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Abstract

This chapter presents one way to define Abelian groups of fractional operators
isomorphic to the group of integers under addition through a family of sets of fractional
operators and a modified Hadamard product, as well as one way to define finite Abelian
groups of fractional operators through sets of positive residual classes less than a prime
number. Furthermore, it is presented one way to define sets of fractional operators
which allow generalizing the Taylor series expansion of a vector-valued function in
multi-index notation, as well as one way to define a family of fractional fixed-point
methods and determine their order of convergence analytically through sets.
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1. Introduction

In one dimension, a fractional derivative may be considered in a general way as a
parametric operator of order a, such that it coincides with conventional derivatives
when « is a positive integer 7. So, when it is not necessary to explicitly specify the
form of a fractional derivative, it is usually denoted as follows

da
o M
On the other hand, a fractional differential equation is an equation that involves at
least one differential operator of order a, with (z — 1) < a <7 for some positive integer
n, and it is said to be a differential equation of order « if this operator is the highest
order in the equation. The fractional operators have many representations [1-3], but
one of their fundamental properties is that they allow retrieving the results of con-
ventional calculus when a — 7. For example, letf : Q CR — R be a function such that
f €L (a,b), where L, (a, b) denotes the space of locally integrable functions on the
open interval (a, b) C Q. One of the fundamental operators of fractional calculus is the
operator Riemann—Liouville fractional integral, which is defined as follows [4, 5]:

JF (x) o= ﬁj (c — ) (1), )
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where I" denotes the Gamma function. It is worth mentioning that the above
operator is a fundamental piece to construct the operator Riemann—Liouville frac-
tional derivative, which is defined as follows [4, 6]:

oL (x), if a<0

D)= @ o
W(QIZ f(x)), if a>0

(3)
where n = [a] and ,I%f (x) :=f(x). On the other hand, letf : Q CR — R be a func-

tion n-times differentiable such that f ,f ) €L; (a,b). Then, the Riemann—Liouville

fractional integral also allows constructing the operator Caputo fractional derivative,
which is defined as follows [4, 6]:

JoF(x),  if a<O

; (4)
J7F M (), i a>0

ooy -

where # = [a] and 1% ™ (x) :=f"™ (x). Furthermore, if the function f fulfills that

f (k) (a) =0 Vke{0, 1, -+, n — 1}, the Riemann—Liouville fractional derivative coin-
cides with the Caputo fractional derivative, that is,

/D (x)=SD (x). (5)

So, applying the operator (3) with a = 0 to the function x#, with 4> — 1, we
obtain the following result [7]:

F(p+1)

Dixt =L T2
O T T a1

X% geR\Z, (6)

where if 1< [a] <y it is fulfilled that ¢D%x*=5D%*.

2. Sets of fractional operators

Before continuing, it is necessary to mention that due to the large number of
fractional operators that may exist [1-3, 8-23], some sets must be defined to fully
characterize elements of fractional calculus. It is worth mentioning that characterizing
elements of fractional calculus through sets is the main idea behind of the methodol-
ogy known as fractional calculus of sets [24, 25]. So, considering a scalar function / :
R™ — R and the canonical basis of R™ denoted by {é;}, ;, it is possible to define the
following fractional operator of order a using Einstein notation

0%h(x) ==epoph(x). (7)

Therefore, denoting by d;, the partial derivative of order z applied with respect to
the k-th component of the vector x, using the previous operator it is possible to define
the following set of fractional operators

o7 (k)= {ogg . Jofh(x) and  lim ofh(x) = o}h(x) sz1}, (8)
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which may be proved to be a nonempty set through the following set of fractional
operators

OF o) 1= {ogg : 3ofh(x) = (3 +u(@)of)h(x) and  lim p(a)ofh(x) = 0 sz1},
(9)

with which it is possible to obtain the following result:

< ; ; a 1 a a 7
If ozx,oj‘-fx € Oz’a(h) with i#j = Jop,, = 5 <oi,x + oj,x) c Ox’a(h). (10)

So, the complement of the set (8) may be defined as follows
Ore(h):= {oz :Joph(x) Vk>1 and  limogh(x) # dph(x) in (11)
at least one value k> 1},

with which it is possible to obtain the following result:
If of, =e&oi,€0;,(h) = Fof, =e&o], ) €0rh), (12)

where o; : {1, 2, ---, m} — {1, 2, -+, m} denotes any permutation different from
the identity. On the other hand, the set (8) may be considered as a generating set of
sets of fractional tensor operators. For example, considering a,n € R with a = &,[a],
and n = é,[n],,, it is possible to define the following set of fractional tensor operators

" () = {ofg - Bo%h(x) and ofeO, (k) x OIF, () x - x O (h)}. (13)

[ad, [

3. Groups of fractional operators

Considering a function 2 : Q C R”™ — R"™, it is possible to define the following sets

mO (h)={0f : 0f€OL ([k],) Vk<m}, (14)
nOpe(h)={of : of €Oy (h],) Vk<m}, (15)
mOye(h) =m0 (1) UnOLe(h), (16)

where [h], : QCR™ — R denotes the k-th component of the function 4. So, it is
possible to define the following set of fractional operators

wMOZY (k) = () mOL“(h), (17)
kel

which under the classical Hadamard product it is fulfilled that

0 oh(x)=h(x) Yo“ € mMOZ (h). (18)
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As a consequence, it is possible to define the following set of matrices

M 0) = { A = A (02) - 03 €MOZEh) and Au(e) = (IAnaly)) = (o)) .
(19)

and therefore, considering that when using the classical Hadamard product in

general o 001" £ ofcp ta)a Assuming the existence of a fixed set of matrices mMy, (h),

joined with a modified Hadamard product that fulfills the following property

o 012;°0jq;, if i#j (Hadamard product of type horizontal)

ix  Ujx .
0P e

1,X >

bl

if i=;j (Hadamard product of type vertical)
(20)

by omitting the function %, the resulting set ,,M7 (-) has the ability to generate a
group of fractional matrix operators A, that fulfill the following equation

Au(ofieofs), A0 A

() a(o12) = ,
A < ) A (01’) A <0§€C+q)a>, i i—j

(21)

through the following set [24, 26]:

nGrm(@) = {47 = A, () + 347 €,MZ,() weZ and A7 = ([47],)= ()}
(22)

Where VA2 A1 Aj‘:g € mGrnr(a), with i # j, the following property is defined

L,a> ",a’

<Aio,§ °Ajjg> °Aj°,:; - Aiig ° (Ajjq °Ajt;> = AIQ,}I = Ao (0% °0]'(ZC+V)“) s, psg-r €Z\{0},
(23)
since it is considered that through combinations of the Hadamard product of type

horizontal and vertical the fractional operators are reduced to their minimal expres-
sion. As a consequence, it is fulfilled that

VA;L €,,Gr(@) such that Agg(of,) = Apa (oﬁjj ooj’{z) ;T =AY

o rpa  rqa
- Ak,a (Oi,x ° Oj,x > .

(24)

It is necessary to mention that for each operator o7 €,,MO; () it is possible to
define a group [26], which is isomorphic to the group of integers under the addition,
as shown by the following theorems:

Theorem 1.1 Let of be a fractional operator such that of € ,,MOZ (k). So, consid-
ering the modified Hadamard product given by (20), it is possible to define the
following set of fractional matrix operators

4
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nG(Aa(02)={A; = A.(0) : rez and A7 =([A7],) =)} @5

which corresponds to the Abelian group generated by the operator A, (0%).
Proof: It should be noted that due to the way the set (25) is defined, just the
Hadamard product of type vertical is applied among its elements. So,
VA?,A M €,,G(Aq(0%)) it is fulfilled that

AP oA = ([A;p]jk> o <[A;q}jk> S | (0180-1-@)(1) L ([A;(ﬁq)]jk) :A;(pw), (26)

with which it is possible to prove that the set ,,G(Aq(0%)) fulfills the following
properties, which correspond to the properties of an Abelian group:

(VA?, A0, A €nG(Ag(0%)) it is fulfilled that (AP oA 1) oA =AF (A T2A.")0.1cm

3A;° €,,G(A4(0%)) such that VA? €,,G(A.(0%)) it is fulfilled that AJ%<A:Y = A:F0.1em

VA? €,G(Au(0%)) 3A: 7 €,,G(Au(0?)) such that APoA? =A:°0.1em

X X

| VA, A1 €,,G(A.(0%)) it is fulfilled that AP o AT = AT A"

X

(27)

Theorem 1.2 Let of be a fractional operator such that of € ,MO”/ (k) and let (Z, +)
be the group of integers under the addition. So, the group generated by the operator
A,(0%) is isomorphic to the group (Z, +), that is,

mG(Aq(02)) = (Z, +). (28)

Proof: To prove the theorem it is enough to define a bijective homomorphism
between the sets ,,G(A4(0%)) and (Z, +). Let y:,,G(A4(0%)) — (Z, +) be a function
with inverse function y ! : (Z, +)—>mG(Aa (ofc’)) So, the functions y and y ! may be
defined as follows

y/(A;V) =7 and y }(r)=A", (29)

a

with which it is possible to obtain the following results:

{VA;P,A;q €mG(Aq(0F)) it is fulfilled that w (AP A1) = W(A;(W)) =p+q=w(AF)+w(A))

Vp,q€(Z, +) it is fulfilled that y'(p +q) =A; P = AP A =y ' (p) ey ' (q)
(30)

Therefore, from the previous results, it follows that the function y defines an
isomorphism between the sets mG(Aa (o;‘)) and (Z, +).

Then, from the previous theorems it is possible to obtain the following corollaries:

Corollary 1.3 Let oy be a fractional operator such that of € ,MO; ;' (h) and let (Z, +)
be the group of integers under the addition. So, considering the modified Hadamard product
given by (20) and some subgroup H of the group (Z, +), it is possible to define the following
set of fractional matrix operators

5
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nG(Aa(02), W) = {4y = Ac(0r)  rem and A7 = ([47],)= ()}, GD

which corresponds to a subgroup of the group generated by the operator A, (0%),
that is,

G (Au(0f), H) £nGl(Au(0)). (32

Example 1 Let 7, be the set of residual classes less than n. So, considering a fractional
operator 0% € , MO (h) and the set 74, it is possible to define the Abelian group of

X,
fractional matrix operators ;,G(Aq(0%), Zn4). Furthermove, all possible combinations of
the elements of the group under the modified Hadamard product given by (20) are sum-

mavizged below:

o [AD AT A2 AD A% AD AL AT AB AP AL AT A2 AL

AR (AL AL AR AZ AR AT AL AT AB AD AN A A2 A3
ALASL A2 A A AT AL AT AB AP A0 AL A2 poB3 A0
A2 A2 AD A AP AL AT AB AP A AT A2 A3 A A
ABAB A A AL AT AB AP AL AT A2 A AN ATl A2
AH A A A AT AP AD AL AT A2 AB AN AL AR A
A AD A% AT AB AP A AT A2 A A0 Al A2 A3 Ak
A A AT A AP AP AT A2 A AD AL A2 AB AT A
AT AT A AP AR AT AR A AD AT A2 AD A AT A
A A A A0 AT A2 AT A0 AL A2 AB A AT AT AT
AP AP A0 AT ASI2 4213 A0 A0l A2 A3 A% AS A% AT A
ASIOASI) AL 412 A3 A0 A0l A2 AB A% AS A AT AP AP
ATTHASE A2 A3 A0 AL A2 A A% A A AT A AP AT
ASR|AS2 AT AD AL A2 AD A AT A AT A AP AP AH
ABIATE AL AL A2 AB A% AD A% AT AB AP A Al AR

Corollary 1.4 Let h : R — R™ be a function such that 3,, MO (h). So, if it is
fulfilled the following condition

Vo € MO (h)  3,G(Aa(0f)) CmGrm(a), (33)

such that ,,G(A,(0%)) is the group generated by the operator A, (0%). As a conse-
quence, it is fulfilled that

mGrm(a) = U G(Aq(02)). (34)

o €, MOZH(h),

It is necessary to mention that the Corollary 1.3 allows generating
groups of fractional operators under other operations, as shown in the following
corollary:
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Corollary 1.5 Let Zp+ be the set of positive residual classes less than p, with p a prime
number. So, for each fractional operator o € ,, MO (h), it is possible to define the fol-
lowing set of fractional matrix operators

mG* (Aa(ofc‘), Z;) = {A;V = A, (o)) : VEZ; and A) = ([A;V}jk) = (OZ“)},

which corresponds to an Abelian group under the following operation
ATTAY =A". (36)

Example 2 Let of be a fractional operator such that of € , MO (k). So, considering
the set 7.3, it is possible to define the Abelian group of fractional matrix operators
mG* (Au(0%), Z13). Furthermore, all possible combinations of the elements of the group
under the operation (36) are summarized below:

£ |AS] A A AR AT AL AT AP AP AT AN A0l

1 1 2 3 4 5 6 7 8 9 10 11 12
Ay |AY A AT A AT AT A AT AG AT AL A
2 2 4 6 8 10 12 1 3 5 7 9 1
Aq |AT Ae AT A AT AT Ay Ag AT AT AT Ag
3 3 6 9 12 2 5 8 11 1 4 7 10
AD|AD AL AY A2 A2 AD AP AT A A AT AT

a

ACHIASE A A AB AT ATV A A A0 AT AT A

a
5| 405 A0l0 A2 A7 A0l2 Aok a9 el Ac6 a1l o3 Ao8
A |AQ AT AY AY AL AT AT AL AR AL AY AG
6| Ac6 A012 A5 aoll ok A0l0 403 409 A2 Ao8 Aol Ao7
AY |AY A AY AY AT ALY AT AY AT AY Ay AY
7| 407 pcl A8 A2 409 A3 A0l0 god poll A0S aol2 Aob
AT |AY As AY AT AY AT ALY AY AL AY AL AG

o8 o8 03 oll ob ol 09 o4 012 o7 02 010 ob
A | A% A3 A0l Ao6 Aol po9 god pol2 o7 fo2 pol0 o

a a
o9 09 o5 ol 010 ob o2 oll o7 03 012 o8 o4
Aa/ Aa Aa Aa Aa Aar Aaf Aa Acr Aa Aa Aa/ Aa

ACI0| 010 A7 pod Aol poll poB po5 o2 fol2 fo9 pcb Ao
11 11 9 7 5 3 1 12 10 8 6 4 2
Ay |AG AT A AP AY Ay AT Ay AT AY Ay A
12 12 11 10 9 8 7 6 5 4 3 2 1
ACI2| A2 AOTL 010 o9 o8 A7 Ao6  fo5 poi poB po2 pol

a @

On the other hand, defining A, (k) = ([Aa(h)]jk) := ([h], ), it is possible to obtain the

following result:
VA;V (S mGF]M(Ol> ElAh,m (S mM;:a(h) such that Ah,m = Aa (0;’1) OAZ(]’L) (37)

Therefore, if ®rps denotes the iteration function of some fractional iterative
method [26], it is possible to obtain the following results:

Let ag € R\Z = VAh,ao emM;"’a(h)EICDFIM

(38)
= q)FIM(Ah,aO)-'-VAh,aO EI{(DFIM(Ah,a) : (XGR\Z},
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Let ag € R\Z = VA;: € mGFIM(a)EKDFIM

= (DFIM(A(I())'.'VA(IO H{CDF[M(Aa) e R\Z} (39)

To finish this section, it is necessary to mention that the applications of fractional
operators have spread to different fields of science such as finance [27, 28], economics
[29], number theory through the Riemann zeta function [30, 31], and in engineering
with the study for the manufacture of hybrid solar receivers [32, 33]. It is worth
mentioning that there exists also a growing interest in fractional operators and their
properties for solving nonlinear algebraic systems [24, 34-41], which is a classical
problem in mathematics, physics and engineering, which consists of finding the set of
zeros of a function f : Q CR” — R”, that is,

{geq (9l = 0}, (40)
where || - || : R” — R denotes any vector norm, or equivalently
{eeq : [fl,(6)=0 Vkx>1}. (41)

Although finding the zeros of a function may seem like a simple problem, it is
generally necessary to use numerical methods of the iterative type to solve it.

4. Fixed-point method

Let ® : R” — R” be a function. It is possible to build a sequence {x;}, by defining
the following iterative method

Xis1=®(x;), i=0,1,2,. (42)

So, if it is fulfilled that x; — £ € R” and the function ® is continuous around &, we
obtain that
the above result is the reason by which the method (42) is known as the fixed-

point method. Furthermore, the function @ is called an iteration function. On the
other hand, considering the following set

B(&6)=1{x : [lx—¢ll<d}, (44)

it is possible to define the following corollary, which allows characterizing the
order of convergence of an iteration function ® through its Jacobian matrix ®¥ [7]:

Corollary 1.6 Let @ : R" — R" be an iteration function. If ® defines a sequence
{xi}; 1 such that x; — £ €R". So, ® has an ovder of convergence of ovder (at least) p in
B(&; 6), where it is fulfilled that:

1, ﬁh%mmwn¢0

2, if lim|[[@W(x)||=0 (45)

x—¢&
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5. Fractional fixed-point method

Let No be the set NU {0}, if y € Nff and x € R, then it is possible to define the
following multi-index notation

| e— ’ | — . 0.1 Y e “ [}’]k
=TT = 22 ) 0dem, &%= T [x],
k=1 k=1 k=1
o ol glrh ollm : (46)
n gy 7 g7 o]

So, considering a function # : Q CR™ — R and the fractional operator
S;l}/ (03) — OT[V]IOZ(MZ"'O;[}/]M’ (47)

it is possible to define the following set of fractional operators

Swr(h)= s =53 (0%) : IsLh(x) with of €O}, (k) Vs <n’

14
and lim s{7h(x) = o

lim ™ kyh(x) Va,ly| <n 7, (48)

from which it is possible to obtain the following results:

( lim s%h(x) = 090900 h(x) = h(x)

a—0

lim sh(x) = 010120l (x) =

a—1

wh(x) Vly|<n
If s77eSyt(h) =

(1,11,% sTh(x) = 03[7]103[}’12 ‘I[V]mh( ) —%h( ) Vgly| <qn

TV
o7

hmsayh( ) OIH ”[7 . }’]mh( )

a—n

—h(x) Vnly| < n?
(49)

and as a consequence, considering a function # : QC R” — R™, it is possible to
define the following set of fractional operators

mSen ()= {szy : szyGSZ:g([h]k) Vk Sm}. (50)

On the other hand, using little-o notation it is possible to obtain the following result:

AV
If xeB(a;6) = l@%ao Viy|>1, (51)

with which it is possible to define the following set of functions

R: (a)={rs, : 1

72 )| <ol —al") VxeB(aso),
(52)
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where 7, : B(a; §) CQ — R™. So, considering the previous set and some
B(a; 6) C Q, it is possible to define the following sets of fractional operators

p
t@m@w=§:%9€W%WMx—@y+ﬁﬂwigsn}’ ~

X

o
mTy (a, h) = {t“’“ =12%(s¥) : s¥€nSey(h) and

£y h(x) = i %%’522’7 [l (@) (x — a)y}, (54)

y[=0

which allow generalizing the Taylor series expansion of a vector-valued function in
multi-index notation [7], where M = max {#n, q}. As a consequence, it is possible to
obtain the following results:

If t7 e, Tl’W »@,h) and a —1 =

(55)
1p ) _ 14
e +yZ:17']ax7’ Jx —a)l + 1),
If 57 €, Typ(a, k) and p —1 = 2'h(x )+ Y gog[hi(a)](x — a)l, + 74, (%).
k=1
(56)

Letf : QCR" — R” be a function with a point & € Q such that ||f (¢)|| = 0. So, for
some x; € B(¢; 6) C Q and for some fractional operator t2* € n Taa (x4, f), it is possible to
define a type of linear approximation of the function f around the value x; as follows

tef (xc) mf (i) + D o If ) (xi) [ — i)y, (57)
k=1
which may be rewritten more compactly as follows
0f () ~f () + (ofFl (i) ) (¢ — ). (58)

where (OZDC]]. (x,)> denotes a square matrix. On the other hand, if x — £ and since
If (€)]| = 0, it follows that

0nfle) + (oflf ) (E—x) = exm— (offx)) flx) (59

So, defining the following matrix

Apalo) = ([Agal ) = (oflF1, ) (60)

10
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it is possible to define the following fractional iterative method
Xijt1 = CD(a, .X'i) =X; — Af,a(xi)f(xi), 1= 0,1,2,"', (61)

which corresponds to the more general case of the fractional Newton-Raphson
method [25, 36].

Letf : QCcRR” — R” be a function with a point £ € Q such that ||f(¢)|| = 0. So,
considering an iteration function @ : (R\Z) x R” — R", the iteration function of a
fractional iterative method may be written in general form as follows

D(a, x):=x — Ago(x)f (x), a€R\Z, (62)

where A, , is a matrix that depends, in at least one of its entries, on fractional operators
of order a applied to some functiong : R” — R”, whose particular case occurs wheng = f.
So, it is possible to define in a general way a fractional fixed-point method as follows

Xit1= q)((l, JC,'), = 0,1,2,-". (63)

Before continuing, it is worth mentioning that one of the main advantages of
fractional iterative methods is that the initial condition xo can remain fixed, with
which it is enough to vary the order a of the fractional operators involved until
generating a sequence convergent {x;}, to the value £ € Q. Since the order a of the
fractional operators is varied, different values of a can generate different convergent
sequences to the same value £ but with a different number of iterations. So, it is
possible to define the following set

Convy (€)= {dD : im®(a, x) =&, €B(&; 5)} (64)

x—¢&

which may be interpreted as the set of fractional fixed-point methods that define a
convergent sequence {x;}; , to some value &, € B(&; 6). So, denoting by card(-) the
cardinality of a set, under certain conditions it is possible to prove the following result
(see reference [24], proof of Theorem 2):

card(Convs(¢)) = card(R), (65)

from which it follows that the set (64) is generated by an uncountable family of
fractional fixed-point methods. Before continuing, it is necessary to define the
following proposition [7]:

Proposition 1.7 Let @ : (R\Z) x R" — R" be an iteration function such that
® € Conv; (&) in a region 2. So, if ® is given by the equation (62) and fulfills the following
condition

lim Ag.x) = (F(0)) (66)

Then, ® fulfills a necessary (but not sufficient) condition to be convergent of order
(at least) quadratic in B(¢; ).

Proof: If @ is given by the equation (62), the k-th component of the function ®
may be written as follows

11
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n

(@i (e x) =[], = ) [Ag.al kj(x)[f];(x), (67)

j=1

and considering that f W(x) = ( [f(l)} jl (x)) := (dl[f]j(x)), it is possible to obtain the

following result

O] (%) = (@), (0, %) = 5y — i([Ag,a] Y] 00+ (lAg o) <x>)’

j=1

(68)

where 8, denotes the Kronecker delta. On the other hand, since f has a point £ € Q
such that ||f (£)|| = 0, it follows that

n

[cp(l)}kz(a’ §) = Ou — Z [Aga“}kj(‘):) [f(l)Ll(f)- (69)

j=1

Then, if ® € Conv,s(¢) and has an order of convergence (at least) quadratic in
B(¢&;6), by the Corollary 1.6, it is fulfilled the following condition

n

(1) o
; [Ag,a]kj(f)[f ]jl(é) =6p, VkiI<Zn, (70)

which may be rewritten more compactly as follows

Aga(&)f V(&) = 1, 71)

where I,, denotes the identity matrix of #» x n. Therefore, any matrix A, that
tulfills the following condition

lim Ay (x) = (f W (5))1, (72)

ensures that the iteration function ® given by the equation (62), fulfills a necessary
(but not sufficient) condition to be convergent of order (at least) quadratic in B(&; 6).

Considering the Corollary 1.6 and the Proposition 1.7, it is possible to define the
following sets to classify the order of convergence of some fractional iterative methods:

Ord! (&) := {CD € Convs(¢) : lln} H(I)(l) (a, x)H # O}, (73)
Ord? (&) := {cp € Convy(é) : 15% [0V (a, x)||= o}, (74)

-1

or tim A, (6) # (F(@)) .
75

ordl(.f) = {CI)eConV5(§) : chi_>n}§Ag,a (x) # (f(l) (5))

ordz(g) = {(I)eConv,;(f) : ;lciiréAg’“ (x) # (f(l)( §)> -1 or }liir{Agﬂ (&) # <f(1)( §)>1},
(76)

12
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On the other hand, considering that depending on the nature of the functionf,
there exist cases in which the Newton-Raphson method can present an order of
convergence (at least) linear [7]. So, it is possible to obtain the following relations
between the previous sets

ord'(¢)cOrd'(¢) and ord*(&) c Ord (&) uOrd? (&), (77)

with which it is possible to define the following sets

Ord; (&) :=ord*(§)nOrd' () and Ord;(¢) = ord*(&) N Ord*(é). (78)

5.1 Acceleration of the order of convergence of the set Ord;(€)

Letf : QcRR” — R” be a function with a point £ € Q such that ||f(¢)|| = 0, and
denoting by ®yr to the iteration function of the Newton-Raphson method, it is
possible to define the following set of functions

Ondie(6)={f + im @) = 0}, 79

So, it is possible to define the following corollary:

Corollary 1.8 Let f : Q CR" — R” be a function such that f € Ordyg(£), and let @ :
(R\Z) x R" — R" be an iteration function given by the equation (62) such that
® e ord (). So, if ® also fulfills the following condition

-1

lim A,.(6) = (F7(9)) - (80)

a—1

Then, ® € Ord;(/;). Therefore, it is possible to assign a positive value &y, and replace
the order a of the fractional operators of the matrix A, , by the following function

(], x) = { @ HIEbl £ 0 and )] 2 )
PR il =0 or |ff(x)]260
obtaining a new matrix that may be denoted as follows

Agy () = ([Ag,af]jk (X)), aeR\Z, (82)

and with which it is fulfilled that ® € Ord3(¢&).

It is necessary to mention that, for practical purposes, it may be defined that if a
fractional iterative method @ fulfills the properties of the Corollary 1.8 and uses the
function (81), it may be called a fractional iterative method accelerated. Finally, it is
necessary to mention that fractional iterative methods may be defined in the complex
space [24], that is,

{®(a, x):a€R\Z and xeC"}. (83)

However, due to the part of the integral operator that fractional operators usually
have, it may be considered that in the matrix A, , each fractional operator of, is

13
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obtained for a real variable [x],, and if the result allows it, this variable is subsequently
substituted by a complex variable [x;]k, that is,

Aga(xi)=Agax)|__ ., x€R", x,eC". (84)

Therefore, it is possible to obtain the following corollaries:

Corollary 1.9 Let f : QC C" — C" be a function such that f € Ordy, (&), let g : C* —
C” be a function such that g (x) :f(l) (x) Vx €B(&;6), and let © : (R\Z) x C" — C" be
an iteration function given by the equation (62). So, for each operator 0 € nOi’a(g) such
that there exists the matrix A, v =A,(0%) < Al(g), it follows that the matrix fulfills the
following condition

lim Ag o(x) = (f(l)(x)> " Vx €B(&6). (85)

a—1

As a consequence, by the Corollary 1.8, if ®(A,,,) € Ord)(&) = @ (Ag,af> € Ords(&).

Corollary 1.10 Let f : QCC" — C" be a function such that f € Orda (&), let {2, }2’21
be a finite sequence of functions g, : C" — C" such that it defines a finite sequence of

N
operators {og,x}k_l through the following condition

o« €aMOY (g),) V21, (86)

Yo

and let @ : (R\Z) x C" — C” be an iteration function given by the Eq. (62). So, if
there exists a matrix Ay, such that it fulfills the following conditions

N

34, = Y Adlof,) 2AL(g)  and  lmAn () = (F(x)
k=1

' Vx € B(&;6).
(87)

As a consequence, by the Corollary 1.8, if ®(Ay,) €O0rd; (&) = d)(AN,af> €0rd3(é).

6. Conclusions

It is worth mentioning that it is feasible to develop more complex algebraic struc-
tures of fractional operators using the presented results. For example, without loss of
generality, considering the modified Hadamard product (20) and the operation (36),
a commutative and unitary ring of fractional operators may be defined as follows

R(Aa(0f)) = (#G(Aa(05)), o), (88)

m

in which it is not difficult to verify the following properties:

1.The pair <mG(Aa (0“)), o) is an Abelian group.

X

2.The pair <mG(Aa(0")), >l<> is an Abelian monoid.

X

14
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3.VA P, A1 AT € mR(Aa (ofj) ) , the operation = is distributive with respect to the

operation e, that is,

{A;P # (A0 A)) = (A7 A1) o (A7 +AY) (89)

(A e A1) w A = (AZF = AJ) o (AL1+A)
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