T0 Z
Hp(un(t)) �t:Letting n!1, it follows thatZ T0 Z
 �(t)kDp(u(t))k + Z T0 Z@
 jp(u(t))� p(')j�(t) �� lim infn!1 � Z T0 Z
 �(t)kDp(un(t))k+ Z T0 Z@
 jp(un(t)) � p(')j�(t)� == lim infn!1 �� Z T0 Z
 zn(t) � r�(t) p(un(t)) + Z T0 Z@
[zn(t); �]p(')�(t) + Z T0 Z
Hp(un(t)) �t� == � Z T0 Z
 z(t) � r�(t) p(u(t)) + Z T0 Z@
[z(t); �]p(')�(t) + Z T0 Z
Hp(u(t)) �t:Now, using that jp(u(t)) � p(')j = [z(t); �](p(')� p(u(t))), we have� Z T0 Z
Hp(u(t))�t + Z T0 Z
 �(t)kDp(u(t))k+Z T0 Z
 z(t) � r�(t) p(u(t)) � Z T0 Z@
[z(t); �]p(u(t))�(t): (6.22)Finally, given l 2 IR and p 2 P, since q(r) := p(r � l) is an element of P, and taking a = l, weobtain (6.21) as a consequence of (6.22) and the proof of the existence is �nished.Proof of Theorem 1: UniquenessTo prove uniqueness we shall show that the entropy solutions and semigroup solutions co-incide. As consequence of the semigroup theory (3.1) is satis�ed. Our technique is inspiredby a method introduced by Kruzhkov [21] to prove L1-contraction for entropy solutions forscalar conservation laws: the doubling of variables. Carrillo [13] probably was the �rst to applyKruzhkov's method to second order equations (see also [18]).Let u(t) be an entropy solution with initial datum u0 2 L1(
) and u(t) = S(t)u0 thesemigroup solution with initial datum u0 2 L1(
). Then, there exist z(t); z(t) 2 Z(
) withkz(t)k1 � 1, kz(t)k1 � 1 and[z(t); �] 2 sign(T+k (')� T+k (u(t))) a:e: in t 2 [0; T ]; (6.23)[z(t); �] 2 sign(T+k (')� T+k (u(t))) a:e: in t 2 [0; T ]; (6.24)and such that, if r; r 2 IRN , with krk � 1, krk � 1 and l1; l2 2 IR, then� Z T0 Z
 j+k (u(t)� l1)�t + Z T0 Z
 �(t)kDT+k (u(t) � l1)k++ Z T0 Z
(z(t) � r) �D�(t) T+k (u(t)� l1)++ Z T0 Z
 r �D�(t) T+k (u(t)� l1) � Z T0 Z@
[z(t); �]�(t)T+k (u(t)� l1); (6.25)
33



and � Z T0 Z
 j�k (u(t)� l2)�t + Z T0 Z
 �(t)kDT�k (u(t)� l2)k++ Z T0 Z
(z(t)� r) �D�(t) T�k (u(t)� l2)++ Z T0 Z
 r �D�(t) T�k (u(t)� l2) � Z T0 Z@
[z(t); �]�(t)T�k (u(t)� l2); (6.26)
for all � 2 C1(QT ), with � � 0, �(t; x) = �(t) (x), being � 2 D(]0; T [),  2 C1(
), andj+k (r) = Z r0 T+k (s) ds, j�k (r) = Z r0 T�k (s) ds.We choose two di�erent pairs of variables (t; x), (s; y) and consider u, z as functions in (t; x),u, z in (s; y). Let 0 � � 2 D(]0; T [), 0 �  2 D(
), �n a classical sequence of molli�ers in IRNand ~�n a sequence of molli�ers in IR. De�ne�n(t; x; s; y) := �n(x� y)~�n(t� s)�� t+ s2 � �x+ y2 �:Note that for n su�ciently large,(t; x) 7! �n(t; x; s; y) 2 D(]0; T [�
) 8 (s; y) 2 QT ;(s; y) 7! �n(t; x; s; y) 2 D(]0; T [�
) 8 (t; x) 2 QT :Hence, for (s; y) �xed, if we take in (6.25) l1 = u(s; y) and r = z(s; y), we get� Z T0 Z
 j+k (u(t; x) � u(s; y))(�n)t + Z T0 Z
 �nkDxT+k (u(t; x) � u(s; y))k++ Z T0 Z
(z(t; x) � z(s; y)) � rx�n T+k (u(t; x)� u(s; y))++ Z T0 Z
 z(s; y) � rx�n T+k (u(t; x)� u(s; y)) � 0: (6.27)
Similarly, for (t; x) �xed, if we take in (6.26) l2 = u(t; x) and r = z(t; x), we get� Z T0 Z
 j�k (u(s; y)� u(t; x))(�n)s + Z T0 Z
 �nkDyT�k (u(s; y)� u(t; x))k++ Z T0 Z
(z(s; y)� z(t; x)) � ry�n T�k (u(s; y)� u(t; x))++ Z T0 Z
 z(t; x) � ry�n T�k (u(s; y)� u(t; x)) � 0: (6.28)
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Now, since T�k (r) = �T+k (�r) and j�k (r) = j+k (�r), we can rewrite (6.28) as� Z T0 Z
 j+k (u(t; x)� u(s; y))(�n)s + Z T0 Z
 �nkDyT+k (u(t; x)� u(s; y))k++ Z T0 Z
(z(t; x) � z(s; y)) � ry�n T+k (u(t; x)� u(s; y))�� Z T0 Z
 z(s; y) � ry�nT+k (u(t; x)� u(s; y)) � 0: (6.29)
Integrating (6.27) in (s; y), (6.29) in (t; x) and taking their sum yields� ZQT�QT j+k (u(t; x)� u(s; y))((�n)t + (�n)s)++ ZQT�QT �nkDxT+k (u(t; x)� u(s; y))k+ZQT�QT �nkDyT+k (u(t; x) � u(s; y))k++ ZQT�QT (z(t; x)� z(s; y)) � (rx�n +ry�n)T+k (u(t; x) � u(s; y))++ ZQT�QT z(s; y) � rx�T+k (u(t; x)� u(s; y))�� ZQT�QT z(t; x) � ry�nT+k (u(t; x) � u(s; y)) � 0:

(6.30)
Now, by Green's formula we haveZQT�QT z(s; y) � rx�n T+k (u(t; x) � u(s; y)) + ZQT�QT �nkDxT+k (u(t; x) � u(s; y))k == � ZQT�QT �nz(s; y) �DxT+k (u(t; x)� u(s; y)) + ZQT�QT �nkDxT+k (u(t; x)� u(s; y))k � 0;and � ZQT�QT z(t; x) � ry�n T+k (u(t; x)� u(s; y)) + ZQT�QT �nkDyT+k (u(t; x)� u(s; y))k == ZQT�QT �nz(t; x) �DyT+k (u(t; x) � u(s; y)) + ZQT�QT �nkDyT+k (u(t; x) � u(s; y))k � 0:Hence, from (6.30), it follows that� ZQT�QT j+k (u(t; x) � u(s; y))((�n)t + (�n)s)++ ZQT�QT (z(t; x)� z(s; y)) � (rx�n +ry�n)T+k (u(t; x)� u(s; y)) � 0: (6.31)35



Since, (�n)t + (�n)s = �n(x� y)~�n(t� s)�0� t+ s2 � �x+ y2 �and rx�n +ry�n = �n(x� y)~�n(t� s)�( t+ s2 )r (x+ y2 );passing to the limit in (6.31), it yields� ZQT j+k (u(t; x) � u(t; x))�0(t) (x)++ ZQT (z(t; x) � z(t; x)) � r (x) �(t)T+k (u(t; x) � u(t; x)) � 0: (6.32)We have to prove thatlimn ZQT (z(t; x)� z(t; x)) � r n(x) �(t)T+k (u(t; x)� u(t; x)) � 0:for any sequence  n " 1l
. Since � = div(z), � = div(z) in (L1(0; T;BV (
)2)�, the followingintegration by parts formula holdsZQT (z � z;Dw) + Z T0 < �(t)� �(t); w(t) > dt = Z T0 Z@
[z(t; x) � z(t; x); �]w(t; x)dHN�1dt;for all w 2 L1(0; T;BV (
)) \ L1(QT ). Setw = (( � 1)�T+k (u� u))� (t; x) = ( (x)� 1)(�T+k (u� u))� (t; x);where (�T+k (u� u))� (t; x) = 1� Z t+�t �(s)T+k (u(s; x)� u(s; x))ds;in the above formula to obtainZQT (z(t; x) � z(t; x)) � r( (x)� 1) (�T+k (u� u))� (t; x)dxdt =� ZQT (z(t; x) � z(t; x)) � ( (x)� 1) D(�T+k (u� u))� (t; x)dxdt�� ZQT (�(t)� �(t))( (x) � 1)(�T+k (u� u))� (t; x) ++ Z T0 Z@
[z(t; x)� z(t; x); �]( (x) � 1)(�T+k (u� u))� (t; x)dHN�1dt:SinceZQT (z � z) � r( � 1)�T+k (u� u)dxdt = lim�!0+ ZQT (z � z) � r( � 1) (�T+k (u� u))�dxdt;and, using that  j@
 = 0, also� Z T0 Z@
[z � z; �]�T+k (u� u)dHN�1dt =36



= lim�!0+ Z T0 Z@
[z � z; �]( � 1)(�T+k (u� u))�dHN�1dtwe may write ZQT (z � z)r �T+k (u� u) = ZQT (z � z)r( � 1)�T+k (u� u) == lim� ZQT (z � z) � (1�  ) D(�T+k (u� u))�dxdt++ ZQT (� � �)(1�  )(�T+k (u� u))� � Z T0 Z@
[z � z; �]�T+k (u� u)dHN�1dt:Now, since �; � are the time derivatives of u, resp. u, in (L1(0; T;BV (
)2)�, we have thatZ T0 Z
(� � �)(1 �  )(�T+k (u� u))� = Z T0 Z
(� � �)((1 �  )�T+k (u� u))� == Z T0 Z
(1�  )�T+k (u� u) 1���� (u� u)where ��� (u� u) = (u� u)(t)� (u� u)(t� �). Let v = u� u. SinceT+k (v(t))(v(t) � v(t� �)) � JT+k (v(t)) � JT+k (v(t� �))(JT+k being the primitive of T+k ), and �; (1 �  ) � 0, we have for � small enough thatZ T0 Z
(� � �)(1�  )(�T+k (u� u))� � Z T0 Z
(1�  )�JT+k (v(t)) � JT+k (v(t� �))�= � Z T0 Z
 �(t+ �)� �(t)� (1�  )JT+k (u� u):Thus, we haveZQT (z � z)r �T+k (u� u) � lim� �ZQT (z � z) � (1 �  ) D(�T+k (u� u))�dxdt�� Z T0 Z
 �(t+ �)� �(t)� (1�  )JT+k (u� u)�� Z T0 Z@
[z � z; �]�T+k (u� u)dHN�1dt:Finally, we observe thatlim� ���� ZQT (z � z)(1�  )D(�T+k (u� u))�dxdt���� � 2 ZQT (1�  )�kDT+k (u� u)kdxdt;which enables us to write thatZQT (z � z)r �T+k (u� u) � �2 ZQT (1�  )�kDT+k (u� u)kdxdt�� Z T0 Z
 �0(t)(1 �  )JT+k (u� u)� Z T0 Z@
[z � z; �]�T+k (u� u)dHN�1dt:37



Let  =  n where  n " 1l
 in last expression. Using that kDT+k (u(t)�u(t))k is a Radon measurea.e. in t with kDT+k (u(t)� u(t))k 2 L1(0; T ), letting n!1, we obtainlimn ZQT (z � z)r n�T+k (u� u) � � Z T0 Z@
[z � z; �]�T+k (u� u)dHN�1dt:Thus ZQT j+k (u(t; x) � u(t; x))�0(t) � � Z T0 Z@
[z � z; �]�T+k (u� u)dHN�1dt � 0 (6.33)Since this is true for all 0 � � 2 D(]0; T [), we getddt Z
 j+k (u(t; x) � u(t; x)) � 0:Hence Z
 j+k (u(t; x) � u(t; x)) � Z
 j+k (u0 � u0):Then, letting k !1, we obtainZ
(u(t; x) � u(t; x))+ � Z
(u0 � u0)+:From here we deduce that ku(t)� u(t)k1 � ku0 � u0k1; 8 t � 0:Hence, taking un(t) = S(t)u0;n, u0;n 2 L1(
) and u0;n ! u0 in L1(
), we haveku(t)� un(t)k1 � ku0 � u0;nk1; 8 t � 0:Consequently, letting n!1, u(t) = S(t)u0, and the proof of the uniqueness concludes.7 Regularity for positive initial dataIn this section we shall see that when the initial data are nonnegative, the semigroup solutionsare strong solutions.We need to consider truncatures Ta;b, a < b, de�ned byTa;b(r) := 8<:a if r < ar if a � r � bb if r > b:Proposition 5 Let u0 2 L1(
), ' 2 L1(@
). Let (S(t))t�0 be the semigroup generated by A'.Then, if u(t) = S(t)u0,(i) Z
 j(u(t)) + Z t0 �(p(u(s))) � Z t0 Z@
 jp(')j+ Z
 j(u0)38



where p is a truncature (p = Ta;b), j is the primitive of p and � is the functional de�ned by(4.22).(ii) p(u)t 2 L2loc(0; �; L2(
)), for every truncature p as above. Moreover, we have the estimate�(p(u(t))) + Z ts Z
 jp(u)tj2 � C;where C > 0 depends on s; ku0kL1 ; k'kL1 and p.Proof. (i) First, assume that u0 2 L2(
)ddt Z
 j(u) = Z
 p(u)ut = Z
 p(u)div(z) = � Z
 z �Dp(u) + Z@
[z; �]p(u) == � Z
 jDp(u)j+ Z@
[z; �](p(u) � p(') + p(')) == � Z
 jDp(u)j � Z@
 jp(u)� p(')j+ Z@
[z; �]p('):Integrating this expression, we obtainZ
 j(u(t)) + Z T0 �(p(u(t))) � Z T0 Z@
 jp(')j + Z
 j(u0) (7.1)Since j has linear growth at in�nity, if u0 2 L1(
), the estimate in (i) follows by approximatingu0 by functions u0n 2 L2(
) and passing to the limit.(ii) Assume �rst that u0 2 L2(
). Let � > 0 and t; s � � such that (u(t);�ut(t)), (u(s);�ut(s)) 2A'. We know thatZ
(p(u(t))� w)ut(t) � Z
(z(t);Dw) � kDp(u(t))k + Z@
 jw � p(')j � Z@
 jp(u(t)) � p(')jfor all w 2 BV (
) \ L1(
). Setting w = p(u(s)) in the above expression we have�(p(u(t))) ��(p(u(s))) � Z
 ut(t)(p(u(s)) � p(u(t))):Using the estimate for semigroups generated by subdi�erentials in L2 (see for instance [12], Th.3.2) we have �(p(u(t))) � �(p(u(s))) � C(�)ku0k2kp(u(s))� p(u(t))k2:Since a similar estimate holds with s and t interchanged, we havej�(p(u(t))) � �(p(u(s)))j � C(�)ku0k2kp(u(s))� p(u(t))k2: (7.2)Since u 2 W 1;1loc ((0; �); L2(
)), i.e, is a locally absolutely continuous function of time, then alsop(u) is, and, from (7.2), we deduce that �(p(u)) is absolutely continuous in [0; � ] for all � > 0.Let t 2 [0;1) be such that u, p(u), �(p(u)) are di�erentiable at t and (u(t);�ut(t)) 2 A'. Setw = p(u(t+ �)), w = p(u(t� �)) in the above expression to obtainZ
(p(u(t))� p(u(t� �)))ut(t) � �(p(u(t� �)))� �(p(u(t))):39



Letting �! 0+ we have ddt�(p(u(t))) + Z
 p0(u(t))ut(t)2 = 0:In particular, since p0 is either 0 or 1, we haveddt�(p(u(t))) + Z
 jp(u)t(t)j2 � 0:In particular �(p(u(t)) is a decreasing function of t. If u0 2 BV (
)\L2(
), integrating from 0to t we get �(p(u(t))) + Z t0 Z
 jp(u)tj2 � �(u0):Observe that by estimate in (i), if u0 2 L2(
), then u(s) 2 BV (
) \ L2(
) for almost all s > 0and we have �(p(u)(t)) + Z ts Z
 jp(u)tj2 � �(p(u)(s));for almos all 0 < s < t. Now, let u0 2 L1(
) and u0n 2 L2(
) be such that u0n ! u0 in L1(
).Then, if un(t; x) denotes the solution corresponding to initial datum u0n we have�(p(un)(t)) + Z ts Z
 jp(un)tj2 � �(p(un)(s)); (7.3)for almost all 0 < s < t and all n. Now, observe that by the estimate in (i),Z t0 �(p(un)(�)) � Cfor some constant C > 0. Let � > 0. ThenZ t0 �(p(un)(�)) � Z �0 �(p(un)(�)) � �(p(un)(�))�:Consequently, �(p(un)(s)) is a bounded sequence for almost all s > 0. Thus, for a.e. s > 0, theleft hand side of (7.3) is bounded. Hence, we may assume that p(un(t))! p(u(t)) in L1(
) fora.e. t > 0. Now, we may pass to the limit in (7.3) and use the lower semicontinuity of the lefthand side to obtain that �(p(u)(t)) + Z ts Z
 jp(u)tj2 � C (7.4)where C depends on s; ku0kL1 ; k'kL1 ; p.Theorem 5 Let u0 2 L1(
), ' 2 L1(@
). Suppose that u0+M � 0, '+M � 0 (or u0�M � 0,' � M � 0) for some M � 0. Let (S(t))t�0 be the semigroup generated by A'. Then, ifu(t) = S(t)u0, ut 2 L1loc(0; T; L1(
)).Proof. It is easy to check via the resolvents that the semigroup solution corresponding to thedata u0 �M;'�M coincides with the semigroup solution corresponding to the data u0; ' plusthe constant M , i.e., S(t)(u0 �M;'�M) = S(t)(u0; ') �M . Thus, without loss of generalitywe may assume that M = 0. Let us prove the Theorem in case u0; ' � 0, the other case being40



analogous. We know, by the homogeneity estimate, Proposition 4, that ut is a Radon measurein (s; t)� 
, for all 0 < s < t. Thus, its mass is bounded, i.e.,Z ts Z
 jutj <1:Now, taking p = Tab, the estimate in (ii) of previous proposition says that ut is a function inL2(Qa;b), for all a < b, where Qa;b = f(t; x) 2 Q : a < u(t; x) < bg. Thus, this with the lastintegral bound, prove that ut 2 L1loc(0; �; L1(
)).Remark 3 Under the assumption of the above theorem, since ut 2 L1loc(0; T; L1(
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