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Abstract

We prove existence and uniqueness of solutions for the Dirichlet problem for quasilinear parabolic
equations in divergent form for which the energy functional has linear growth. A tipical ex-
ample of energy functional we consider is the one given by the nonparametric area integrand

f(z, &) = 4/1+]|€]|?, which corresponds with the time-dependent minimal surface equation. We
also study the asimptotic behavoiur of the solutions.
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1 Introduction and preliminaries

Let © be an open bounded set in IRV with Lipschitz continuous boundary 9€). We are interested in
the problem

2—1; = div a(z, Du) in Q=(0,00) xQ
u(t,z) = p(z) on S =(0,00) x9N (1.1)
u(0,z) = uo(x) in z€Q

where ug € L*(Q2) and a(z,£) = V¢f(2,€), f being a function with linear growth as ||£]] — oo.

A tipical example of a function f(z,¢) satisfying the conditions we need is the nonparametric
area integrand f(z,£) = /1 + [|€||?. Problem (1.1) for this particular f, that is, the time-dependent
minimal surface equation, has been studied in [12] and [17]. Another examples of problems of type
(1.1) included in our case are the following: The evolution problem for plastic antiplanar shear, studied
in [21], which corresponds to the plasticity functional f given by

slél? if el <1
f&) =
el =5 if el > 1,
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and the evolution problems associated with the Lagrangians:

f(@,8) = /1 + aij(z)&i&;,

where the functions a;; are continuous and satisfy a;j(z) = a;i(z), |[£]]? < ai(z)&&; < C|€])? for all

¢ € RY; and the Lagrangian
f@,8) =1+ 2%+ €%,

which was considered by S. Bernstein ([8]) On the other hand, problem (1.1) is studied in [14] for
some Lagrangians f, which do not include the nonparametric area integrand, but instead include the
plasticity functional and the total variation flow, that is, the case f(¢) = ||£]|. Now, the concept
of solution given in [14] is the one obtained by considering the abstract Cauchy problem in L?(£2)
associated to the relaxed energy, but the subdifferential of the energy functional is not characterized .
For the particular case of the total variacion flow, we give in [4] a different approach to the Dirichlet
problem. There, we studied the problem in the framework of the L!- theory, and we characterized the
subdifferential in L?(Q) of its relaxed energy (we refer also to [3] where we treated the L'-theory for
the Neuman problem for the total variational flow).

In general, the problem (1.1) does not have a classical solution. The aim of this paper is to
introduce a concept of solution of the Dirichlet problem (1.1), for which existence and uniqueness for
initial data in L2(Q) is proved. To do that we characterize the subdifferential of the energy associated
with the problem and we use the nonlinear semigroup theory. In a forthcoming paper we will study
the same problem in the framework of the L!-theory, as we did with the Dirichlet problem for the
total variational flow ([4]).

In order to consider the relaxed energy we recall the definition of function of measure (see for
instance, [6] or [12]). Let g : Q x RN — IR be a Carathéodory function such that

g(z, O <ML+ iEl) ¥ (2,6) € @ x RY, (1.2)

for some constant M > 0. Furthermore, we assume that g possesses an asymptotic function, i.e. for
almost all z € ) there exists the finite limit

: §) 0
lim ¢ =) = . 1.3
Jim g(m,t g (z,¢) (1.3)
It is clear that the function ¢°(z,¢) is positively homogeneous of degree one in ¢, i.e.
¢ (z, s6) = sg°(x, &)  for all z,& and s > 0.

We denote by M(, RY) the set of all IR"-valued bounded Radon measures on Q. Given p €
M(Q, RN), we consider its Lebesgue decomposition
p=pt+p,

where ;@ is the absolutely continuous part of 4 with respect to de Lebesgue measure Ay of R", and
p® is singular with respect to Ay. We denote by u®(x) the density of the measure u® with respect to
An and by (dp®/d|u|®)(z) the density of u® with respect to |u|®.

Given u € M(Q, RY), we define i € M(Q, RN*1) by



for every Borel set B C IRN. Then, we have

fo=p"+p* = pt(2)Ay +p° = (u%(2), DAy + (1%, 0).

Hence, we have

_ dp® du?
=t = (5h0) k- ae
dps|  \dp?|
For € M(Q, RY) and g satisfying the above conditions, we define the measure g(z, ) on Q as

s

o) = [ gl n®(@) de+ [ (2" (2) dp (1.4)
/B /B /B ( d|p|

for all Borel set B C 2. In formula (1.4) we may write (du/d|u|)(z) instead of (du®/d|p|®)(x), because
the two functions are equal |u|*-a.e.

Another way of writing the measure g(z,u) is the following. Let us consider the function g :
Q x RN x [0, +00[— IR defined as

g(z, %)t if t>0
gz, & t) = (1.5)
g%(z,¢) if t=0

As it is proved in [6], if g is a Carathéodory function satisfying (1.2), then

[ s = [ (e w0, T2 @) da (1.6

where « is any positive Borel measure such that |u| + Ay < a.

Due to the linear growth condition on the Lagrangian g, the natural energy space to study (1.1) is
the space of functions of bounded variation. Let us recall several facts concerning functions of bounded
variation (for further information concerning functions of bounded variation we refer to [13], [22] or

[2])-

A function u € L'(Q) whose partial derivatives in the sense of distributions are measures with
finite total variation in  is called a function of bounded variation. The class of such functions will
be denoted by BV (). Thus u € BV (Q) if and only if there are Radon measures pi, ..., uyn defined
in  with finite total mass in {2 and

/uDicpda: = —/ pdp; (1.7)
Q Q
for all ¢ € C§°(f2), i = 1,...,N. Thus, the gradient of u is a vector valued measure with finite total
variation
| Du ||= Sup{/ udivedr : ¢ € CP(Q, RY), |o(x)| < 1 for z € Q}. (1.8)
Q

The space BV () is endowed with the norm

lullBv=[u L) + | Du - (1.9)



For u € BV (Q), the gradient Du is a Radon measure that decomposes into its absolutely continuos
and singular parts Du = D®u+ D®u. Then D%u = Vu Any where Vu is the Radon-Nikodym derivative
of the measure Du with respect to the Lebesgue measure Ay. There is also the polar decomposition
D*u = D®u|D*u| where |D*u| is the total variation measure of D*u.

We shall need several results from [5] (see also [16]). Following [5], let
X(Q) ={z € L>®(Q,RY) : div(z) € L'(Q)}. (1.10)

If z € X(2) and w € BV(Q2) N L*°(Q) we define the functional (z, Dw) : C§°(©2) — IR by the formula

< (z,Dw),p >= f/ w pdiv(z) dx f/ wz-Vedz. (1.11)
Q Q

Then (z, Dw) is a Radon measure in €2,
/(z,Dw) = / z-Vwdzr Y weWh(Q)nL®(Q) (1.12)
Q Q

and

[ 0w < [ 16Dl < e [ 100 w13

for any Borel set B C 2. Moreover, (z, Dw) is absolutely continuous with respect to ||[Dw| with
Radon-Nikodym derivative §(z, Dw, z), which is a ||Dw|| measurable function from € to IR such that

/ (z, Dw) = / 0(z, Dw, z)|| Dw]| (1.14)
B B
for any Borel set B C 2. We also have that

16(2, Dw, )|l o< (1wl < 2] L (0,mN)- (1.15)

By writing
z - D*u:= (z,Du) — (z - Vu) d\n,

we see that z - D%u is a bounded measure. Furthermore, in [16] it is proved that z - D%u is absolutely
continuous with respect to |D*u| (and, thus, it is a singular measure with respect to Ax), and

2 D*ul < 2]l D", (1.16)
As a consequence of Theorem 2.4 of [5], we have:

If zeX(Q)NCOQ,RY), then z-D*u=(z-D%) dD*ul (1.17)

In [5], a weak trace on 99 of the normal component of z € X(2) is defined. Concretely, it is
proved that there exists a linear operator ~: X(Q) — L*°(99Q) such that

17(2)llo0 < ll2loo

v(2)(z) = z(z) -v(z) forall z € AN if 2z € C'(Q, RY).



We shall denote +(z)(z) by [z,v](z). Moreover, the following Green’s formula, relating the function
[z,v] and the measure (z, Dw), for z € X(Q2) and w € BV (§2) N L*(R), is established:

/Qw div(z) dx + /Q(z,Dw) = /89[;:,1/]10 dHN 1. (1.18)

Let g be a function satisfying (1.2). Then for every u € BV () we have the measure g(z, Du)
defined by

/Bg(a:,Du):/Bg(a?,Vu(x)) da:—l—/BgO(a:,ﬁ(x)) d| D4l

for all Borel set B C Q. If we assume that {2 has a Lipschitz boundary, and that g(z, &) is defined also
for x € 9N, we may consider the functional G in BV (2) defined by

G = [ g@.Dw+ [ o@v(@)lp(a) — ule)) dHY (1.19)
where ¢ € L'(09Q) is a given function and v is the outer unit normal to dQ. It is proved in [6] that, if
g(z,&,t) is continuous on Q x RN x [0, +oo[ and convex in (&,t) for each fixed = € Q, then G is the
greatest functional on BV (Q) which is lower-semicontinuous with respect to the L!(£2)-convergence

and satisfies G(u) < f g(z, Vu(z)) dz for all functions u € C1(Q) N WH1(Q) with u = ¢ on 9.
Q

The paper is organized as follows. In Section 2 we give the definition of solution for the Dirichlet
problem and we state the existence and uniqueness result for this type of solutions. Section 3 is
devoted to prove the existence and uniqueness result. To do that, we study the problem from the
point of view of nonlinear semigroup theory. We characterize the subdifferential in L2(£2) of the relaxed
energy functional associated with the problem. In Section 4 we give a weakened form of the maximum
principle and we study the asymptotic behaviour of solutions proving that they stabilize as t — oo by
converging to a solution of the steady-state problem. Finally, the Appendix contains the proof of the
approximation Lemma stated in Section 3.

2 The existence and uniqueness result.

In this section we define the concept of solution for the Dirichlet problem (1.1) and we state the
existence and uniqueness result for this type of solutions when the initial data are in L?(Q).

Here we assume that  is an open bounded set in IRY, N > 2, with boundary 9Q of class C', and
the Lagrangian f : Q x RN — IR satisfies the following assumptions, which we shall refer collectively
as (H):

(Hy) f is continuous on  x IR, convex and diffentiable with continuous gradient in ¢ for each fixed
x € Q and satisfies the linear growth condition

Coll¢ll = Cr < f(x, &) < M(|¢]l + Ca). (2.1)

for some positive constants Cp, C1, Co. Moreover, f0 exists and fO(z, —¢) = fO(z, &) for all ¢ € RN
and all z € Q.

(Hy) f(x,€,t) is continuous on  x RN x [0, +oo[ and convex in (£, ) for each fixed z € Q.



We consider the function a(z,§) = V¢f(z, ) associated to the Lagrangian f. By the convexity of

f
a(z,£) - (n — &) < f(n) — f(8), (2.2)
and the following monotonicity condition is satisfied
(a(z,n) —a(z,£)) - (n — £) = 0. (2.3)
Moreover, it is easy to see that
a(z,£)| <M VY (z,6) € Q2 x RV, (2.4)

We consider the function h : Q x IR — IR defined by
h(z,€) = a(z,£) - €.
From (2.2) and (2.1), it follows that
Coll¢ll — D1 < h(z,§) < M|¢] (2.5)

for some positive constants D;.

We assume that
(H3) hO exists and the function h is continuous on € x RN x [0, 4o0].

We need to consider the mapping a® defined by

aw(m,é) = (.’E,t§).

lim a
t——+o00
Observe that

h(z,€) =a®(z,€) - ¢ and Colé] < h’(x, &) < MIE].

(Hq) a®(z, &) = Ve fO(x,€) for all € # 0 and all z € Q.

In particular, as a consequence of Euler’s Theorem, we have
fO(x,8) = a™(x,8) - € = h®(x,€),
for all ¢ € RN and all 2 € Q.
(Hs) a(x,€) -n < h%(z,n) for all ,n € RN, and all z € Q.

Either from (Hy) or (Hs) it follows that a®(z,¢) - n < h%(z,n) for all £,np € RN, ¢ # 0, and all
z € Q. Indeed, it suffices to replace ¢ by t¢ in (Hs) and let ¢t — +oo.

Definition 1 Let ¢ € L'(09Q) and ug € L?(Q2). A measurable function v : (0,7)xQ — IR is a solution
of (1.1) in Q7 = (0,T) x Q if u € C([0,T], L*(Q)), u(0) = ug, u'(t) € L*(Q), u(t) € BV () N L*(Q),
a(z,Vu(t)) € X(2) a.e. t€[0,T], and for almost all ¢ € [0,T] u(t) satisfies:

u'(t) = div(a(z, Vu(t)) in D'(Q) (2.6)
a(z, Vu(t)) - Dsu(t) = f°(x, Du(t)) (2.7)
[a(x, Vu(t)), v] € sign(p — u(t))fO(z,v(z)) HY ' —ae on 09 (2.8)



Our main result is the following:

Theorem 1 Let ¢ € L'(09) and assume we are under assumptions (H). Given ug € L?(Q), there
exists a unique solution u of (1.1) in Qr for every T > 0 such that u(0) = ug.

3 Strong solution for data in L?*()

To prove Theorem 1 we shall use the nonlinear semigroup theory ([9]). For ¢ € L!(89) we define the
energy functional ®, : L*(Q) — [0, +oc] by

. /Qf(:c,Du)+/89f0(:c,u(:c)[<p—u]) dHN" i we BV(Q)NIQ)
D, (u) =

+00 if weL%Q)\ BV(Q)

Note that, on the boundary, the integrand can be written in the form f%(z,v(z)[p — u]) = |p —
u|f%(z,v(z)). Functional ®,, is clearly convex and has the form given in (1.19). Then, as a consequence
of the Anzellotti’s result ([6]) we have that ®, is lower-semicontinuous. Therefore, the subdifferential
9%, of ®,, i.e. the operator in L%(Q2) defined by

v € 0Py (u) = Py,(w) — Py(u) > / v(w —u) de, Y w e L*(Q)
Q
is a maximal monotone operator in L?(2). Consequently, the existence and uniqueness of a solution
of the abstract Cauchy problem

u'(t) + 0P, (u(t)) 20 t €]0, 00|
(3.1)
u(0) = ug ug € L2(Q)

follows immediately from the nonlinear semigroup theory (see [9]). Now, to get the full strength
of the abstract result derived from semigroup theory we need to characterize 0®,(u). To get this
characterization, we introduce the following operator B, in L%*(Q).

(u,v) € B, <= u € BV(Q)NL*Q),v € L*(Q) and a(z, Vu) € X(Q) satisfies :

—v = div a(z, Vu) in D'(Q) (3.2)
a(z, Vu) - D*u = f*(z, D*u) = f°(z, D*u)|D*ul, (33)
[a(z, Vu),v] € sign (¢ —u)f°(z,v(z)) HN"! _ae. (3.4)

Let (u,v) € By, and w € BV (2) N L*(£2). Multiplying (3.2) by w — u, and using Green’s formula
(1.18), we obtain

/Q(w —u)vdz = — /Q(w —u) div a(z, Vu) doe =

/ (a(z, Vu), Dw — Du) — f la(e, Va), v](w — u) dHN 1 =
Q o0



:/(a(:v,Vu),Dw) f/ la(z, Vu), v (w — @) dHN 1
Q [2/9]

—/(a(:c,Vu),Du) —/ la(z, V), v](¢ — u) dHN T =
Q o0

:/(a(:v,Vu),Dw) f/ la(z, Vu),v](w — @) dHN 1
Q o0N

s 0 N-1 _
—/Qa(:c,Vu)-Vu d:c—/ﬂa(:c,Vu)-D u—/89|<p—u\f (z,v(z)) dH =

:/(a(:v,Vu),Dw) f/ la(w, Vu), v (w — @) dHN 1
Q o0N

f/ h(x,Du)—/ o — ulfO(e, v(z)) dHN .
Q N

Therefore, if (u,v) € By, we have that

/Q(w —u)v doz = /Q(a(a:,Vu),Dw) - /OQ[a(a:,Vu),l/](w — ) dHN 1~
(3.5)
—/ h(z, Du) — / o — ulfOz,v(x)) dHN Y, ¥ w e BV(Q) N LA(Q),
Q a9

Theorem 2 Let ¢ € L'(0N). Assume we are under assumptions (H), then the operator 8@, has
dense domain in L?(Q) and

We note that, in the particular case of the nonparametric area integrand f(z,&) = /1 + [|£]|?, the
characterization of the subdifferential of ®, given by Theorem 2 coincides with the one given by F.
Demengel and R. Temam in [12], Theorem 3.1, where they used a different approach. More precisely,
they characterizatized the subdifferential by means of the duality method of convex optimization
introduced by R. T. Rockafellar in [19]. To prove Theorem 2 we need the following proposition.

Proposition 1 Let ¢ € L}(99). Assume we are under assumptions (H), then L>=(Q) C R(I + By)
and D(B,) is dense in L*(Q).

We need to introduce the following sequence of auxiliar operators. For ¢ € W%Q(Q), let

WhA(Q) = {u e WY(Q) : upg=¢ HY ' —ael.

1
For every n € IN, consider a,(z,§) := a(z,£) + —€. We define the operator A4, , in L?(f):
n

(u,v) € Apy <= u e Wé’z(ﬂ) NL®(Q),v € L*(Q),and

/ (w—u)v dr < / ap(z,Vu) -V(w —u)de VYwe W;Q(Q).
Q Q

A similar proof to the one given in [4], Proposition 1, gives us the following result.



Lemma 1 Let ¢ € W%’z(aﬂ) N L*®(09Q). Then for every n € IN the operator A, , satisfies

L®(Q) C R(I + Ap,y).

We also need an appoximation lemma similar to the one given by G. Anzellotti in [7]. The proof
of this lemma will be given in the Appendix.

Lemma 2 Let Q be an open bounded set in IR™N, N > 2, and assume that 0Q is of class C'. If
v,u € BV () and g € L*(99Q), then there exists a sequence of functions v; € C*(Q) such that

v; =g in LY(89), (3.6)

v —v in LNV/(NZ1(Q), (3.7)

f J1+ Vo (2)2dz —>/ ,/1+|Dv(x)|2d:c+/ g — o|dHN (3.8)
Q Q 0N

Vuj(z) = Vu(z) An-a.e. in ) (3.9)

Vj(z) Du(z)
Vo,(@)] ~ Du(z)

|Vvj(z)] — oo and |Dv|® a.e. in Q (3.10)

Vuj(z) Du(x)
Vo) Dul)]

where |Du|*® denotes the part of the singular measure |Du|® which is singular with respect to |Dv|*,

V()| = oo and |Dul|*® a.e. in Q (3.11)

Voj(z)  g(z)
Vo,@)]  lg(a)
HN"1 ge in{x e Q:g(x)#v(zx)}

Vo) o) u(x)
Vo (@) To@) u(@) " (3.13)

HN "1 ae in{zeQ:g(x)=v(z)u(r) #v(z)}

v(z) (3.12)

|Vvj(z)] = oo and :Z

Vovj(z)] = oo and

The next Lemmas will be used to prove Proposition 2 and Theorem 1.

Lemma 3 Let ¢, ¢, € L'(0Q), pn — ¢ in LY(0Q). Let up,u € BV (Q) and 2z € X(Q) with div(z) €
L?(Q). We assume that

B, (un) - B, (u) (3.14)

a(z,Vu,) — z  weakly* in L*=(Q), (3.15)
[z, V](z)] < oz, v(x)) a.e. in 09, (3.16)

|z - D%u| < f%x, D*u) as measures in Q, (3.17)



lim /Qh(a:,Dun) + /m tun — onl Oz, v(z)) dHN ! =

n— 00

(3.18)
— [ b, D) + [ Ju= i, () Y
Q o0N

and

/h(m,Du)+/ u— @ £, v(z)) dHN ! gf(z,pu)+ 2 v](p —u) dHN 1 (3.19)
Q o0 Q

oN
Then
/ z-Vu de = / h(z,Vu) de = / a(z,Vu) - Vu dz (3.20)
Q Q Q
z-Du= fo(x, D?u) (3.21)
[z,v] € sign (¢ — u)fo(a:, v(z)) HN-1 _ae. (3.22)

Proof. By the convexity of f, we have

/ a(z,Vuy) - Vu dz < / a(z,Vuy) - Vu, dz —I—/ f(z,Vu) dz —/ f(z,Vuy,) de <
Q Q Q Q

< /Qa(m,Vun) -Vuy, dr + /Q £z, Dbuy) + /BQ lun, — @nlfO(z,v(z)) dHN 14
+ [l elf @ @) aHY !+ [ (o, V) da-
([ £ Vu) dot [ @ D0w) + [ Jun ol v(@)) =
— [ (o, Dun) da + [ ol £, v(@) AV 4 [ Jon ol (o, vle)) dHV
Q o0 o0

—I-/Qf(x,Vu) de — ®,(uy).

Letting n — oo, and using (3.14), (3.15) and (3.18), we obtain
f z-Vudr < / h(z, Du) +/ lu — @|fOz,v(z)) dHN ! —|—/ f(z,Vu) de — ®,(u) =
Q Q o Q

= f a(z,Vu) - Vu dz.
Q
Now, using (3.21) and (3.22), we have
[z, v)(0 = w)| < Ju— | f(2,v(2)),

and
|z - D*u| < £z, D%u).

Hence, from (3.19), we obtain (3.20), (3.21) and (3.22). 0

10



Lemma 4 i) Let u, € BV (Q) N L*(Q) and z € X(2). Suppose that

a(z,Vu,) — 2z weakly* in L*®(Q, R") (3.23)
and
div (a(z, Vuy)) — div z weakly in L%*(Q). (3.24)
Then
[a(z, Vuy,), v](z) — [z,v](x) weakly in L?(09) and (3.25)
[z, V](z)] < oz, v(x)) a.e. in OQ. (3.26)

ii) Let un, € W'2(Q). Let an(z,€) = a(x,§) + L¢. Suppose that

|unll2  is bounded in L%(Q), (3.27)
1
~|Vun| =0 in L}(Q), (3.28)
n
an(x, Vuy,) — z  weakly in L?(Q, RN) (3.29)
and
div (an(z, Vuy)) — div 2 weakly in L*(Q). (3.30)
Then
[an (2, Vu,),v](z) — [2,v](z)  weakly in W'/22(0Q)* and (3.31)
[z, v](z)] < oz, v(z)) a.e in OQ. (3.32)

Proof. Since both proofs are based on similar arguments, we shall only prove ii). Observe that, if
o € L*(Q, RY) and div(c) € L*(Q), we may define [0, ] using the integration by parts formula

/SQ[U,VW:/Qdiv(U)d)-F/QU.Vd). (3.33)

for all p € W12(Q). This is consistent with the classical notion of trace at the boundary and it
defines [0, v] as an element of W'/22(9Q)*. According to the assumptions (3.29), (3.30) we have that
[an (2, Vuy),v] — [z,v] weakly in W1/22(9Q)*. In i), the analogous conclusion (3.25) follows from
the results in [5] and the fact that a(z, Vuy,) is uniformly bounded in L*°(Q2). In this case, the traces
[a(z, Vuy),v] are in L*°(9Q).

To prove (3.32), again, we observe that [16] if o € L2(Q, RY) and div(c) € L?(f2), then there is a
sequence o € C®(Q, RYN) satisfying
or — o in L2(Q, RN), (3.34)

divoy — dive in L*(Q). (3.35)

We recall the construction in [16]. We use a partition of unity 6}, j = 1,2, ...p, in Q with 0 < 6; <1,
; € C§°(IRYN), such that if the support of f; intersects 9(2, then for some bounded open cone K;
with vertex 0, every z € 9Q N supp(;) satisfies (z + K;) N Q = 0, and for some r > 0, every
z € 90N (supp(9;) + B(0,r)) satisfies (z — K;) C Q. For each j, we choose p; € C§°(IRN), 0 < p; < 1,

11



with / pjdz =1, and let p;(z) = kN p;(kx). If j is such that the support of §; intersects 99, we
RN
choose p; such that supp(p;) C K;. Then we define

p
ok =Y pik* (Bjoxa)
i=1

As it was proved in [16], oy satisfies (3.34) and (3.35). As in the first part of the proof, we have that

[ o= [ [l

for all ¢ € W12(Q2). We shall use this observation for o = a,(z, Vu,). Previously, we extend u,, as a
function in W12(IR"N) such that [unllwr2(myy < Cllunllwizq), for some constant C' > 0 depending
only on Q ([1]). Then we define

Vu,

P
ap i(z, Vuy) = Zp]k* (Bja(z, Vuy)xa + 6;

)-

Now, since a,x(z, Vu,) € C®(Q), [ank(z, Vu,),v] can be understood in a classical sense. Let
Y € WH/22(9Q). We may write

Lg[an,k(w,Vun),V](w)@b(w) = o)k * (Bja(z, Vun)xa), v](z)¥(z) +

\.

_|_

2 o
2% [ oz 69 un) vi(@)w(a).

By taking k sufficiently large, we may assume that all 6; used in the above expression are such that
supp(0;) intersects 02. We observe that

[ llosa + (650, Vanxa), v)(@) [9(2)] <
o0

/an/ pink(x —y)0;(W)aly, Vun(y)) - v(z)[lp(z)|dyde <
< /an/ﬂpjvk(m —9)8;(y) 2y, v(x))|¢(z)|dydz.

Since

Vunaj = V(unt‘)]) - Unvaja

we may write

[ Toin+ (6,9, vl(@)i(a) = [ Vit (6ua). ) @05(2) — [ [pi+ (V850 v)(@)ib(a).

We estimate both integrals in the right hand side of the above expression. First,

‘ /(«)Q[ij’k x (Ojun), v)()(x)

0
< Ha(p]k * (unGJ))H ||¢||W1/2’2(69) =

W1/2’2(3Q)*

12



< Cllpjk * (unb;)llwr2@)l[¥llwrrz200) < Cllpjk * (un)llwiem)l[¥llwirzz ag) <
< Cllunbjllwrzmmy1¥ w2200y < Cllunllwrzmy)l[¥llwizega) < Cllunllwiz o) l¥llwiz g

for some constant C' > 0 (which may change from line to line). A similar analysis proves that

/aQ[pj’k * (VOjun), v](2)y(z)

< CHunHlez(Q)H@b”Wm(Q)

for some constant C' > 0. Taking all the above into account , we obtain

Aﬂ[an,k(m,v%)’y](mw <

p 0 C
<3 [ Jypaste — 985001+ s 4l

Letting £ — oo, and taking into account the fact that 6; is a partition of unity in Q and our
assumptions on 6; and K, we obtain

C
/ [an(z, Vug), v](2)y S/ Pz, v(@)[p(@)|dz + —[lunllwre @ ¢l wizq)-
29 29 n

Now, letting n — oo, and using (3.27), (3.28), we obtain

[z vl(@)b(a)
179

for all ¢p € W12(Q). Now, since z € L*°(Q) and div(z) € L?(Q2), [z,v] coincides with the trace given
in the sense of Anzellotti ([5]), and, therefore, [z, v] € L*°(0f2). Hence, from (3.36), we conclude that
[z, v)(@)| < fO(x, v(@)). O

< [ @ v@)lb)lds, (3.36)

Lemma 5 Let ¢, 0, € L'(09Q), ¢, — ¢ in L'(0Q). Let un,,u € BV(Q) and let py, pu be the RN -
valued measures on Q defined as

pn(B) = Du,, + (on — up)v dHN 1
BNQ BNoQ

p(B) = / Du + (p —u)y dHN !
BN BNoQ

for all Borel sets B C Q). We assume that

Un — 1 weakly as measures in Q (3.37)
a(z,Vu,) — z  weakly* in L*®(Q), (3.38)
div(z) € L*(Q), (3.39)
[z, v](x) € sign (¢ —u)f(z,v(z)), HN™! —ae. on 0Q and (3.40)
lim / h(x, Duy,) +/ tun — on| fO(z,v(z)) dHN ! =
n—oo J a0
(3.41)

— [Dw+ [ ju gl @) dEV
Q o0

13



Then
div z = div a(x, Vu) in D'(Q) (3.42)

and

[z,v] = [a(z, Vu), V] HN! —ae. on 90 (3.43)
Proof. The proof is an application of Minty-Browder’s method. Let ¢» € C*(Q2), A > 0, and f €

C(Q) be a sequence of functions that converge to u + A as in Lemma 2, with f; — g = ¢ + Ay on
09. Since, by (Hs) and (1.17), we have

/ fo(m,Dsun) f/ a(z,Vfy) D’u, >0
Q Q

and

[l = 018, vl@) N = [ a(e, V) - v(on — ua) de >0,
[59] o0

by the monotonicity of a, we have

OS/( ("E Vun)i (Cl? vfk))(vunfvfk) d$+4f0($,Dsun)*L&(%,ka)-Dsun+

N-1 . y u N-1 _
[ fun = ol o v@) dHY = [ a@, VA vlon — un) dH
/h z, Duy,) +/ — on| 2z, v(z)) dHN 1

—/_a(a:,ka) dpn —f a(xz,Vuy,)  Vf dx +f a(z,Vf) Vfi de.
Q Q Q

Since a(z, Vfi) € C(Q), and p, — p weakly as measures in 2, we have

lim | a(z,Vfi) du, = /_a(:c,ka) du
Q Q

n—oo

From last equality, (3.38) and (3.41), we get

0< /Q(Z,Du)—l—/lm\u—go\fo(:c,u(:c)) dHN*I—/ﬁa(m,ka) dy— »
3.44

f/ 2 Vi, dm+/ a(z,Vfi) - Vi de.
Q Q

Now, using (3.39), (3.40), and Green’s formula, we have

lim [ z-Vfgde= lim (—/ div(z) f da:—{—f [z, V] fx dHN1> =
k—o0 Q 90

k—oo JO

f/ div(2)(u + ) d:v—l—/ [z, v](¢ + A\p) dHN 1
Q o0
= [ D)+ [ [2le —w) dHY
Q o0
= [ D) + [ o= ulf (e, v(@) BN
Q o0N
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With our choice of f, we have
lim | a(z,Vf) du =

k—oo JQ
:klirgo (/ﬂ a(z, Vi) - Vu dm—i—/ a(z, Vi) - u+/ a(z, Vi) v)(p — 1) dHN1> _
:/Qa(:c,Vuﬁ-)\V@b)-Vu d:v—i—foU(:c,Dsu)—i- ma (|i:u| )V(cp—u) daN-1

:/a(:c,Vu—i-)\Vz,b)-Vu d:v—i—/ fo(:c,Dsu)—i-/ lo — u|fO(z,v(z)) dHN L.
Q Q GIo)

Taking limits in (3.44) when k — oo, we obtain

0S/Q(Z,Du)+/89|<,0—u|f0(9:,1/(93)) dHNfl—/

(5. Dl 23) = [ oo = ulf (e, v(e) a1
Q 890
- [ a(Vu+2Vy) - Vude — [ 12w, D%) - [ o~ ulf( vi@)+
Q Q o0
+/ a(z, Vu + AVY) - (Vu + AVY) dx —I—/ £z, D*u) -l-/ o — ulfO(z,v(z)) dHN L.
Q Q a0
Dividing by X and letting A — 07, it follows that
0< / (a(z,Vu) — z) - Vo dz.
Q

Therefore, since we can take —1 in the above inequality, we get

/ﬂ(a(a:, Vu)—2) Ve dz=0 Vel (@) (3.45)

Taking ¢ € D'(Q2), we get (3.42). Moreover, by (3.45), using Green’s formula and having in mind
(3.42), we get

/ la(e, Vu) — 2,0y dHY 1 =0 V¢ € ' (@),
[2/9]
which implies (3.43). O

Proof of Proposition 1. We divide the proof in three steps.
Step 1. Suppose first that ¢ € C1(Q). Let v € L>®°(2). We shall find v € BV (Q) N L?(Q) such that
(u,v —u) € By, that is, there is a(z, Vu) € X (1) satisfying

(v —u) = —div a(z,Vu) in D'(Q) (3.46)
a(z,Vu) - D*u = f°(z, D%u) (3.47)
[a(z, Vu),v] € sign (¢ — u)fO(z,v(z)) HN ! - ae (3.48)

By Lemma 1, we know that for any n € IN there exists u,, € W;’Q(Q) N L°°(£2) such that (u,,v
un) € Ap,. Hence

/ (w—up)(v—up) de < / ay(z,Vu,) -V(w —u,) VYwe W;Q(Q) dz. (3.49)
Q Q
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Let M; := sup{||¢|lco; |¥]lcc }- Then, taking w = u, — (up, — M7)" as test function in (3.49), we
obtain

/(un — Mp) " (up —v) dz < 0.
Q

Hence,

/ (un, — M;)? d:cg/ (up, — M7)(up — v) da::/(un—Ml)+(un—v) dr < 0.
{un>M1} {un>M1} Q

Consequently, u, < M; a.e. in Q. Analogously, taking w = u,, + (u, + M;)~ as test function, we get
—M; < u, a.e. in Q. Therefore,

|unlloo < My for all n € IN. (3.50)
Taking w = wg € W$*2(Q) N L% (Q) in (3.49), applying Young’s inequality and using (3.50) we get
1
/ a(z, Vuy,) - Vu, dz + —/ Vun|? de <
Q n Jo
1
/ a(z, Vuy) - Vwg dz + —/ Vu, - Vwy dx + / (wo — up)(up —v) de <
Q nJo Q

1
2 1 1 1
§M2</ | Vw2 da:)z +—/ |V, |? da:—l——/ [Vwo|? dm+M3§M4—I——/ Vuy,|? dz.
Q 2n Jo 2n Jo 2n Jo

Hence, by (2.5), we obtain

/ |Vu,| de < Ms VnelN (3.51)
Q
and )
—/ |Vun|*> de < Mg VYn e IN (3.52)
nJa
Thus, {u, : n € IN} is bounded in W!(Q) and we may assume, by extracting a subsequence, if

necessary, that u, converges in L'(Q) and almost everywhere to some u € L'(Q) as n — +o00. Now,
by (3.50) and (3.51), we have that u € BV () N L*>(Q).

Observe that by (2.4) and (3.52), {a,(z, Vu,) : n € IN} is bounded in L?(2, RY). Consequently
we may assume that

a,(z, Vu,) = z as n — oo, weakly in L2(Q, RY). (3.53)

Given ¢ € C§°(Q), taking w = u, £ ¢ in (3.49) we obtain

/ (v — uy) doe = / an(z, Vuy,) - ¢ do
Q Q
Letting n — +00, we obtain
/(’U*u)’lﬁ d:v:/z-v¢ dz,
Q Q

that is,
v—u=—div(z) in D'(Q). (3.54)

and
div a,(z, Vu,) — div(z) weakly in L*(Q). (3.55)
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Since, by (3.52),
1
—|Vun| =0 in L*(Q), (3.56)
n

as a consequence of (3.53), it follows that

an(z, Vup) — 2z as n — oo, weakly in L2(Q, RY). (3.57)
Moreover, by (2.4) we may assume that

a(z,Vu,) = z asn — oo, weakly* in L>(Q, RN). (3.58)

Let us prove that

lim [ a(z,Vuy,)- Vu, dz = /

n— 00 0 0

(z, Du) — /69[2, V(u— ) dHN 1. (3.59)

By (3.49), we have
/(w — Up)(v — uy) dx —|—/ a(z, Vuy,) - Vu, do <
Q Q

1
< / a(z,Vuy,) - Vw dz + —/ Vu, - Vw dz, (3.60)
Q nJo

for all w € W}*(Q). By Lemma 2, there exists v; € C'(Q) such that Vjjoo = ¢ and vj — u in L'(Q).
If we set w = v; in (3.60), taking the upper limit when n — oo, we get

/ (vj —u)(v — u) de + limsup [ a(z, Vuy) - Vu, dr < / z - Vv; dz. (3.61)
Q Q

n— 00 Q

Now, by Green’s formula we have

/z-ij dx = —/ div(z)v; d:c—i—/ [z, v]o dHN ! :/(v—u)vj d:c—i—/ [z,v]o dHN L.
Q Q a9 Q a9

Hence, taking limit as j — oo and applying again Green’s formula we obtain that

lim 2+ Vu; da::/

| (z,Du)f/ 2, 0] (u — @) dHN 1, (3.62)
J—=0JQ Q [2/9]

Letting j — oo in (3.61) , we have

limsup [ a(z,Vuy,)- - Vu, dx < /

n—00 Q Q

(2, Du) — / [z, v](u — ) dHN T, (3.63)
N
On the other hand,

/ a(z,Vuy,) - Vu, dr = / (a(z, Vuy) —a(z, Vvj)) - V(u, — v;) de+
Q Q

+/ (a(z, Vuy) — a(z, Vv;)) - Vo; do +/ a(z, Vo) - Vu, dz >
Q Q

> / (a(z, Vuy,) —a(z, Vv;)) - Vu; de +/ a(z, Vv;) - Vuy, dz.
Q Q
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Hence
liminf [ a(z,Vu,)- Vu, dz >

n— 00 0

> lim (/ a(z, Vuy) - Vo, de —/ a(z, Vvj) - Vo, dz +/ a(z, Vovj) - Vuy, d:c).
Q Q Q

n—oo

If we consider the IRN-valued measures p,, 1 on Q which are defined as

pn(B) = Vu, dx
BN

w(B) := Du + / (¢ —u)v dHN 1
BN BNoQ

for all Borel sets B C 2, we have

Pn — weakly as measures in ).

Then, since a(z, Vvj(z)) € C(Q, RY), we have
lim [ a(z,Vv;)  Vu, dz = / a(z, Vov;) dDu + a(z,Vo;) v(p —u) dHN .
n—oo Jo Q Q

Therefore, we have

liminf | a(z,Vuy,) - Vu, dz > /

n— 00 0 0

z-Vvj dx — / a(z, Vv;) - Vo, de+
Q

+/ a(z, Vov;) dDu + a(z,Vv;)-v(p —u) dHN 1.
Q EIo)

Now, by Theorem 7.4 of [7], we have

lim [ a(x,Vv;) Vo, de =

j—oo Ja
—/ a(z,Vu) - Vu d:c—i—/ (z, D) - D*u + a®(z,(p —u)v) - v(p —u) dHN 1.
N
On the other hand, as a consequence of Lemma 2, we have

lim [ a(z,Vv;) dDu = lim (/ a(z, Vv;) - Vu dm-l—/ a(x,ij)stu> =
Q Q

j—oo JO j—00

= / a(z,Vu) - Vu dm-l—/ a°°(a:,ﬁ)~Dsu
Q Q

and

lim a(z, Vo;) - v(p —u) dHN ! = / a~ (9:, L V) v(p—u) dHN T =
ji—o0 Jaq oQ lo — ul

:/ a®(z, (¢ —u)v) -v(p —u) dHNT,
[2/9]

Collecting all these facts, we obtain

liminf [ a(z,Vuy) - Vu, de> lim [ z-Vov; dz = / (z, Du) f/ [z, v](u — ) dHN 1,
Q o

n—oo Jo j—oo JO
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Combining this inequality with (3.63), we obtain (3.59).
Our next purpose will be to show that
[ D)+ [ fo =l ev@) dEY = [ D) = [ [l ) dEY
Q a9 Q a9
According to [6], there exists a sequence {w;} C C1(£2) N BV(f2) such that Wj a0 = ¥
wj —u in LYQ), and ®,(w;) = B,(u).
Now, by convexity of f, we have

/Qf(a:,Vun) dr < fﬂa(:c,Vun) -Vu, dr —f

Q
Thus,
S, (uy) < f a(z, Vuy) - Vu, dz — f a(z, Vuy,) - Vw; dz + ®,(w;).
Q Q

Using (3.59), it follows that
lim sup @, (u,) <

n— 00

< /Q(z,Du) - /89[2,1/](u — ) dHNT — lim [ a(z, Vu,) - Vwj dz + &,(w;) =

n—oo Q

:/(z,Du)—/ [z, v](u — ) dHNfl—/ z-Vw; de + ®,(w;).
Q 1) Q
Since

lim [ z-Vw; dz = lim (—/ div(z)w; d,g;+f ERAL dHN1> _
Q 0

j—o0 JO j—o0

—f div(z)u da:+f [z, V] dHN ! :/(z,Du) —/ [z, v](u — @) dHN 1,
Q a0 Q 0
letting § — oo in the above inequalty, we obtain

limsup ®,(u,) < lim ®,(w;) = 4, (u).

n— 00 Jj—ro0

Thus, by the lower-semicontinuity of ®,, we get

S, (u) = lim P, (up).

n— 00

Now,

Hence, (3.65) yields
Jim [ fofin) = [ Fa ).

Then, applying Theorem 3 in [18], it follows that

/_B(m,ﬂ) = lim /_B(:c,ﬁn) = lim [ a(z,Vu,)- - Vu,.
Q

n—oo Q n—oo Q
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Since

[t = [ e, @) do+ [ A, d‘%(m) ali’] =
~ [ R, 1) do+ [ i, ddi;(x),m '] =
:/ﬁh(m,ua d:c—i—/ h(z dp z| z)) d|p®| =

= [ b Vu(@) do+ [ B, D7) diD%ul+ [ 1 (s, 7|Eg ) N -

—/hxDu +/ o ul £, v(z)) dHV,
(3.64) follows from (3.59) and (3.66).
By (3.56), (3.57) and (3.55), applying Lemma 4 ii), we get

[z, V](z)] < Oz, v(z)) a.e. in OQ. (3.67)

Let v; € C1() be a sequence such that v; — u in L?(£2) and f 'Vuj| = |[Dul|. According to (Hs),
Q
we have
la(z, Vuy) - V,| < fO(z, Vouy).
Then, if 1, ¢ € C*(Q), with 0 < < ¢, we have

| ae Vw90, 0| < [ P 9000,

[= v 14 < [ £z, 908
/Qz.vvj 0 :‘/ﬂdz’v(z)vﬂﬁfﬂvj

letting j — oo we obtain that

and, letting n — oo, we get

Now, since

(0w )| = |~ [ div(yup — [ uzw\ < [ wr'@.Dw < [ 61, Du).

Hence

(I(z, Du)|, ¢) < /ﬂ 61°(x, Du).

Thus, we have
|(z, Du)| < f%(x, Du)  as measures in Q.

Then, the singular parts also satisfy a similar inequality,

|z - D*u| < f%(x, D®u)  as measures in Q. (3.68)
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Now, by (3.65), (3.58), (3.67) and (3.68), the assumptions of Lemma 3 are satisfied, and we have

/Qz -Vu dz = /Q h(z,Vu) de = /Qa(a:,Vu) -Vu dz (3.69)
z-D%u = fx, D%u) (3.70)
[2,v] € sign (¢ — u) f%(z, v(z)) HN1 —ae. (3.71)

Moreover, since u,|spq = ¢, as a consequence of Lemma 5 with ¢, = ¢, we have
div z = div a(z, Vu) in D'(Q) (3.72)
and
[z,v] = [a(z, Vu), V] HN"!' —ae. on 90Q (3.73)

Observe that (3.46) follows from (3.54) and (3.72); (3.47) is a consequence of (3.69), (3.70) and
(3.72); and (3.48) follows from (3.71) and (3.73). This concludes the proof in the case ¢ € C(Q).

Step 2. Suppose now we are in the general case, that is, ¢ € L!(89Q). Take ¢; € C(Q) such
that ¢; — ¢ in L'(99). Given v € L*°(f), from Step 1, there exists u; € D(By,), such that
(uj,v — uj) € By,. Hence, we have

—div(a(z, Vuj)) = v — u; in D'(Q) (3.74)
a(z,Vu;) - D*uj = f(z, D*u;) (3.75)
[a(z, Vu,), v] € sign(p; — uj) f*(z,v(z)) HN! —ae. (3.76)

By (3.74), (3.75) and (3.76), we get

/ a(x, Vuj) - Vu; dx +/ f%(z, Du;) —I—/ lp; — uil fO(z, v(z)) dHN 1+
Q Q a9
(3.77)
-I—/ u? dr = / ujv dr + (a(z, Vu,) - v)p; dHN L.
Q Q a9

From (3.77), using Young’s inequality and (2.5), we obtain that

1
Co| Duj|| + 00/ 0 — |z, v(z)) dHN 1 + §/ wdr<C  VjeN,
o0N Q

for some constant C' > 0. It follows that there exists u € BV (2) N L?(Q), such that
uj —u weakly in L*(Q), uj —u in L9(Q) for all 1 < g < . (3.78)
Hence,
/ u? dz < lim sup/ u? dx. (3.79)
Q j—oo JQ
After passing to a subsequence, if necessary, we may assume that

a(r,Vuj) =z asj — oo, weakly* in L>®°(Q, RY) (3.80)
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and
—div(z) =v—u in D'(Q). (3.81)

According to [6], Fact 3.3, there exists a sequence {w;} C C'(Q) N BV (Q) such that wy g0 = ¢,
wy = u in L*(Q), and ®,(wy) — Py(u). (3.82)

Now, by the convexity of f we have

/ f(z,Vu;) de < / a(z,Vu;) - Vu; dx —/ a(x, Vuj) - Vwy, dz —I—/ f(z, Vwy) dx
Q Q Q Q

Thus, having in mind (3.74), (3.75) and (3.76), we get
Py, (uj) = fﬂf(:c,VuJ-) d:c—i—/QfO(:c,Dsuj) + /aQ uj — <Pj|f0($,1/($)) dHNT <
< /Qf(x,Vwk) dx —I—/Qa(a:,Vuj) - Vu; da:-l—/QfO(:v,Dsu]-) + /m u; — goj|f0(a:,1/(a:)) dHN-1-
—/Qa(:v,Vu]-) - Vwy, de < /Qf(:v,Vwk) dx + /Q(v — uj)u; de+

—I—/ [a(z, Vu,), v]p; dHN 1 f/ a(x, Vuj) - Vwy, dz.
a9 Q
Using (3.79) and (3.80), it follows that

limsup @4 (u;) = limsup g, (u;) <

j—o00 j—o00

g/f(:c,Vwk) d:c—i—/uv d:c—fu2 da:+f [z,v]cdeNfl—/z-Vwk dx <
Q Q Q a9 Q

< /Qf(:c,Vwk) d:c—l—/ﬂ(v —u)u dm—}—/ﬂdiv(z)wk dz.

Hence, by (3.81), letting k — oo, we arrive to

limsup @, (u;) < lim ®,(wy) = Py (u).
k—ro0

j—00
Thus, by the lower-semicontinuity of ®,, we get

B,(u) = lim B, (u;). (3.83)

]—)OO

Applying Theorem 3 of [18] as in the step 1, it follows that

'lim/hx Du;) —1—/ — il %z, v(z)) dHN 1 =

J—00

(3.84)
—/hmDu +/ — |z, v(z)) dHN L.

On the other hand, by Green’s formula, (3.74), (3.75) and (3.76), we have
/hxDu] —1—/ — il %z, v(z)) dHN 1 =
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=/<wv%umg+/ (e, V), v)(p; — uj) dHV 1 =

—/ uj(v da:—l—/m[a(a:,Vuj),zx]goj dHN L,

Since [a(z, Vu;),v] — [z,v] weakly* in L*°(d9), letting j — 400, and using (3.84), it follows that

[ b D+ [ u= el (e v(a) aBY < [

u(v —u) dx —i—/ [z,v]¢ dHN 1 =
Q o
:/(z,Du)—i— [z,v](p —u) dHN L.
Q o0
Now, by Lemma 4 (i), we have
[z, V](z)| < oz, v(z)) HN'—ae in 9.
Moreover, as in step 1, we get

|z D%u| < f%«, D*u) as measures in €.

With this and using Lemma 3, we obtain

/Qz -Vu dz = /Q h(z,Vu) dz = /Qa(m,Vu) -Vu dz (3.85)
z-D%u = fx, D%u) (3.86)
[z,v] € sign (¢ — u) f(z, v(z)) HN"'_ae. (3.87)

As in Step 1, to get that (u,v — u) € B, we only need to prove that
div z = div a(z, Vu) in D'(Q) (3.88)

and
[z,v] = [a(z, Vu), V] HN"1' —ae on 09. (3.89)
This is a consequence of Lemma 5, if we consider the IRV-valued measures pu,, x on  which are
defined as
pn(B) = Duy, + (on — up)v dHN 1
BNQ BNoQ
u(B) := Du + (o —u)v dHN 1
BNQ BNoQ
for all Borel sets B C Q.
2
Step 3. To prove the density of D(B,) in L?(Q2), we prove that C§°(£2) C D(Agp)L @ Let v € C° ().
By the above, v € R(I + %B(p) for all n € IN. Thus, for each n € IN, there exists u, € D(B,) such
that (un,n(v —uyn)) € By. Then there is a(z, Vu,) € X () such that n(v — u,) = —div(a(z, Vuy,)) in
D'(§2) and

/Q(w — Up)n(v — uy,) de = / (a(z, Vuy), Dw)—

Q

—/BQ[a(:c,Vun),V](w—go) dHN 1 —fﬂh(m,Dun)—/69|<p—un\f0(:c,u(:c)) dHN 1.
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for every w € BV (Q) N L*(Q). Taking w = v, we get

/Q(v —up)? dz = l(/ﬂa(:c,Vun) -Vov dz — fm[a(:c,Vun),y](v — ) dHN 1

= [ b, Dun) = [ o= unl (e v(a)) aHV ) <
< %(/Qa(m,Vun) - Vv dx — /aQ[a(m,Vun),zx](v — ) dHN1> <

M
S—(/Vv dm—l—/ lv — ¢ dHN1>.
n \Ja a9

2
Letting n — oo, it follows that u,, — v in L?(Q). Therefore v € D(BLP)L ()

O

and the proof is complete.

Proof of Theorem 2. First, we prove that B, C 0®,. Let (u,v) € By, and w € W;’Z(Q). Then,
by (2.2), and applying Green’s formula, we get

/Q(w—u)v d:c:—/ﬂ(w—u) div a(z,Vu) de =

— / (a(z, V), Dw — Du) f/ la(z, Vu), V(¢ — u) dHEN T =
Q o0

= /Qa(a:,Vu) -Vw dz — /ﬂa(a:, Vu) - Vu dz — /Qa(a:,Vu) - D*u—
[ @, Vu, vt - w dHY <

< /Qf(:c,Vw) dr — /Qf(a:,Du) dx — /39 lp — u|f0(a:,1/(a:)) dHN 1 = S, (w) — Py (u).

Suppose that w € BV (€2) N1 L*(Q). According to [6], Fact 3.3, there exists a sequence w, € W;*(9),
with w, — w in L*(2), and ®,(w,) = ®,(w). Then, by the above inequality, we have

/ﬂ(wn —u)v dr < @y (wy) — Py (u).

Now, letting n — oo, we get
/Q(w —u)v dr < ®,(w) — Dy(u),

and, therefore, (u,v) € 0®,,.

Since B, C 0®,, and, by Proposition 1, L>(Q2) C R(I + B,), we have 0®, = B_LPLZ(Q). To finish
the proof we only need to prove that the operator B, is closed. Let (un,v,) € By, and assume that
(Un,vn) — (u,v) in L2(2) x L?(€2). Let us prove that (u,v) € By. Since (un,v,) € By, we know that
a(z, Vuy,) € X(Q) is such that

—vp, = div a(z, Vuy) in D'(Q) (3.90)

a(z, Vuy) - D*u, = f°(z, D*u,) (3.91)
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[a(z, Vuy,),v] € sign (¢ — u,) Oz, v(z)) HN1 —ae. (3.92)
Multiplying (3.90) by u, and applying Green’s formula we obtain

f/ Up Uy dT :/ [a(z, Vuy), v]p dHN-1 f/ h(z, Duy,) f/ lp — un\fo(a:,l/(a:)) dHN-T,

Q o0 Q o0

Hence,
/ h(z, Duy) < / UnUp, da:—i—/ [a(z, Vuy,),v]p dHN L. (3.93)
Q Q o0

;From (2.5) and (3.93), we have

C(]/ |Duy,| de — D1 AN (S2 / h(z, Duy) dx <

< / Up Uy AT + [a(z, Vuy), v]p dHN,
Q a0

Hence,

/ \Duy,| dz < M VnelN. (3.94)

Q

Therefore, v € BV (Q) N L?(2). On the other hand, since ||a(z, Vuy)|lso < M, we may assume that
a(z,Vu,) — z in the weak® topology of L*®(Q, R"Y), (3.95)

with ||z]lcc < M. Moreover, since v, — v in L*(Q), we have that v = —div(z) in D'(2). By the
definition of the weak trace on 02 of the normal component of z, it is easy to see that

[a(z, Vuy),v] = [z,V] weakly”™ in L%(99). (3.96)

Now, we prove the convergence of the energies. According to [6], Fact 3. 3 there exists a sequence
w; € C1(2) N BV(R), with Wjlaq = ¥, wj — u in Ll( ), and ®,(w;) = ®,(u). Moreover, looking
1

at the proof of Fact 3.3 in [6], we have that, w; = w + w with w; o = ujgq and w — u in LY(Q),

J |89
® — ua0, w]2 — 0in L'(Q), and, using [5], Lemma 1.8, we have that

/Q(Z,Dw;) —>/Q(z,Du).

By the convexity of f and taking (3.91) and (3.92) into account we have

2 _
Wjlaa =

Byun) = [ £(o,Vun) dot [ 2@ D)+ [ = plf 0, v(e)) aHN T <
< /ﬂa(x,Vun) -Vuy, dr — /ﬂa(x,Vun) -Vw; dx —|—/Qf(m,ij) dz+
+/ a(z, Vuy) - Dfuy, +/ [a(z, Vuy), v](e — up) dHY 1 =

Q o

:/Q(a(a:,Vun),Dun)—/Qa(a?,Vun)-ij de + @, (w;)+

+ [ la(z, Vug), v](¢ — u,) dHN 1 =
179}
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=&, (wj) — /ﬂa(x,Vun) -Vwj dx — /de'v(a(x,Vun))un dz+ [ |a(z, Vuy),v]p dHN ! =

o
=, (w;) — / a(z, Vuy,) - Vw; dx —|—/ UpUy dx + [a(x, Vuy),v]e dHN 1.
Q Q o
Hence, by (3.95) and (3.96), it follows that

n— 00

lim sup @, (un) < @y (w;) — / (2, Dwj) -l-/ uwv dz —I—/ [z,v]p dHN ! =
Q Q o9

=&, (wj) — /Q(Z,ijl-) — /Q(z,Dw]z) — /de'v(z)u dz + /BQ[Z,V]QO dHN"! =

=, (w;) — /Q(Z,ijl-) -I-/de'v(z)wjz- dx + /OQ[z,u]u dHN T /de'v(z)u dz.

Letting j — oo, we have that

lim sup @, (uy,) < @, (u) — /Q(z,Du) + 69[2, viu dHN 1 — /de'v(z)u dz = ®,(u).

n—oo

Finally, by the lower-semicontinuity of ®,, we obtain

@, (u) = lim Py (up).

n— 00

If we consider the IRN-valued measures p,, 1 on Q which are defined as

pin(B) = Duy, + / (¢ — up)v dHN 1
BN BNoQ

u(B) := / Du + (o —u)v dHN 1
BNQ BNoQ

for all Borel sets B C 2, we have

Wi — weakly as measures in ).

Moreover,
o) = [[fai)  and @) = [ Flain).
Hence, (3.97) yields
Jim [ F i) = [ o).

Then, applying [18], Theorem 3, it follows that

/ﬁﬁ(x,ﬂ) = lim /ﬁiz(:v,ﬁn) = lim /ﬂh(x,Dun)—l—/(mmn790|f0(a7,u(a7)) dHN -1,

n—oo n—oo

Since

JohG ) = [ haDu)+ [ el vl@)) anN
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we have

[ D+ [ et a1 =

(3.98)
:nILI%o/ h(z, Duy) +/ — ol (e, v(z)) dHN 1,
Now, since
. N-1 _
nh_}ngo/ha:Dun -l—/ —olf%z,v(z)) dH =
= lim [ a(z,Vuy,)- Vu, dz +/ %z, D%u,) +/ [a(z, Vuy),v](¢ — up) dHY 1 =
n—oo Jo Q oQ
= lim [ (a(z,Vu,),Du,) + | [a(z, Vu,),v](¢ — u,) dHN
T N-1 _ . _
= nlbngo Bﬂ[a(x,Vun),V}go dH /ﬂdw(a(x,Vun))un dz
= / [z, 0] dHN ! f/ div(z)u dz = / (z, Du) +/ [z,v](¢ —u) dHN 1,
o) Q Q GIo)
we finally obtain
/hxDu —I—/ lo — u|fO(z,v(z)) dHN 1—/ (z, Du) + [z,v](¢ —u) dHN 1. (3.99)
o
Again, by (3.95) and (3.96) we can apply Lemma 4 to get the inequality
[z(z),v(z)]] < f%z,v(z)) ae. in IN. (3.100)
Moreover, acting as in the proof of Proposition 1, we get that
|z - D*u| < f%(x, D*u) as measures in Q. (3.101)
Hence by (3.97), (3.98), (3.99), (3.95) (3.101) and (3.100), we may apply Lemma 3, to obtain
f z-Vu de = f h(z,Vu) dz = / a(z,Vu) - Vu dx (3.102)
Q Q Q
z-D*u = %z, D*u) (3.103)
[z,v] € sign (¢ — u)f%(z,v(z)) HN"! _ae. (3.104)
Now, using Lemma 5 with ¢, = ¢, we have
div z = div a(z, Vu) in D'(Q) (3.105)
and
[z,v] = [a(z, Vu), V] HN! —ae. on 09. (3.106)

Since v = —div(z) in D'(Q), taking (3.105) into account, we get

v = —div(a(z, Vu)) in D'(Q),
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and, using (3.102), (3.103) and (3.105), we get
a(z, Vu) - D*u = f%(z, D*u).
Finally, by (3.104) and (3.106) we get
[a(z, Vu),v] € sing (¢ — u)f(z, v(z)) HN"! _ae.
Therefore, (u,v) € B,. |

Proof of Theorem 1. Let (S(t)):>0 be the semigroup in L*(2) generated by the subdiferential of

®,. Then by the nonlinear semigroup theory ([9]), given ug € L2(Q2) = D(9®,,), u(t) = S(t)uo is the
only strong solution of problem (3.1). Thus, by Theorem 2, we have that for almost all ¢ € [0, +o0],
u(t) € D(B,) and —u'(t) € By,(u(t)). This concludes the proof. O
4 Behaviour of the solution

We have the following weak form of the maximum principle.

Theorem 3 Suppose uy and uy are two solutions of (1.1) corresponding to unitial data ui o and ug
in L2(Q) and boundary data @1 and o in LY(0Q), respectively. If

u1,0 > ugo and 1 > ps,
then ui > usg.

Proof. For almost all ¢ € [0, 400, we have ul(t) € L?(Q2), u;(t) € BV(Q) N L*(Q), a(z, Vu;(t)) €
X(Q), and

uh(t) — uy(t) = divla(z, Vua(t)) — a(x, Vui(t))] in D'(Q) (4.1)
a(z, Vu(t)) - Doui(t) = f°(z, DSuy(t)) (4.2)
[a(x, Vui(t)), v] € sign(p; —ui(t))fOz,v(z)) HY ' —ae on Q. (4.3)

Multiplying in (4.1) by (u2(t) — u1(¢))", integrating in Q, and using Green’s formula, we get
3 || Sl —wo) ' =
= /Q div[a(z, Vuz(t)) — a(z, Vur (1)) (uz(t) — w(t)" =
= - /Q (a(z, Vua(t)) — a(z, Vu (1)), D((uz(t) — ui(t)"))+

+ [a(z, Vua(t)) — a(z, Vuy(t)), v](ua(t) — ul(t))+.
o0N
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Now, by the chain rule for BV-functions ([2],[14], Lemma 1.2), there exists a scalar function 7(¢), with
0 < n(t) <1, such that

/Q (a(z, Vua(t)) — a(w, Vu (t)), D((ua(t) — us(t))")) =
= / (a(z, Vus(t)) — a(x, Vuq(t)) - (Vua(t) — Vuq(t)) de+
{ua>u1}

+/ a(z, Vus(t)) — a(x, Vui(t)) - D*(ua(t) — ui(t)).
Observe that, by the monotonicity of a, (Hs) and (4.2), we have that
/Q (a(z, Vua(t)) — a(z, Vui(t)), D((uz(t) — u1(t))")) > 0. (4.5)

On the other hand, since ¢ > @9, from (4.3), it is easy to see that

/Bﬂ[a(a:,Vug(t)) —a(z, Vui(t)), v](ua(t) — ui ()T <. (4.6)

From (4.4), (4.5) and (4.6), it follows that

3 | Sl —u) P <o

Since u1,0 > ug,0, we have u; > ug, and the proof is concluded. O

We shall now prove that the solution u(t) stabilizes as ¢ — 400 by converging to a solution of the
steady-state problem. To do that, we follow the proof of Theorem 4.2 in [17].

Theorem 4 Suppose ug € L*(Q) N BV(Q) and ¢ € L>®(dN). Then the solution u(t) of (1.1)
converges as t — +oo to some limit w € B;l(O) in the following sense:

u(t) — w strongly in L'(Q) and weakly in L*(Q).

Proof. Since B, is the subdifferential of ®,, by a classical result of Bruck ([10], Theorem 4), to
prove the weak convergence in L?*(Q), it is sufficient to prove that @, attains its minimun in L*().
In fact, let {u,} be a minimizing sequence for ®,. Without loss of generality, we may assume that
u, € BV (Q)NL%(Q). Now, by approximation we may assume that u,, € W(Q) N L2(Q). Denote by
J : IR — IR the truncature function

—llelle i < —llllo
J(r)=9qr it [r] < |l#lloo

[[lloo if 2> o]l

If we take wy, := J o up, w, € WH(Q) N L*®(Q), and, using that |J'| < 1, we have
o(wr) /mewn +f —o|f%z,v(z)) dHN ! =
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:/ f(z, Vun)—l—/ T oun — T olfO, v(x)) dHN L <
{Jun <llloc)

/fa: Vuy,) -l-/ —olf%z,v(z)) dHN L.

Thus, {wy} is still a minimizing sequence for ®,. Moreover, this sequence is bounded in W'(Q2) N
L®(€), hence, relatively compact in L'(2). We may extract a subsequence converging in L'(Q) to
some @ € L'(Q) N BV (). Therefore,
d,(u) = f &
o (@) uelLf;(Q) o ().

Then, by Bruck’s result ([10], Theorem 4), there exists w € B,'(0), such that u(t) — w weakly in
L%(Q). Finally, we prove the strong convergence in L'(Q). Since (u(t),—u'(t)) € 8®,, using [9],
Lemma 3.3, we have

i@g,(u(s)) = f/Qu'(s)2 <0,

hence,
D, (u(t)) < Py(uo) Vit>0.

Thus, {u(t) : t > 0} is bounded in BV (), and, therefore relatively compact in L'(Q2). The result
follows. H

5 Appendix

In this appendix we prove the approximation Lemma. Before giving the proof, let us construct a
substitute for the distance function to the boundary d(., Q). That construction would be unnecessary
if 9 would be of class W2 ([7]). We follow the proof of Lemma 5.1 in [7] for C? domains.

If 09 is a manifold of class C!, then there is some € > 0 such that for all points y € © such that
d(y, ) < e there is z € 9N and ¢ € (0,¢) such that y = z — tv(z), v(z) being the outer unit normal to
00 at z ([11]). In other words, Q¢ :={z € Q:z =y —tv(y), y € 0N, t € (0,€)} is open. Then there
is a function D € C'(Q) such that D = 0 on Q, D > 0 on Q and VD(z) = —v(z) for all = € 9.
This is a consequence of Withney’s extension Theorem ([15], p.48, [13], p. 245). Indeed, since

r—y
V(y)m_)o asm,y—)p,x;éy,x,yeﬁﬂ,

by Withney’s Theorem, we know that there exists a function D¢ C1(Q) such that D =0 on 99 and
VD(z) = —v(x) for all z € 9Q. Now, let y € 9Q and ¢t € (0,¢). Using the mean value theorem, we
know that

D(y —tv(y)) = D(y) —tVD(y — sv(y)) - v(y) = —tVD(y — sv(y)) - v(y).
Since D € C(Q), we have )
D(y —tv(y)) = t(1 + w(t))

where w(t) = o(1) as t — 0+ and is a modulus of continuity for VD. Without loss of generality we
may assume that e > 0 is such that w(t) < % for all t € (0,€). In particular, we have that

D(z) >0 for all z € Q°. (5.1)
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We shall modify D so that the modified function is > 0 in Q. Let n € C([0,00)), n(t) > 0, for
all t € (0,00), n(t) = o(t) as t — 0+. Let ; be an open set, ; C €, with smooth boundary
Q1 C QF such that 0 < § — n(d) < D(z) < § + n(9) for all = € dQ; for some § > 0. Let Q)
be an open set with smooth boundary such that Q) C Q; and n(8) < d(9Qy,90) < 21(8), where
d(0,09) = inf{|lz —y| : @ € 0, y € 0Qy}. Let daq; be the distance function to 9%, > 0 in
%, negative outside. Let da%’n = pp * dmfz, pn being a positive regularizing kernel. Observe that
IVdaqy nlloc < 1. We may choose n large enough, and {23 such that Qy C O, () < d(0Q4,00) <
2n(8), 0 < daqy n < n(d) in 9Q, and daq; ,, > 0 in Q. Let Bip = \ Q2. Then, using again
Withney’s extension Theorem, there is a function R € C'(B;2) such that R = D6 and VR=VD
on 0y, and R = dpq; », VR = Vdaq, , on 9. Moreover, |[VR| is bounded by a constant

depending on || D 0,00, |[doq; nllco.09 |V Dllco,00:, | Vdagy nlloc,a0, and

D(z) — 6 — dagy 1 2n(8
sup |D(z) o9, (y)\< n(d)

< = 2.
TEdN ,ycdNs |z —yl n(0)

We define D : Q — IR by .
D=D inQ\Q,

D=R + (S in BLQ,
D:daggvn‘l‘é in Q_z
Then D € C'(2), D =00n 9Q, D > 0on Q and VD(z) = —v(z) for all x € 9.

Proof of Lemma 2. We may think that u and v are extended as BV functions in IR" in such a way

that
/ \Du|:/ \Do| = 0. (5.2)
0N oN

We consider a family of radially symmetric positive mollifiers n; = TLNn(Ti), n >0, / n(z)dz = 1,
i 7 RN
7j 4 0+, and we set ’
]
zj = mj* (v + }) (5.3)
Clearly, we have z; € C'(2) and obviously we have
zj — v in LN/ND(Q). (5.4)

Also, from (5.2) it follows that

\/1+|Dzj(x)]?dz — [ /1+ |Dv(z)|?dz. (5.5)
Q Q

This implies, by the Theorem of convergence of traces for BV functions that
z]“ag — v‘ag in Ll (8Q) (5.6)
By the Theorem of differentiation of measures ([7]), we obtain

Dzj(xz) = Vu(z) Ay a.e. in € (5.7)
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Indeed, since Dz; = 7, * Dv + %77]- * Du, this is a consequence of the four following limits

li];n[nj x* Vo](z) = Vu(z) Ay a.e. in Q, (5.8)
li;n[T]j ¥ (Dv)®](z) = (Dv)®(xz) =0 Ay a.e. in Q, (5.9)
im - = im & = a.e. in

hjm ;[77]- * Vul(z) = Vu(z) th_nj =0 Ay ae. inQ, (5.10)

lrn %[nj ¢ (Du))(®) =0 Ay ace. in Q, (5.11)

since (Du)®, (Dv)*® are singular with respect to Ay and |Vu(z)| < oo Ay a.e. in . In the same way,
using the Theorem of differentiation of measures, we have

lim[n; x Vo](z) =0 |Dv|* a.e. in , (5.12)

j
lim[n; * Vul(z) =0 |Dv|® a.e. in Q, (5.13)

j
lim[n; * (Du)**](z) =0 |Dv|® a.e. in Q, (5.14)

j
1 sa sa 1 :
llm;[nj % (Du)*®|(xz) = (Du)**(zx) 11m; =0 |Dv|® a.e. in Q, (5.15)
j

where (Du)*®, (Du)®® denote the absolutely continuous and singular part of (Dw)® with respect to
(Dv)*, and we obtain

I Dzj(x)

Dz; D
im ——— = lim %(2) Y
i |Dzj(z)]

i | * (Dv)*][() ~ |Do]

() |Dv]* a.e. in Q. (5.16)

Similarly
lim |Dzj(z)| = lim|[n; x |Dv|*](z)| = co |Dv|*® a.e. in Q. (5.17)
j j

Next, we prove that for a suitable choice of the numbers 7; one has

I Dzj(x) Du

J (1/])[7]] * |Du‘ss]($) = \Du|($) |Du‘ss ae.. (518)

Assuming this, it is easy to prove that

. Dzj(x) Du
lim ——-2 = () |Dul*® ae.. (5.19)
i |Dzj(z)l Dyl
Indeed,
1
Dz; = n;*Do(z)+ ;77]‘ * Du(x)

= n; x Vo(z) +n; * (Dv)’(x) + %77]‘ * Vu(z)

+ Ty (D0 (@) + Sny ¢ (D) (a).
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Since n; * Vo(z) — 0, n; * (Dv)*(z) — 0, %77]‘ * Vu(z) — 0, %77]‘ % (Du)**(z) — 0 |Dul**-a.e., we see
that (5.19) follows from (5.18). To prove (5.18) we observe that
Dzj(z) [n; * Do](z) [n; * Duj(z)

(1/5)[nj * | Dul**](z) - (1/7)[n; * |Dul*%](x) T [nj * Du|*](z) (5.20)

Since
[nj * Du](z) Du_ s e
[n; * [Dul**](x) - |Du\( ) [Duf** ae., (5.21)

it is sufficient to prove that
[n; * Dv](x)

— 0 |Dul** a.e.. (5.22)
Iy * | Dul*](z)

To prove (5.22), we define
[0 * Dov)(z)

0, * | Dul(a) (5.23)

ar(x) =
Since Dv and |Dul|*® are mutually singular, then
a-(z) -0 |[Dul* ae..

Thus, if we consider the sets

E(r,j) ={z € Q:|a.(x)] > ]iz},

for any fixed j € IV we have
lim |Dul**(E(T,7)) = 0.

T—0

For each ] S W, there is some Tj such that
Dul**(E(r,j)) < —
| Dul*(E(75,5)) < 55,

that is , )
\Dul**({z € Q: jlar(z)| > ;}) < 5

This easily implies that

lim ja (z) =0, |Dul*® ae..

j—00
which is exactly (5.22). Moreover, we may choose 7; such that %[77]‘ % [Du|**](z) — oo |Dul*® a.e..
Using this, and (5.18), it follows that

|Dzj|(z) = oo |Dul*® a.e.. (5.24)

We observe that up to know we have not used neither the hypothesis on the regularity of 92 nor the
regularity of g.

We observe that the functions z; that we have constructed satisfy some of the requirements of the
Lemma but not all of them, in particular, (3.6), (3.8), (3.12), (3.13) have yet to be satisfied. For that,
we construct suitable correction functions o; and p; around the boundary and we shall define

vj = 2j + 05+ pj.
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Let g; € C'(99Q) be such that g; — g in L'(92). We shall construct the sequence of functions

oj € C1(Q2) such that

for all ¥ € C(Q, RN),
[1Dail = [ o gldEN !
Q a9
|D(oj + zj)(z)| > 00 HN lae inT={ze€d:g(x)+#v(x)}

D(oj +z)(x) | g(z) —v(x)
[D(oj + z) (@) lg(z) — v(2)]

)—v
)—v
Construction of o;.

For each number € € (0, ¢y) we consider a function h¢(t) : [0,00) — [0, 00) such that

he € C1(]0, 0)),

1
he(t) <0, h(0) = ——,

€

h.(t) is not decreasing,
he(0) = 1, he(t) =0 for t > € + €2,

Let {€,}22; be a decreasing sequence of numbers such that

2¢; < g < 1, limej =0.
J

v(z) HN lae inT={xecdQ:gzx)#v(x)}

(5.25)
(5.26)
(5.27)

(5.28)

(5.29)
(5.30)

(5.31)

Now, let G € W1(Q) such that G|0Q = g. Since g; € C*(99), we may consider a function G; € C*(Q2)
which is an extension of g;. We may assume that G; — G in L'(2) and f \VG;| — f IVG|. We
Q Q

define
oj = [Gj(z) — zj(2)]he; (D(z)).

Clearly, o; € C(Q2),
oj=g; —z; on 9dQ,

and, if D(z) > €; + e?, then h,(D(z)) = 0, and, therefore
oj(z) = 0.

Now,

L1 MO = [ NN < [ 6(0) = ()

QZs]- QZCJ'
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where, for any € > 0, we denote
Qe={x €Q:D(z) <€}

The functions G, z; being independent of €;, we may choose €; > 0 small enough such that

[ 1Gsta) - z(e) ¥ < 2
Qo J

Hence
/ \Uj\N/(Nfl) —0 asj— oo.
Q

Let ¢ € C(Q, RYN). Since
Voj(z) = V(Gj — 2)(@)he, (D(2)) + (G — 2;)(2)he; (D(2))VD(z)

we have

| 6@ Voy@ydz = [ () (VGs(@) = V2 (@)he, (D(@)do
Q Q

+ [(65(@) = %(@)(@) - V(he, (D(@)do
Q

[ e (VG - V(e (Dl

s]-+sj

+ [ (€@) - 5@)) -, (D@)VD()d.

ej+e].

Again, since |h.| <1 for all € > 0, a proper choice of €; guarantees that

/Q Y(z) - (VGj(x) — Vzj(z))he, (d(z))dz — 0

1.2
5J+sj

as j — oo. Now, by our choice of G, (5.5) and a proper choice of €;, we have that

[ (Giw) = 5@l b (DE)VD@e — [ pvlg-vdBY L (5.33)
Q 2 o

ej+sj

Indeed, using the change of variable’s formula ([13], p. 118, [20], p. 96),

| (©@)— 2(@)b() - b, (D) VD (@)da

_ [T () _VD(y) ,, )

= [P G s - R, (DI )i
= (¢ ney () — 2 - VD(y) -

= (GO [ (@0 - 5w gpesa W)

for some A\; € (0,¢; + 63) by the intermediate value Theorem. Now, since G, z; do not depend on our
choice of €;, by choosing €; — 0+ sufficiently fast, we may gurantee that the integral

VD(y)
|VD(y)|

M (y)

| (G =5
[D=Aj]
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is as near as we want to

(Giy) —z(u)e(y) v(y)dHY " (y).

Hence, by choosing €; — 0+ sufficiently fast, we obtain(5.33). Hence

/ Y(z) - Voj(x)de — / Y-v(g—v)dHN !
Q aQ
as j — oo. In particular, we have
lirr;inf/ﬂ Vo, (z)|dz > /{m g — oldEN T, (5.34)
On the other hand, we have

[1Voi@lde < [ 1V6(e) = Va@lde+ [ 16(z) = @)K, (D()|VD(2) da.
Q 2 er+62.

ej+ej

Again, a suitable choice of €; guarantees that

/ﬂ VGj(x) — Vzj(x)|de — 0

12
€5 +EJ.

as j — oo. Similarly, the properties of G, z; and a choice of €; imply that

| 1Gi@) = @)K, (D@D VD(@)ldz > [ |g(e) ~ o(e)|dHY .
Q 2 o0N

ej+sj

Hence

lim Sup/ Vo (z)|dz < / () — v(z)|dHN 1,
j Q o9
This, together with (5.34) proves that
lim/ Vo(z)|de :/ g — o|dHN 1, (5.35)
i Ja o9
Finally, since
DUj + DZj = VGjth (D) + sz(l — th (D)) + (Gj — Zj)h,ej (D)VD,

we may write on 02

Doj+ Dzj =VG; — (G — zj)héj(O)u(a:). (5.36)
Hence, on 912, we have
Doj+Dz; VG —(Gj—z)he (0)v
|Daj + Dzj IVGj — (G} — zj)he, (0)v|
B GjVGj + (Gj — Zj)V
€ VG + (G — zj)v|
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Now, choosing €; such that €;VG; — 0 as j — oo, we obtain that

Do + Dz; R g(z)
|Doj+ Dz |g()

— Y () (5.37)

-0

HN"lae inT = {x € 990 : g(x) # v(z)}. Next, a proper choice of ¢; in (5.36) guarantees that
'Doj(xz) + Dzj(x)] — oo (5.38)

HN-1ae. inT.

Next, we construct a sequence of functions p; € C*(Q) such that

p;j =0 on OS2 (5.39)
[ 1o =0 (5.40)

Q
pj =0  if D(z) > 63 (5.41)

for some 4; > 0,

/Q\Dpj\ 0 (5.42)
For HN™1 -ae. © € T, there is jo(x) such that Dp;(z) = 0 for all j > jo(z) (5.43)
If we set v; = z; + 0 + p; then (3.13) holds. (5.44)

Construction of p;.
For all § > 0 consider a function #; : [0, 00) — [0, 00) such that
s € C'([0,00)),
¥s(0) =0, s(t) = 0 for t > 62,

4
W5(0)] < 5, fort € (0,6%)

S| =

P5(0) >

| st < 2.
0
We define ¢ : Q0 - R

u(z) —gz) . _
() = ) Tule) —g(@)] if g(z) = v(z) and g(z) # u(z) (5.45)
0 elsewhere

Let (; be a sequence of functions in C1(92) converging to ¢ in L!(9f2). Now, we may assume that (
is the trace of a function © € WH'(Q) and (; are traces of functions ©; € C*(Q) such that ©; — © in
LY(Q) and [, |DO;| — [o|DO|. Let §; be a decreasing sequence of positive numbers that converges
to 0 and consider the functions

pi(z) = O;(x)¢s,; (D(xz)). (5.46)
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Clearly, p;j € C'(Q), pj(z) = 0 if z € Q. Also (5.41) holds. Since, by our choice of the functions s,
we have

(1)) < 26 (5.47)
Now,
f o VN1 < 25;’] j©, N/
Q Q
which tends to 0 as j — oo, which proves (5.40).

Our purpose now is to choose the functions (; such that (5.43) holds. For that, we consider the

sets
Nt ={z € d:{(z) =1}

N ={xe€0dQ:((z)=-1}
N=NTUN".

We consider increasing sequences of compact sets K;' CNT, K; C N~ such that

1iijN*1(N+ \K) = li;nHN’l(N’ \K;)=0.

We consider also decreasing sequences of open sets G]-+ DN, G; D N~ such that

li]r_nHN’l(G;' \N*T) = li]r_nHN’l(Gj’ \N7)=0.

Now, we take functions C;“, ¢ € C1(09) with values in [0, 1] such that

1 in K
+
Cj (z) = (5.48)
0 indQ\ G;’
1 in K;
{;(a:) = (5.49)
0 indQ\ G;,
and we set
G=¢ ¢

The functions (; satisfy
1 in Kf\Gj

() =40 ndQ\ (GSUGy) (5.50)
-1 in K; \Gj.
Moreover
li]mHN’l(T n(Gf uG;)) =o. (5.51)

Recall that the functions ©; are extensions of (; to 2. Now,
Vpj(z) = VO;(2)¢s, (D(z)) + ©;(x)ys, (D(z))VD(z).
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If x € 01, then
Vpj(@) = =0;(x)i;, (0)v(z).

J

Now, using (5.51), for almost all x € T = {z € 9N : g(z) # v(x)}, there exists jo(z) € IN such that
¢j(z) =0 for all j > jo(x). Hence, also

Vpj(z) =0 for all j > jo(x).

Next

L1901 < 255 [ 19014 101lV Dl [ 144, (D(w))/de
Q Q Q52
7

IN

4
2 [ 196, + 10l VDl [ dade.
@ 7722

Now, for j large enough

/ d / / dH" )d)\<2/6?/ dHEN1(2)d) < C°
r = z :
p=x |VD(z ~ Jo Jip=y -

where C' depends on Per(92). Hence
[ 19031 <25, [ 196, +118 1]V DlocACE;.

Now, choosing J; we may guarantee that

[ 19611 >0
Q
as j — oo. Now, since
Vvj = VGhj +Vz(1 - hej) + (G — Zj)hlej (D)VD + V@j'l/)tsj + @j'I/JZ;jVD,
on Jf), we have

Vvj(z) = VG;(z) — (Gj() — 2(x))h, (0)v(z) — O;(2)¢5, (0)v(). (5.52)
and we may write on 02

Vo, VG~ (Gj — z)he, (0)v — 695, (0)v
V;] VG — (G — 2j)h(0)v — ©;45 (0)v|

(S]'VG]‘ - (S]'(G]' - Zj)hlj (O)V - (5j@]‘1/)3j (O)V

€

10, VG —6;(Gj — zj)h’j(O)u — 5j@j1,bgj(0)y| '

€

Now, we choose §; such that §;VG; — 0, §;(G; — zj)h'ej(O) — 0, as j — oo, we obtain that

_)
Vol lg(e) —



HN-1ae. on{z € 00: g(z) = v(z),u(z) # v(z)}. By choosing §; to converge sufficiently fast to 0,
from (5.52), we obtain that
Voj(z)] = oo

HN"1ae on {zrcd:g(x)=v(z),ux) # v(z)}

Let us now check that v; = z; + 0; + p; satisfies the required properties. Since v; = g; on 912,
(3.6) follows immediately. The property (3.7) follows from (5.4), (5.26) and (5.40). To check (3.8), let
Y € CHQ, RN), ¢ = (Y1, ...,¢,) and 11 € CH(Q, R). Using (3.6) and (3.7), we obtain

N
tim (5 (o) Divy(w) + v (@))do =
i=1
= flim/ div 1/)(a7)vj(ar)da7+/ g]"(/)'l/-l-/ Y1 (z)de
i Ja 1) Q
= —/ div ¢(m)v(x)dx+/ gz,b-l/—i-/ YN41(z)de
Q G19) Q
— [ @) Do) + onn@de+ [ (g-0)p-v.
Q 0
Now, because of the lower semicontinuity of the total variation with respect to weak convergence, we

have
V1+ Dv2+/ —o|dHN T <liminf/ \/14 |Vv;|2dz.
/Q ‘ ‘ aQ|g | = 0 | ]|

On the other hand, since

L4 |VoiPdo < [ /14 (V22d+ [ 9051+ [ 1V,
LV vnpas < [ 14 VsPa+ |90+ [ 190

using (5.5), (5.29), (5.42) we obtain that

limsuf 1+Vv-2d$§/ 1+Dv2+/ —vldHN .
]_PQ\/ [V, Q\/ | Do an\g |

This proves (3.8). Now, using (5.7), (5.27) and (5.41) we obtain (3.9). Next, we observe that (3.10) is
a consequence of (5.16), (5.27) and (5.41). In the same way, (3.11) is a consequence of (5.19), (5.27)
and (5.41). We observe that (3.12) follows from (5.31) and (5.43). Finally, (3.13) has already been
proved. O
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