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u(t; x) = '(x) on S = (0;1)� @
u(0; x) = u0(x) in x 2 
 (1.1)where u0 2 L2(
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and the evolution problems associated with the Lagrangians:f(x; �) = q1 + aij(x)�i�j;where the functions aij are continuous and satisfy aij(x) = aji(x), k�k2 � aij(x)�i�j � Ck�k2 for all� 2 IRN ; and the Lagrangian f(x; �) = q1 + x2 + k�k2;which was considered by S. Bernstein ([8]) On the other hand, problem (1.1) is studied in [14] forsome Lagrangians f , which do not include the nonparametric area integrand, but instead include theplasticity functional and the total variation 
ow, that is, the case f(�) = k�k. Now, the conceptof solution given in [14] is the one obtained by considering the abstract Cauchy problem in L2(
)associated to the relaxed energy, but the subdi�erential of the energy functional is not characterized .For the particular case of the total variacion 
ow, we give in [4] a di�erent approach to the Dirichletproblem. There, we studied the problem in the framework of the L1- theory, and we characterized thesubdi�erential in L2(
) of its relaxed energy (we refer also to [3] where we treated the L1-theory forthe Neuman problem for the total variational 
ow).In general, the problem (1.1) does not have a classical solution. The aim of this paper is tointroduce a concept of solution of the Dirichlet problem (1.1), for which existence and uniqueness forinitial data in L2(
) is proved. To do that we characterize the subdi�erential of the energy associatedwith the problem and we use the nonlinear semigroup theory. In a forthcoming paper we will studythe same problem in the framework of the L1-theory, as we did with the Dirichlet problem for thetotal variational 
ow ([4]).In order to consider the relaxed energy we recall the de�nition of function of measure (see forinstance, [6] or [12]). Let g : 
� IRN ! IR be a Carath�eodory function such thatjg(x; �)j �M(1 + k�k) 8 (x; �) 2 
� IRN ; (1.2)for some constant M � 0. Furthermore, we assume that g possesses an asymptotic function, i.e. foralmost all x 2 
 there exists the �nite limitlimt!0+ tg�x; �t� = g0(x; �): (1.3)It is clear that the function g0(x; �) is positively homogeneous of degree one in �, i.e.g0(x; s�) = sg0(x; �) for all x; � and s > 0:We denote by M(
; IRN ) the set of all IRN -valued bounded Radon measures on 
. Given � 2M(
; IRN ), we consider its Lebesgue decomposition� = �a + �s;where �a is the absolutely continuous part of � with respect to de Lebesgue measure �N of IRN , and�s is singular with respect to �N . We denote by �a(x) the density of the measure �a with respect to�N and by (d�s=dj�js)(x) the density of �s with respect to j�js.Given � 2M(
; IRN ), we de�ne ~� 2M(
; IRN+1) by~�(B) := (�(B); �N (B));2



for every Borel set B � IRN . Then, we have~� = ~�a + ~�s = ~�a(x)�N + ~�s = (�a(x);1)�N + (�s; 0):Hence, we have j~�sj = j�sj; d~�sdj~�sj = � d�sdj�sj ; 0� j�sj � a:e:For � 2M(
; IRN ) and g satisfying the above conditions, we de�ne the measure g(x; �) on 
 asZB g(x; �) := ZB g(x; �a(x)) dx+ ZB g0�x; d�sdj�js (x)� dj�js (1.4)for all Borel set B � 
. In formula (1.4) we may write (d�=dj�j)(x) instead of (d�s=dj�js)(x), becausethe two functions are equal j�js-a.e.Another way of writing the measure g(x; �) is the following. Let us consider the function ~g :
� IRN � [0;+1[! IR de�ned as~g(x; �; t) := 8>><>>: g(x; �t )t if t > 0g0(x; �) if t = 0 (1.5)As it is proved in [6], if g is a Carath�eodory function satisfying (1.2), thenZB g(x; �) = ZB ~g�x; d�d� (x); d�Nd� (x)� d�; (1.6)where � is any positive Borel measure such that j�j+ �N � �.Due to the linear growth condition on the Lagrangian g, the natural energy space to study (1.1) isthe space of functions of bounded variation. Let us recall several facts concerning functions of boundedvariation (for further information concerning functions of bounded variation we refer to [13], [22] or[2]).A function u 2 L1(
) whose partial derivatives in the sense of distributions are measures with�nite total variation in 
 is called a function of bounded variation. The class of such functions willbe denoted by BV (
). Thus u 2 BV (
) if and only if there are Radon measures �1; : : : ; �N de�nedin 
 with �nite total mass in 
 and Z
 uDi'dx = � Z
 'd�i (1.7)for all ' 2 C10 (
), i = 1; : : : ; N . Thus, the gradient of u is a vector valued measure with �nite totalvariation k Du k= supfZ
 u div ' dx : ' 2 C10 (
; IRN ); j'(x)j � 1 for x 2 
g: (1.8)The space BV (
) is endowed with the normk u kBV=k u kL1(
) + k Du k : (1.9)3



For u 2 BV (
), the gradient Du is a Radon measure that decomposes into its absolutely continuosand singular parts Du = Dau+Dsu. Then Dau = ru �N where ru is the Radon-Nikodym derivativeof the measure Du with respect to the Lebesgue measure �N . There is also the polar decompositionDsu = ��!DsujDsuj where jDsuj is the total variation measure of Dsu.We shall need several results from [5] (see also [16]). Following [5], letX(
) = fz 2 L1(
; IRN ) : div(z) 2 L1(
)g: (1.10)If z 2 X(
) and w 2 BV (
) \L1(
) we de�ne the functional (z;Dw) : C10 (
)! IR by the formula< (z;Dw); ' >= � Z
w'div(z) dx � Z
w z � r'dx: (1.11)Then (z;Dw) is a Radon measure in 
,Z
(z;Dw) = Z
 z � rw dx 8 w 2W 1;1(
) \ L1(
) (1.12)and ���� ZB(z;Dw)���� � ZB j(z;Dw)j � kzk1 ZB kDwk (1.13)for any Borel set B � 
. Moreover, (z;Dw) is absolutely continuous with respect to kDwk withRadon-Nikodym derivative �(z;Dw; x), which is a kDwk measurable function from 
 to IR such thatZB(z;Dw) = ZB �(z;Dw; x)kDwk (1.14)for any Borel set B � 
. We also have thatk�(z;Dw; :)kL1(
;kDwk) � kzkL1(
;IRN ): (1.15)By writing z �Dsu := (z;Du) � (z � ru) d�N ;we see that z �Dsu is a bounded measure. Furthermore, in [16] it is proved that z �Dsu is absolutelycontinuous with respect to jDsuj (and, thus, it is a singular measure with respect to �N ), andjz �Dsuj � kzk1jDsuj: (1.16)As a consequence of Theorem 2.4 of [5], we have:If z 2 X(
) \C(
; IRN ); then z �Dsu = (z � ��!Dsu) djDsuj (1.17)In [5], a weak trace on @
 of the normal component of z 2 X(
) is de�ned. Concretely, it isproved that there exists a linear operator 
 : X(
)! L1(@
) such thatk
(z)k1 � kzk1
(z)(x) = z(x) � �(x) for all x 2 @
 if z 2 C1(
; IRN ):4



We shall denote 
(z)(x) by [z; �](x). Moreover, the following Green's formula, relating the function[z; �] and the measure (z;Dw), for z 2 X(
) and w 2 BV (
) \ L1(
), is established:Z
w div(z) dx+ Z
(z;Dw) = Z@
[z; �]w dHN�1: (1.18)Let g be a function satisfying (1.2). Then for every u 2 BV (
) we have the measure g(x;Du)de�ned by ZB g(x;Du) = ZB g(x;ru(x)) dx+ ZB g0(x;��!Dsu(x)) djDsujfor all Borel set B � 
. If we assume that 
 has a Lipschitz boundary, and that g(x; �) is de�ned alsofor x 2 @
, we may consider the functional G in BV (
) de�ned byG(u) := Z
 g(x;Du) + Z@
 g0(x; �(x)['(x) � u(x)]) dHN�1; (1.19)where ' 2 L1(@
) is a given function and � is the outer unit normal to @
. It is proved in [6] that, if~g(x; �; t) is continuous on 
 � IRN � [0;+1[ and convex in (�; t) for each �xed x 2 
, then G is thegreatest functional on BV (
) which is lower-semicontinuous with respect to the L1(
)-convergenceand satis�es G(u) � Z
 g(x;ru(x)) dx for all functions u 2 C1(
) \W 1;1(
) with u = ' on @
.The paper is organized as follows. In Section 2 we give the de�nition of solution for the Dirichletproblem and we state the existence and uniqueness result for this type of solutions. Section 3 isdevoted to prove the existence and uniqueness result. To do that, we study the problem from thepoint of view of nonlinear semigroup theory. We characterize the subdi�erential in L2(
) of the relaxedenergy functional associated with the problem. In Section 4 we give a weakened form of the maximumprinciple and we study the asymptotic behaviour of solutions proving that they stabilize as t!1 byconverging to a solution of the steady-state problem. Finally, the Appendix contains the proof of theapproximation Lemma stated in Section 3.2 The existence and uniqueness result.In this section we de�ne the concept of solution for the Dirichlet problem (1.1) and we state theexistence and uniqueness result for this type of solutions when the initial data are in L2(
).Here we assume that 
 is an open bounded set in IRN , N � 2, with boundary @
 of class C1, andthe Lagrangian f : 
� IRN ! IR satis�es the following assumptions, which we shall refer collectivelyas (H):(H1) f is continuous on 
� IRN , convex and di�entiable with continuous gradient in � for each �xedx 2 
 and satis�es the linear growth conditionC0k�k � C1 � f(x; �) �M(k�k+ C2): (2.1)for some positive constants C0, C1, C2. Moreover, f0 exists and f0(x;��) = f0(x; �) for all � 2 IRNand all x 2 
.(H2) ~f(x; �; t) is continuous on 
� IRN � [0;+1[ and convex in (�; t) for each �xed x 2 
.5



We consider the function a(x; �) = r�f(x; �) associated to the Lagrangian f . By the convexity off a(x; �) � (� � �) � f(�)� f(�); (2.2)and the following monotonicity condition is satis�ed(a(x; �) � a(x; �)) � (� � �) � 0: (2.3)Moreover, it is easy to see that ja(x; �)j �M 8 (x; �) 2 
� IRN : (2.4)We consider the function h : 
� IRN ! IR de�ned byh(x; �) := a(x; �) � �:From (2.2) and (2.1), it follows thatC0k�k �D1 � h(x; �) �Mk�k (2.5)for some positive constants D1.We assume that(H3) h0 exists and the function ~h is continuous on 
� IRN � [0;+1[.We need to consider the mapping a1 de�ned bya1(x; �) := limt!+1a(x; t�):Observe that h0(x; �) = a1(x; �) � � and C0k�k � h0(x; �) �Mk�k:(H4) a1(x; �) = r�f0(x; �) for all � 6= 0 and all x 2 
.In particular, as a consequence of Euler's Theorem, we havef0(x; �) = a1(x; �) � � = h0(x; �);for all � 2 IRN and all x 2 
.(H5) a(x; �) � � � h0(x; �) for all �; � 2 IRN , and all x 2 
.Either from (H4) or (H5) it follows that a1(x; �) � � � h0(x; �) for all �; � 2 IRN , � 6= 0, and allx 2 
. Indeed, it su�ces to replace � by t� in (H5) and let t! +1.De�nition 1 Let ' 2 L1(@
) and u0 2 L2(
). A measurable function u : (0; T )�
! IR is a solutionof (1.1) in QT = (0; T ) � 
 if u 2 C([0; T ]; L2(
)), u(0) = u0, u0(t) 2 L2(
), u(t) 2 BV (
) \ L2(
),a(x;ru(t)) 2 X(
) a.e. t 2 [0; T ], and for almost all t 2 [0; T ] u(t) satis�es:u0(t) = div(a(x;ru(t)) in D0(
) (2.6)a(x;ru(t)) �Dsu(t) = f0(x;Dsu(t)) (2.7)[a(x;ru(t)); �] 2 sign('� u(t))f0(x; �(x)) HN�1 � a:e: on @
: (2.8)6



Our main result is the following:Theorem 1 Let ' 2 L1(@
) and assume we are under assumptions (H). Given u0 2 L2(
), thereexists a unique solution u of (1.1) in QT for every T > 0 such that u(0) = u0.3 Strong solution for data in L2(
)To prove Theorem 1 we shall use the nonlinear semigroup theory ([9]). For ' 2 L1(@
) we de�ne theenergy functional �' : L2(
)! [0;+1] by�'(u) := 8>><>>: Z
 f(x;Du) + Z@
 f0(x; �(x)[' � u]) dHN�1 if u 2 BV (
) \ L2(
)+1 if u 2 L2(
) n BV (
)Note that, on the boundary, the integrand can be written in the form f0(x; �(x)[' � u]) = j' �ujf0(x; �(x)). Functional �' is clearly convex and has the form given in (1.19). Then, as a consequenceof the Anzellotti's result ([6]) we have that �' is lower-semicontinuous. Therefore, the subdi�erential@�' of �', i.e. the operator in L2(
) de�ned byv 2 @�'(u) () �'(w)� �'(u) � Z
 v(w � u) dx; 8 w 2 L2(
)is a maximal monotone operator in L2(
). Consequently, the existence and uniqueness of a solutionof the abstract Cauchy problem8><>: u0(t) + @�'(u(t)) 3 0 t 2]0;1[u(0) = u0 u0 2 L2(
) (3.1)follows immediately from the nonlinear semigroup theory (see [9]). Now, to get the full strengthof the abstract result derived from semigroup theory we need to characterize @�'(u). To get thischaracterization, we introduce the following operator B' in L2(
).(u; v) 2 B' () u 2 BV (
) \ L2(
); v 2 L2(
) and a(x;ru) 2 X(
) satis�es :�v = div a(x;ru) in D0(
) (3.2)a(x;ru) �Dsu = f0(x;Dsu) = f0(x;��!Dsu)jDsuj; (3.3)[a(x;ru); �] 2 sign ('� u)f0(x; �(x)) HN�1 � a:e:: (3.4)Let (u; v) 2 B', and w 2 BV (
) \ L2(
). Multiplying (3.2) by w � u, and using Green's formula(1.18), we obtain Z
(w � u)vdx = � Z
(w � u) div a(x;ru) dx =Z
(a(x;ru);Dw �Du)� Z@
[a(x;ru); �](w � u) dHN�1 =7



= Z
(a(x;ru);Dw) � Z@
[a(x;ru); �](w � ') dHN�1�� Z
(a(x;ru);Du) � Z@
[a(x;ru); �](' � u) dHN�1 == Z
(a(x;ru);Dw) � Z@
[a(x;ru); �](w � ') dHN�1�� Z
 a(x;ru) � ru dx� Z
 a(x;ru) �Dsu� Z@
 j'� ujf0(x; �(x)) dHN�1 == Z
(a(x;ru);Dw) � Z@
[a(x;ru); �](w � ') dHN�1�� Z
 h(x;Du)� Z@
 j'� ujf0(x; �(x)) dHN�1:Therefore, if (u; v) 2 B', we have thatZ
(w � u)v dx = Z
(a(x;ru);Dw) � Z@
[a(x;ru); �](w � ') dHN�1�� Z
 h(x;Du) � Z@
 j'� ujf0(x; �(x)) dHN�1; 8 w 2 BV (
) \ L2(
): (3.5)Theorem 2 Let ' 2 L1(@
). Assume we are under assumptions (H), then the operator @�' hasdense domain in L2(
) and @�' = B':We note that, in the particular case of the nonparametric area integrand f(x; �) = p1 + k�k2, thecharacterization of the subdi�erential of �' given by Theorem 2 coincides with the one given by F.Demengel and R. Temam in [12], Theorem 3.1, where they used a di�erent approach. More precisely,they characterizatized the subdi�erential by means of the duality method of convex optimizationintroduced by R. T. Rockafellar in [19]. To prove Theorem 2 we need the following proposition.Proposition 1 Let ' 2 L1(@
). Assume we are under assumptions (H), then L1(
) � R(I + B')and D(B') is dense in L2(
).We need to introduce the following sequence of auxiliar operators. For ' 2W 12 ;2(
), letW 1;2' (
) := fu 2W 1;2(
) : uj@
 = ' HN�1 � a:e:g:For every n 2 IN , consider an(x; �) := a(x; �) + 1n�. We de�ne the operator An;' in L2(
):(u; v) 2 An;' () u 2W 1;2' (
) \ L1(
); v 2 L2(
); andZ
(w � u)v dx � Z
 an(x;ru) � r(w � u) dx 8 w 2W 1;2' (
):A similar proof to the one given in [4], Proposition 1, gives us the following result.8



Lemma 1 Let ' 2W 12 ;2(@
) \ L1(@
). Then for every n 2 IN the operator An;' satis�esL1(
) � R(I +An;'):We also need an appoximation lemma similar to the one given by G. Anzellotti in [7]. The proofof this lemma will be given in the Appendix.Lemma 2 Let 
 be an open bounded set in IRN , N � 2, and assume that @
 is of class C1. Ifv; u 2 BV (
) and g 2 L1(@
), then there exists a sequence of functions vj 2 C1(
) such thatvj ! g in L1(@
); (3.6)vj ! v in LN=(N�1)(
); (3.7)Z
q1 + jrvj(x)j2dx! Z
q1 + jDv(x)j2dx+ Z@
 jg � vjdHN�1 (3.8)rvj(x)!rv(x) �N -a.e. in 
 (3.9)jrvj(x)j ! 1 and rvj(x)jrvj(x)j ! Dv(x)jDv(x)j jDvjs a.e. in 
 (3.10)jrvj(x)j ! 1 and rvj(x)jrvj(x)j ! Du(x)jDu(x)j jDujss a.e. in 
 (3.11)where jDujss denotes the part of the singular measure jDujs which is singular with respect to jDvjs,jrvj(x)j ! 1 and rvj(x)jrvj(x)j ! g(x)� v(x)jg(x) � v(x)j�(x) (3.12)HN�1 a.e. in fx 2 
 : g(x) 6= v(x)gjrvj(x)j ! 1 and rvj(x)jrvj(x)j ! v(x)� u(x)jv(x)� u(x)j�(x) (3.13)HN�1 a.e. in fx 2 
 : g(x) = v(x); u(x) 6= v(x)gThe next Lemmas will be used to prove Proposition 2 and Theorem 1.Lemma 3 Let ';'n 2 L1(@
), 'n ! ' in L1(@
). Let un; u 2 BV (
) and z 2 X(
) with div(z) 2L2(
). We assume that �'(un)! �'(u) (3.14)a(x;run)! z weakly� in L1(
); (3.15)j[z; �](x)j � f0(x; �(x)) a.e. in @
; (3.16)jz �Dsuj � f0(x;Dsu) as measures in 
; (3.17)9



limn!1 Z
 h(x;Dun) + Z@
 jun � 'njf0(x; �(x)) dHN�1 == Z
 h(x;Du) + Z@
 ju� 'jf0(x; �(x)) dHN�1: (3.18)and Z
 h(x;Du) + Z@
 ju� 'jf0(x; �(x)) dHN�1 � Z
(z;Du) + Z@
[z; �](' � u) dHN�1 (3.19)Then Z
 z � ru dx = Z
 h(x;ru) dx = Z
 a(x;ru) � ru dx (3.20)z �Dsu = f0(x;Dsu) (3.21)[z; �] 2 sign ('� u)f0(x; �(x)) HN�1 � a:e:: (3.22)Proof. By the convexity of f , we haveZ
 a(x;run) � ru dx � Z
 a(x;run) � run dx+ Z
 f(x;ru) dx� Z
 f(x;run) dx �� Z
 a(x;run) � run dx+ Z
 f0(x;Dsun) + Z@
 jun � 'njf0(x; �(x)) dHN�1++ Z@
 j'n � 'jf0(x; �(x)) dHN�1 + Z
 f(x;ru) dx���Z
 f(x;run) dx+ Z
 f0(x;Dsun) + Z@
 jun � 'jf0(x; �(x))� == Z
 h(x;Dun) dx+ Z@
 jun � 'njf0(x; �(x)) dHN�1 + Z@
 j'n � 'jf0(x; �(x)) dHN�1++ Z
 f(x;ru) dx��'(un):Letting n!1, and using (3.14), (3.15) and (3.18), we obtainZ
 z � ru dx � Z
 h(x;Du) + Z@
 ju� 'jf0(x; �(x)) dHN�1 + Z
 f(x;ru) dx� �'(u) == Z
 a(x;ru) � ru dx:Now, using (3.21) and (3.22), we havej[z; �](' � u)j � ju� 'jf0(x; �(x));and jz �Dsuj � f0(x;Dsu):Hence, from (3.19), we obtain (3.20), (3.21) and (3.22). 2
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Lemma 4 i) Let un 2 BV (
) \ L2(
) and z 2 X(
). Suppose thata(x;run)! z weakly� in L1(
; IRN ) (3.23)and div (a(x;run))! div z weakly in L2(
): (3.24)Then [a(x;run); �](x)! [z; �](x) weakly in L2(@
) and (3.25)j[z; �](x)j � f0(x; �(x)) a.e. in @
: (3.26)ii) Let un 2W 1;2(
). Let an(x; �) = a(x; �) + 1n�. Suppose thatkunk2 is bounded in L2(
); (3.27)1n jrunj ! 0 in L2(
); (3.28)an(x;run)! z weakly in L2(
; IRN ) (3.29)and div (an(x;run))! div z weakly in L2(
): (3.30)Then [an(x;run); �](x)! [z; �](x) weakly in W 1=2;2(@
)� and (3.31)j[z; �](x)j � f0(x; �(x)) a.e. in @
: (3.32)Proof. Since both proofs are based on similar arguments, we shall only prove ii). Observe that, if� 2 L2(
; IRN ) and div(�) 2 L2(
), we may de�ne [�; �] using the integration by parts formulaZ@
[�; �] = Z
 div(�) + Z
 � � r : (3.33)for all  2 W 1;2(
). This is consistent with the classical notion of trace at the boundary and itde�nes [�; �] as an element of W 1=2;2(@
)�. According to the assumptions (3.29), (3.30) we have that[an(x;run); �] ! [z; �] weakly in W 1=2;2(@
)�. In i), the analogous conclusion (3.25) follows fromthe results in [5] and the fact that a(x;run) is uniformly bounded in L1(
). In this case, the traces[a(x;run); �] are in L1(@
).To prove (3.32), again, we observe that [16] if � 2 L2(
; IRN ) and div(�) 2 L2(
), then there is asequence �k 2 C1(
; IRN ) satisfying �k ! � in L2(
; IRN ); (3.34)div �k ! div � in L2(
): (3.35)We recall the construction in [16]. We use a partition of unity �j, j = 1; 2; :::p, in 
 with 0 � �j � 1,�j 2 C10 (IRN ), such that if the support of �j intersects @
, then for some bounded open cone Kjwith vertex 0, every x 2 @
 \ supp(�j) satis�es (x + Kj) \ 
 = ;, and for some r > 0, everyx 2 @
\ (supp(�j)+B(0; r)) satis�es (x�Kj) � 
. For each j, we choose �j 2 C10 (IRN ), 0 � �j � 1,11



with ZIRN �jdx = 1, and let �j;k(x) = kN�j(kx). If j is such that the support of �j intersects @
, wechoose �j such that supp(�j) � Kj. Then we de�ne�k = pXj=1 �j;k � (�j��
):As it was proved in [16], �k satis�es (3.34) and (3.35). As in the �rst part of the proof, we have thatZ@
[�k; �] ! Z@
[�; �] for all  2W 1;2(
). We shall use this observation for � = an(x;run). Previously, we extend un as afunction in W 1;2(IRN ) such that kunkW 1;2(IRN ) � CkunkW 1;2(
), for some constant C > 0 dependingonly on 
 ([1]). Then we de�nean;k(x;run) = pXj=1 �j;k � (�ja(x;run)�
 + �jrunn ):Now, since an;k(x;run) 2 C1(
), [an;k(x;run); �] can be understood in a classical sense. Let 2W 1=2;2(@
). We may writeZ@
[an;k(x;run); �](x) (x) = pXj=1 Z@
[�j;k � (�ja(x;run)�
); �](x) (x) ++ pXj=1 1n Z@
[�j;k � (�jrun); �](x) (x):By taking k su�ciently large, we may assume that all �j used in the above expression are such thatsupp(�j) intersects @
. We observe thatZ@
 j[�j;k � (�ja(x;run)�
); �](x)jj (x)j �� Z@
 Z
 �j;k(x� y)�j(y)ja(y;run(y)) � �(x)jj (x)jdydx �� Z@
 Z
 �j;k(x� y)�j(y)f0(y; �(x))j (x)jdydx:Since run�j = r(un�j)� unr�j;we may writeZ@
[�j;k � (�jrun); �](x) (x) = Z@
[r�j;k � (�jun); �](x) (x) � Z@
[�j;k � (r�jun); �](x) (x):We estimate both integrals in the right hand side of the above expression. First,���� Z@
[r�j;k � (�jun); �](x) (x)���� � 



 @@� (�j;k � (un�j))



W 1=2;2(@
)�k kW 1=2;2(@
) �12



� Ck�j;k � (un�j)kW 1;2(
)k kW 1=2;2(@
) � Ck�j;k � (un�j)kW 1;2(IRN )k kW 1=2;2(@
) �� Ckun�jkW 1;2(IRN )k kW 1=2;2(@
) � CkunkW 1;2(IRN )k kW 1=2;2(@
) � CkunkW 1;2(
)k kW 1;2(
)for some constant C > 0 (which may change from line to line). A similar analysis proves that���� Z@
[�j;k � (r�jun); �](x) (x)���� � CkunkW 1;2(
)k kW 1;2(
)for some constant C > 0. Taking all the above into account , we obtain���� Z@
[an;k(x;run); �](x) ���� �� pXj=1 Z@
 Z
 �j;k(x� y)�j(y)f0(y; �(x))j (x)jdydx + Cn kunkW 1;2(
)k kW 1;2(
):Letting k ! 1, and taking into account the fact that �j is a partition of unity in 
 and ourassumptions on �j and Kj , we obtain���� Z@
[an(x;run); �](x) ���� � Z@
 f0(x; �(x))j (x)jdx + Cn kunkW 1;2(
)k kW 1;2(
):Now, letting n!1, and using (3.27), (3.28), we obtain���� Z@
[z; �](x) (x)���� � Z@
 f0(x; �(x))j (x)jdx; (3.36)for all  2 W 1;2(
). Now, since z 2 L1(
) and div(z) 2 L2(
), [z; �] coincides with the trace givenin the sense of Anzellotti ([5]), and, therefore, [z; �] 2 L1(@
). Hence, from (3.36), we conclude thatj[z; �](x)j � f0(x; �(x)). 2Lemma 5 Let ';'n 2 L1(@
), 'n ! ' in L1(@
). Let un; u 2 BV (
) and let �n, � be the IRN -valued measures on 
 de�ned as�n(B) := ZB\
Dun + ZB\@
('n � un)� dHN�1�(B) := ZB\
Du+ ZB\@
('� u)� dHN�1for all Borel sets B � 
. We assume that�n ! � weakly as measures in 
 (3.37)a(x;run)! z weakly� in L1(
); (3.38)div(z) 2 L2(
); (3.39)[z; �](x) 2 sign ('� u)f0(x; �(x)); HN�1 � a:e: on @
 and (3.40)limn!1 Z
 h(x;Dun) + Z@
 jun � 'njf0(x; �(x)) dHN�1 == Z
(z;Du) + Z@
 ju� 'jf0(x; �(x)) dHN�1: (3.41)13



Then div z = div a(x;ru) in D0(
) (3.42)and [z; �] = [a(x;ru); �] HN�1 � a:e: on @
 (3.43)Proof. The proof is an application of Minty-Browder's method. Let  2 C1(
), � > 0, and fk 2C1(
) be a sequence of functions that converge to u+ � as in Lemma 2, with fk ! g = '+ � on@
. Since, by (H5) and (1.17), we haveZ
 f0(x;Dsun)� Z
 a(x;rfk) �Dsun � 0and Z@
 jun � 'jf0(x; �(x)) dHN�1 � Z@
 a(x;rfk) � �('n � un) dx � 0;by the monotonicity of a, we have0 � Z
 (a(x;run)� a(x;rfk)) � (run �rfk) dx+ Z
 f0(x;Dsun)� Z
 a(x;rfk) �Dsun++ Z@
 jun � 'njf0(x; �(x)) dHN�1 � Z@
 a(x;rfk) � �('n � un) dHN�1 == Z
 h(x;Dun) + Z@
 jun � 'njf0(x; �(x)) dHN�1�� Z
 a(x;rfk) d�n � Z
 a(x;run) � rfk dx+ Z
 a(x;rfk) � rfk dx:Since a(x;rfk) 2 C(
), and �n ! � weakly as measures in 
, we havelimn!1 Z
 a(x;rfk) d�n = Z
 a(x;rfk) d�:From last equality, (3.38) and (3.41), we get0 � Z
(z;Du) + Z@
 ju� 'jf0(x; �(x)) dHN�1 � Z
 a(x;rfk) d��� Z
 z � rfk dx+ Z
 a(x;rfk) � rfk dx: (3.44)Now, using (3.39), (3.40), and Green's formula, we havelimk!1 Z
 z � rfk dx = limk!1�� Z
 div(z)fk dx+ Z@
[z; �]fk dHN�1� == � Z
 div(z)(u + � ) dx+ Z@
[z; �](' + � ) dHN�1= Z
 (z;D(u+ � )) + Z@
[z; �](' � u) dHN�1= Z
 (z;D(u + � )) + Z@
 j'� ujf0(x; �(x)) dHN�1:14



With our choice of fk, we have limk!1Z
 a(x;rfk) d� == limk!1�Z
 a(x;rfk) � ru dx+ Z
 a(x;rfk) �Dsu+ Z@
 (a(x;rfk) � �)('� u) dHN�1� == Z
 a(x;ru+ �r ) � ru dx+ Z
 f0(x;Dsu) + Z@
 a1� '� uj'� uj���('� u) dHN�1:= Z
 a(x;ru+ �r ) � ru dx+ Z
 f0(x;Dsu) + Z@
 j'� ujf0(x; �(x)) dHN�1:Taking limits in (3.44) when k !1, we obtain0 � Z
(z;Du) + Z@
 j'� ujf0(x; �(x)) dHN�1 � Z
(z;D(u+ � )� Z@
 j'� ujf0(x; �(x)) dHN�1�� Z
 a(ru+ �r ) � ru dx� Z
 f0(x;Dsu)� Z@
 j'� ujf0(x; �(x))++ Z
 a(x;ru+ �r ) � (ru+ �r ) dx+ Z
 f0(x;Dsu) + Z@
 j'� ujf0(x; �(x)) dHN�1:Dividing by � and letting �! 0+, it follows that0 � Z
(a(x;ru) � z) � r dx:Therefore, since we can take � in the above inequality, we getZ
(a(x;ru)� z) � r dx = 0 8  2 C1(
): (3.45)Taking  2 D0(
), we get (3.42). Moreover, by (3.45), using Green's formula and having in mind(3.42), we get Z@
[a(x;ru)� z; �] dHN�1 = 0 8  2 C1(
);which implies (3.43). 2Proof of Proposition 1. We divide the proof in three steps.Step 1. Suppose �rst that ' 2 C1(
). Let v 2 L1(
). We shall �nd u 2 BV (
) \ L2(
) such that(u; v � u) 2 B', that is, there is a(x;ru) 2 X(
) satisfying(v � u) = �div a(x;ru) in D0(
) (3.46)a(x;ru) �Dsu = f0(x;Dsu) (3.47)[a(x;ru); �] 2 sign ('� u)f0(x; �(x)) HN�1 � a:e: (3.48)By Lemma 1, we know that for any n 2 IN there exists un 2W 1;2' (
) \ L1(
) such that (un; v �un) 2 An;'. HenceZ
(w � un)(v � un) dx � Z
 an(x;run) � r(w � un) 8 w 2W 1;2' (
) dx: (3.49)15



Let M1 := supfk'k1; kvk1g. Then, taking w = un � (un �M1)+ as test function in (3.49), weobtain Z
(un �M1)+(un � v) dx � 0:Hence,Zfun>M1g(un �M1)2 dx � Zfun>M1g(un �M1)(un � v) dx = Z
(un �M1)+(un � v) dx � 0:Consequently, un �M1 a.e. in 
. Analogously, taking w = un + (un +M1)� as test function, we get�M1 � un a.e. in 
. Therefore, kunk1 �M1 for all n 2 IN: (3.50)Taking w = w0 2W 1;2' (
) \ L1(
) in (3.49), applying Young's inequality and using (3.50) we getZ
 a(x;run) � run dx+ 1n Z
 jrunj2 dx �Z
 a(x;run) � rw0 dx+ 1n Z
run � rw0 dx+ Z
(w0 � un)(un � v) dx ��M2�Z
 jrw0j2 dx� 12 + 12n Z
 jrunj2 dx+ 12n Z
 jrw0j2 dx+M3 �M4 + 12n Z
 jrunj2 dx:Hence, by (2.5), we obtain Z
 jrunj dx �M5 8 n 2 IN (3.51)and 1n Z
 jrunj2 dx �M6 8n 2 IN (3.52)Thus, fun : n 2 INg is bounded in W 1;1(
) and we may assume, by extracting a subsequence, ifnecessary, that un converges in L1(
) and almost everywhere to some u 2 L1(
) as n! +1. Now,by (3.50) and (3.51), we have that u 2 BV (
) \ L1(
).Observe that by (2.4) and (3.52), fan(x;run) : n 2 INg is bounded in L2(
; IRN ). Consequentlywe may assume that an(x;run)* z as n!1, weakly in L2(
; IRN ): (3.53)Given  2 C10 (
), taking w = un �  in (3.49) we obtainZ
  (v � un) dx = Z
 an(x;run) �  dxLetting n! +1, we obtain Z
(v � u) dx = Z
 z � r dx;that is, v � u = �div(z) in D0(
): (3.54)and div an(x;run)! div(z) weakly in L2(
): (3.55)16



Since, by (3.52), 1n jrunj ! 0 in L2(
); (3.56)as a consequence of (3.53), it follows thatan(x;run)* z as n!1, weakly in L2(
; IRN ): (3.57)Moreover, by (2.4) we may assume thata(x;run)* z as n!1, weakly� in L1(
; IRN ): (3.58)Let us prove thatlimn!1 Z
 a(x;run) � run dx = Z
(z;Du)� Z@
[z; �](u � ') dHN�1: (3.59)By (3.49), we have Z
(w � un)(v � un) dx+ Z
 a(x;run) � run dx �� Z
 a(x;run) � rw dx+ 1n Z
run � rw dx; (3.60)for all w 2W 1;2' (
). By Lemma 2, there exists vj 2 C1(
) such that vj j@
 = ' and vj ! u in L1(
).If we set w = vj in (3.60), taking the upper limit when n!1, we getZ
(vj � u)(v � u) dx+ lim supn!1 Z
 a(x;run) � run dx � Z
 z � rvj dx: (3.61)Now, by Green's formula we haveZ
 z � rvj dx = � Z
 div(z)vj dx+ Z@
[z; �]' dHN�1 = Z
(v � u)vj dx+ Z@
[z; �]' dHN�1:Hence, taking limit as j !1 and applying again Green's formula we obtain thatlimj!1Z
 z � rvj dx = Z
(z;Du)� Z@
[z; �](u� ') dHN�1: (3.62)Letting j !1 in (3.61) , we havelim supn!1 Z
 a(x;run) � run dx � Z
(z;Du)� Z@
[z; �](u � ') dHN�1: (3.63)On the other hand,Z
 a(x;run) � run dx = Z
 (a(x;run)� a(x;rvj)) � r(un � vj) dx++ Z
 (a(x;run)� a(x;rvj)) � rvj dx+ Z
 a(x;rvj) � run dx �� Z
 (a(x;run)� a(x;rvj)) � rvj dx+ Z
 a(x;rvj) � run dx:17



Hence lim infn!1 Z
 a(x;run) � run dx �� limn!1�Z
 a(x;run) � rvj dx� Z
 a(x;rvj) � rvj dx+ Z
 a(x;rvj) � run dx�:If we consider the IRN -valued measures �n, � on 
 which are de�ned as�n(B) := ZB\
run dx�(B) := ZB\
Du+ ZB\@
('� u)� dHN�1for all Borel sets B � 
, we have�n ! � weakly as measures in 
:Then, since a(x;rvj(x)) 2 C(
; IRN ), we havelimn!1 Z
 a(x;rvj) � run dx = Z
 a(x;rvj) dDu+ Z@
 a(x;rvj) � �('� u) dHN�1:Therefore, we havelim infn!1 Z
 a(x;run) � run dx � Z
 z � rvj dx� Z
 a(x;rvj) � rvj dx++ Z
 a(x;rvj) dDu+ Z@
 a(x;rvj) � �('� u) dHN�1:Now, by Theorem 7.4 of [7], we have limj!1 Z
 a(x;rvj) � rvj dx == Z
 a(x;ru) � ru dx+ Z
 a1(x;��!Dsu) �Dsu+ Z@
 a1(x; (' � u)�) � �('� u) dHN�1:On the other hand, as a consequence of Lemma 2, we havelimj!1 Z
 a(x;rvj) dDu = limj!1�Z
 a(x;rvj) � ru dx+ Z
 a(x;rvj)dDsu� == Z
 a(x;ru) � ru dx+ Z
 a1(x;��!Dsu) �Dsuand limj!1Z@
 a(x;rvj) � �('� u) dHN�1 = Z@
 a1�x; '� uj'� uj�� � �('� u) dHN�1 == Z@
 a1(x; ('� u)�) � �('� u) dHN�1:Collecting all these facts, we obtainlim infn!1 Z
 a(x;run) � run dx � limj!1 Z
 z � rvj dx = Z
(z;Du)� Z@
[z; �](u � ') dHN�1:18



Combining this inequality with (3.63), we obtain (3.59).Our next purpose will be to show thatZ
 h(x;Du) + Z@
 j'� ujf0(x; �(x)) dHN�1 = Z
(z;Du)� Z@
[z; �](u� ') dHN�1: (3.64)According to [6], there exists a sequence fwjg � C1(
) \BV (
) such that wj j@
 = ',wj ! u in L1(
); and �'(wj)! �'(u):Now, by convexity of f , we haveZ
 f(x;run) dx � Z
 a(x;run) � run dx� Z
 a(x;run) � rwj dx+ Z
 f(x;rwj) dx:Thus, �'(un) � Z
 a(x;run) � run dx� Z
 a(x;run) � rwj dx+�'(wj):Using (3.59), it follows that lim supn!1 �'(un) �� Z
(z;Du)� Z@
[z; �](u� ') dHN�1 � limn!1 Z
 a(x;run) � rwj dx+�'(wj) == Z
(z;Du)� Z@
[z; �](u� ') dHN�1 � Z
 z � rwj dx+�'(wj):Since limj!1Z
 z � rwj dx = limj!1�� Z
 div(z)wj dx+ Z@
[z; �]' dHN�1� == � Z
 div(z)u dx+ Z@
[z; �]' dHN�1 = Z
(z;Du) � Z@
[z; �](u� ') dHN�1;letting j !1 in the above inequalty, we obtainlim supn!1 �'(un) � limj!1�'(wj) = �'(u):Thus, by the lower-semicontinuity of �', we get�'(u) = limn!1�'(un): (3.65)Now, �'(u) = Z
 ~f(x; ~�) and �'(un) = Z
 ~f(x; ~�n):Hence, (3.65) yields limn!1 Z
 ~f(x; ~�n) = Z
 ~f(x; ~�):Then, applying Theorem 3 in [18], it follows thatZ
 ~h(x; ~�) = limn!1 Z
 ~h(x; ~�n) = limn!1 Z
 a(x;run) � run: (3.66)19



Since Z
 ~h(x; ~�) = Z
 ~h(x; ~�a(x)) dx+ Z
 ~h(x; d~�sdj~�sj (x)) dj~�sj == Z
 ~h(x; �a(x); 1) dx+ Z
 ~h(x; d�sdj�sj (x); 0) dj�sj == Z
 h(x; �a(x)) dx+ Z
 h0(x; d�sdj�sj(x)) dj�sj == Z
 h(x;ru(x)) dx+ Z
 h0(x;��!Dsu(x)) djDsuj+ Z@
 h0�x; ('� u) � �j('� u) � �j� dHN�1 == Z
 h(x;Du) + Z@
 j'� ujf0(x; �(x)) dHN�1;(3.64) follows from (3.59) and (3.66).By (3.56), (3.57) and (3.55), applying Lemma 4 ii), we getj[z; �](x)j � f0(x; �(x)) a.e. in @
: (3.67)Let vj 2 C1(
) be a sequence such that vj ! u in L2(
) and Z
 jrvj j ! kDuk. According to (H5),we have ja(x;run) � rvjj � f0(x;rvj):Then, if  ; � 2 C1(
), with 0 �  � �, we have���� Z
 a(x;run) � rvj  ���� � Z
 f0(x;rvj) ;and, letting n!1, we get ���� Z
 z � rvj  ���� � Z
 f0(x;rvj) :Now, since ���� Z
 z � rvj  ���� = ����� Z
 div(z)vj � Z
 vjz � r ����;letting j !1 we obtain thatjh(z;Du);  ij = ����� Z
 div(z)u � Z
 uz � r ���� � Z
  f0(x;Du) � Z
 �f0(x;Du):Hence hj(z;Du)j; �i � Z
 �f0(x;Du):Thus, we have j(z;Du)j � f0(x;Du) as measures in 
:Then, the singular parts also satisfy a similar inequality,jz �Dsuj � f0(x;Dsu) as measures in 
: (3.68)20



Now, by (3.65), (3.58), (3.67) and (3.68), the assumptions of Lemma 3 are satis�ed, and we haveZ
 z � ru dx = Z
 h(x;ru) dx = Z
 a(x;ru) � ru dx (3.69)z �Dsu = f0(x;Dsu) (3.70)[z; �] 2 sign ('� u)f0(x; �(x)) HN�1 � a:e: (3.71)Moreover, since unj@
 = ', as a consequence of Lemma 5 with 'n = ', we havediv z = div a(x;ru) in D0(
) (3.72)and [z; �] = [a(x;ru); �] HN�1 � a:e: on @
 (3.73)Observe that (3.46) follows from (3.54) and (3.72); (3.47) is a consequence of (3.69), (3.70) and(3.72); and (3.48) follows from (3.71) and (3.73). This concludes the proof in the case ' 2 C1(
).Step 2. Suppose now we are in the general case, that is, ' 2 L1(@
). Take 'j 2 C1(
) suchthat 'j ! ' in L1(@
). Given v 2 L1(
), from Step 1, there exists uj 2 D(B'j ), such that(uj ; v � uj) 2 B'j . Hence, we have�div(a(x;ruj)) = v � uj in D0(
) (3.74)a(x;ruj) �Dsuj = f0(x;Dsuj) (3.75)[a(x;ruj); �] 2 sign('j � uj)f0(x; �(x)) HN�1 � a:e: (3.76)By (3.74), (3.75) and (3.76), we getZ
 a(x;ruj) � ruj dx+ Z
 f0(x;Dsuj) + Z@
 j'j � ujjf0(x; �(x)) dHN�1++ Z
 u2j dx = Z
 ujv dx+ Z@
 (a(x;ruj) � �)'j dHN�1: (3.77)From (3.77), using Young's inequality and (2.5), we obtain thatC0kDujk+ C0 Z@
 j'j � ujjf0(x; �(x)) dHN�1 + 12 Z
 u2j dx � C 8 j 2 IN;for some constant C > 0. It follows that there exists u 2 BV (
) \ L2(
), such thatuj * u weakly in L2(
); uj ! u in Lq(
) for all 1 � q < NN�1 : (3.78)Hence, Z
 u2 dx � lim supj!1 Z
 u2j dx: (3.79)After passing to a subsequence, if necessary, we may assume thata(x;ruj)* z as j !1, weakly� in L1(
; IRN ) (3.80)21



and �div(z) = v � u in D0(
): (3.81)According to [6], Fact 3.3, there exists a sequence fwkg � C1(
) \BV (
) such that wkj@
 = ',wk ! u in L2(
); and �'(wk)! �'(u): (3.82)Now, by the convexity of f we haveZ
 f(x;ruj) dx � Z
 a(x;ruj) � ruj dx� Z
 a(x;ruj) � rwk dx+ Z
 f(x;rwk) dx:Thus, having in mind (3.74), (3.75) and (3.76), we get�'j (uj) = Z
 f(x;ruj) dx+ Z
 f0(x;Dsuj) + Z@
 juj � 'j jf0(x; �(x)) dHN�1 �� Z
 f(x;rwk) dx+ Z
 a(x;ruj) � ruj dx+ Z
 f0(x;Dsuj) + Z@
 juj � 'j jf0(x; �(x)) dHN�1�� Z
 a(x;ruj) � rwk dx � Z
 f(x;rwk) dx+ Z
(v � uj)uj dx++ Z@
[a(x;ruj); �]'j dHN�1 � Z
 a(x;ruj) � rwk dx:Using (3.79) and (3.80), it follows thatlim supj!1 �'(uj) = lim supj!1 �'j (uj) �� Z
 f(x;rwk) dx+ Z
 uv dx� Z
 u2 dx+ Z@
[z; �]' dHN�1 � Z
 z � rwk dx �� Z
 f(x;rwk) dx+ Z
(v � u)u dx+ Z
 div(z)wk dx:Hence, by (3.81), letting k !1, we arrive tolim supj!1 �'(uj) � limk!1�'(wk) = �'(u):Thus, by the lower-semicontinuity of �', we get�'(u) = limj!1�'(uj): (3.83)Applying Theorem 3 of [18] as in the step 1, it follows thatlimj!1 Z
 h(x;Duj) + Z@
 juj � 'j jf0(x; �(x)) dHN�1 == Z
 h(x;Du) + Z@
 ju� 'jf0(x; �(x)) dHN�1: (3.84)On the other hand, by Green's formula, (3.74), (3.75) and (3.76), we haveZ
 h(x;Duj) + Z@
 juj � 'j jf0(x; �(x)) dHN�1 =22



= Z
 (a(x;ruj);Duj) + Z@
[a(x;ruj); �]('j � uj) dHN�1 == Z
 uj(v � uj) dx+ Z@
[a(x;ruj); �]'j dHN�1:Since [a(x;ruj); �]! [z; �] weakly� in L1(@
), letting j ! +1, and using (3.84), it follows thatZ
 h(x;Du) + Z@
 ju� 'jf0(x; �(x)) dHN�1 � Z
 u(v � u) dx+ Z@
[z; �]' dHN�1 == Z
(z;Du) + Z@
[z; �](' � u) dHN�1:Now, by Lemma 4 (i), we havej[z; �](x)j � f0(x; �(x)) HN�1 � a:e in @
:Moreover, as in step 1, we getjz �Dsuj � f0(x;Dsu) as measures in 
:With this and using Lemma 3, we obtainZ
 z � ru dx = Z
 h(x;ru) dx = Z
 a(x;ru) � ru dx (3.85)z �Dsu = f0(x;Dsu) (3.86)[z; �] 2 sign ('� u)f0(x; �(x)) HN�1 � a:e: (3.87)As in Step 1, to get that (u; v � u) 2 B', we only need to prove thatdiv z = div a(x;ru) in D0(
) (3.88)and [z; �] = [a(x;ru); �] HN�1 � a:e: on @
: (3.89)This is a consequence of Lemma 5, if we consider the IRN -valued measures �n, � on 
 which arede�ned as �n(B) := ZB\
Dun + ZB\@
('n � un)� dHN�1�(B) := ZB\
Du+ ZB\@
('� u)� dHN�1for all Borel sets B � 
.Step 3. To prove the density of D(B') in L2(
), we prove that C10 (
) � D(A')L2(
). Let v 2 C10 (
).By the above, v 2 R(I + 1nB') for all n 2 IN . Thus, for each n 2 IN , there exists un 2 D(B') suchthat (un; n(v�un)) 2 B'. Then there is a(x;run) 2 X(
) such that n(v�un) = �div(a(x;run)) inD0(
) and Z
(w � un)n(v � un) dx = Z
(a(x;run);Dw)�� Z@
[a(x;run); �](w � ') dHN�1 � Z
 h(x;Dun)� Z@
 j'� unjf0(x; �(x)) dHN�1:23



for every w 2 BV (
) \ L2(
). Taking w = v, we getZ
(v � un)2 dx = 1n�Z
 a(x;run) � rv dx� Z@
[a(x;run); �](v � ') dHN�1�� Z
 h(x;Dun)� Z@
 j'� unjf0(x; �(x)) dHN�1� �� 1n�Z
 a(x;run) � rv dx� Z@
[a(x;run); �](v � ') dHN�1� �� Mn �Z
 jrvj dx+ Z@
 jv � 'j dHN�1�:Letting n!1, it follows that un ! v in L2(
). Therefore v 2 D(B')L2(
) and the proof is complete.2Proof of Theorem 2. First, we prove that B' � @�'. Let (u; v) 2 B', and w 2 W 1;2' (
). Then,by (2.2), and applying Green's formula, we getZ
(w � u)v dx = � Z
(w � u) div a(x;ru) dx == Z
(a(x;ru);Dw �Du)� Z@
[a(x;ru); �](' � u) dHN�1 == Z
 a(x;ru) � rw dx� Z
 a(x;ru) � ru dx� Z
 a(x;ru) �Dsu�� Z@
[a(x;ru); �](' � u) dHN�1 �� Z
 f(x;rw) dx� Z
 f(x;Du) dx� Z@
 j'� ujf0(x; �(x)) dHN�1 = �'(w)� �'(u):Suppose that w 2 BV (
)\L2(
). According to [6], Fact 3.3, there exists a sequence wn 2W 1;2' (
),with wn ! w in L2(
), and �'(wn)! �'(w). Then, by the above inequality, we haveZ
(wn � u)v dx � �'(wn)� �'(u):Now, letting n!1, we get Z
(w � u)v dx � �'(w) � �'(u);and, therefore, (u; v) 2 @�'.Since B' � @�', and, by Proposition 1, L1(
) � R(I + B'), we have @�' = B'L2(
). To �nishthe proof we only need to prove that the operator B' is closed. Let (un; vn) 2 B', and assume that(un; vn)! (u; v) in L2(
)� L2(
). Let us prove that (u; v) 2 B'. Since (un; vn) 2 B', we know thata(x;run) 2 X(
) is such that �vn = div a(x;run) in D0(
) (3.90)a(x;run) �Dsun = f0(x;Dsun) (3.91)24



[a(x;run); �] 2 sign ('� un)f0(x; �(x)) HN�1 � a:e: (3.92)Multiplying (3.90) by un and applying Green's formula we obtain� Z
 unvn dx = Z@
[a(x;run); �]' dHN�1 � Z
 h(x;Dun)� Z@
 j'� unjf0(x; �(x)) dHN�1:Hence, Z
 h(x;Dun) � Z
 unvn dx+ Z@
[a(x;run); �]' dHN�1: (3.93)>From (2.5) and (3.93), we haveC0 Z
 jDunj dx�D1�N (
) � Z
 h(x;Dun) dx �� Z
 unvn dx+ Z@
[a(x;run); �]' dHN�1:Hence, Z
 jDunj dx �M1 8 n 2 IN: (3.94)Therefore, u 2 BV (
) \ L2(
). On the other hand, since ka(x;run)k1 �M , we may assume thata(x;run)* z in the weak� topology of L1(
; IRN ); (3.95)with kzk1 � M . Moreover, since vn ! v in L2(
), we have that v = �div(z) in D0(
). By thede�nition of the weak trace on @
 of the normal component of z, it is easy to see that[a(x;run); �]* [z; �] weakly� in L1(@
): (3.96)Now, we prove the convergence of the energies. According to [6], Fact 3.3, there exists a sequencewj 2 C1(
) \ BV (
), with wj j@
 = ', wj ! u in L1(
), and �'(wj) ! �'(u). Moreover, lookingat the proof of Fact 3.3 in [6], we have that, wj = w1j + w2j with w1j j@
 = uj@
 and w1j ! u in L1(
),w2j j@
 = '� uj@
, w2j ! 0 in L1(
), and, using [5], Lemma 1.8, we have thatZ
(z;Dw1j )! Z
(z;Du):By the convexity of f and taking (3.91) and (3.92) into account we have�'(un) = Z
 f(x;run) dx+ Z
 f0(x;Dsun) + Z@
 jun � 'jf0(x; �(x)) dHN�1 �� Z
 a(x;run) � run dx� Z
 a(x;run) � rwj dx+ Z
 f(x;rwj) dx++ Z
 a(x;run) �Dsun + Z@
[a(x;run); �](' � un) dHN�1 == Z
(a(x;run);Dun)� Z
 a(x;run) � rwj dx+�'(wj)++ Z@
[a(x;run); �](' � un) dHN�1 =25



= �'(wj)� Z
 a(x;run) � rwj dx� Z
 div(a(x;run))un dx+ Z@
[a(x;run); �]' dHN�1 == �'(wj)� Z
 a(x;run) � rwj dx+ Z
 vnun dx+ Z@
[a(x;run); �]' dHN�1:Hence, by (3.95) and (3.96), it follows thatlim supn!1 �'(un) � �'(wj)� Z
(z;Dwj) + Z
 uv dx+ Z@
[z; �]' dHN�1 == �'(wj)� Z
(z;Dw1j )� Z
(z;Dw2j )� Z
 div(z)u dx+ Z@
[z; �]' dHN�1 == �'(wj)� Z
(z;Dw1j ) + Z
 div(z)w2j dx+ Z@
[z; �]u dHN�1 � Z
 div(z)u dx:Letting j !1, we have thatlim supn!1 �'(un) � �'(u)� Z
(z;Du) + Z@
[z; �]u dHN�1 � Z
 div(z)u dx = �'(u):Finally, by the lower-semicontinuity of �', we obtain�'(u) = limn!1�'(un): (3.97)If we consider the IRN -valued measures �n, � on 
 which are de�ned as�n(B) := ZB\
Dun + ZB\@
('� un)� dHN�1�(B) := ZB\
Du+ ZB\@
('� u)� dHN�1for all Borel sets B � 
, we have�j ! � weakly as measures in 
:Moreover, �'(u) = Z
 ~f(x; ~�) and �'(un) = Z
 ~f(x; ~�n):Hence, (3.97) yields limn!1 Z
 ~f(x; ~�n) = Z
 ~f(x; ~�):Then, applying [18], Theorem 3, it follows thatZ
 ~h(x; ~�) = limn!1 Z
 ~h(x; ~�n) = limn!1 Z
 h(x;Dun) + Z@
 jun � 'jf0(x; �(x)) dHN�1:Since Z
 ~h(x; ~�) = Z
 h(x;Du) + Z@
 j'� ujf0(x; �(x)) dHN�1;
26



we have Z
 h(x;Du) + Z@
 j'� ujf0(x; �(x)) dHN�1 == limn!1 Z
 h(x;Dun) + Z@
 jun � 'jf0(x; �(x)) dHN�1: (3.98)Now, since limn!1 Z
 h(x;Dun) + Z@
 jun � 'jf0(x; �(x)) dHN�1 == limn!1 Z
 a(x;run) � run dx+ Z
 f0(x;Dsun) + Z@
[a(x;run); �](' � un) dHN�1 == limn!1 Z
(a(x;run);Dun) + Z@
[a(x;run); �](' � un) dHN�1= limn!1 Z@
[a(x;run); �]' dHN�1 � Z
 div(a(x;run))un dx == Z@
[z; �]' dHN�1 � Z
 div(z)u dx = Z
(z;Du) + Z@
[z; �](' � u) dHN�1;we �nally obtainZ
 h(x;Du) + Z@
 j'� ujf0(x; �(x)) dHN�1 = Z
(z;Du) + Z@
[z; �](' � u) dHN�1: (3.99)Again, by (3.95) and (3.96) we can apply Lemma 4 to get the inequalityj[z(x); �(x)]j � f0(x; �(x)) a.e. in @
: (3.100)Moreover, acting as in the proof of Proposition 1, we get thatjz �Dsuj � f0(x;Dsu) as measures in 
: (3.101)Hence by (3.97), (3.98), (3.99), (3.95) (3.101) and (3.100), we may apply Lemma 3, to obtainZ
 z � ru dx = Z
 h(x;ru) dx = Z
 a(x;ru) � ru dx (3.102)z �Dsu = f0(x;Dsu) (3.103)[z; �] 2 sign ('� u)f0(x; �(x)) HN�1 � a:e:: (3.104)Now, using Lemma 5 with 'n = ', we havediv z = div a(x;ru) in D0(
) (3.105)and [z; �] = [a(x;ru); �] HN�1 � a:e: on @
: (3.106)Since v = �div(z) in D0(
), taking (3.105) into account, we getv = �div(a(x;ru)) in D0(
);27



and, using (3.102), (3.103) and (3.105), we geta(x;ru) �Dsu = f0(x;Dsu):Finally, by (3.104) and (3.106) we get[a(x;ru); �] 2 sing ('� u)f0(x; �(x)) HN�1 � a:e:Therefore, (u; v) 2 B'. 2Proof of Theorem 1. Let (S(t))t�0 be the semigroup in L2(
) generated by the subdiferential of�'. Then by the nonlinear semigroup theory ([9]), given u0 2 L2(
) = D(@�'), u(t) = S(t)u0 is theonly strong solution of problem (3.1). Thus, by Theorem 2, we have that for almost all t 2 [0;+1[,u(t) 2 D(B') and �u0(t) 2 B'(u(t)). This concludes the proof. 24 Behaviour of the solutionWe have the following weak form of the maximum principle.Theorem 3 Suppose u1 and u2 are two solutions of (1.1) corresponding to unitial data u1;0 and u2;0in L2(
) and boundary data '1 and '2 in L1(@
), respectively. Ifu1;0 � u2;0 and '1 � '2;then u1 � u2.Proof. For almost all t 2 [0;+1[, we have u0i(t) 2 L2(
), ui(t) 2 BV (
) \ L2(
), a(x;rui(t)) 2X(
), and u02(t)� u01(t) = div[a(x;ru2(t))� a(x;ru1(t))] in D0(
) (4.1)a(x;rui(t)) �Dsui(t) = f0(x;Dsui(t)) (4.2)[a(x;rui(t)); �] 2 sign('i � ui(t))f0(x; �(x)) HN�1 � a:e: on @
: (4.3)Multiplying in (4.1) by (u2(t)� u1(t))+, integrating in 
, and using Green's formula, we get12 Z
 ddt [(u2(t)� u1(t))+]2 == Z
 div[a(x;ru2(t))� a(x;ru1(t))](u2(t)� u1(t))+ == � Z
 (a(x;ru2(t))� a(x;ru1(t));D((u2(t)� u1(t))+))++ Z@
[a(x;ru2(t))� a(x;ru1(t)); �](u2(t)� u1(t))+: (4.4)
28



Now, by the chain rule for BV-functions ([2],[14], Lemma 1.2), there exists a scalar function �(t), with0 � �(t) � 1, such thatZ
 (a(x;ru2(t))� a(x;ru1(t));D((u2(t)� u1(t))+)) == Zfu2�u1g (a(x;ru2(t))� a(x;ru1(t)) � (ru2(t)�ru1(t)) dx++ Z
 �(t)(a(x;ru2(t)) � a(x;ru1(t)) �Ds(u2(t)� u1(t)):Observe that, by the monotonicity of a, (H5) and (4.2), we have thatZ
 (a(x;ru2(t))� a(x;ru1(t));D((u2(t)� u1(t))+)) � 0: (4.5)On the other hand, since '1 � '2, from (4.3), it is easy to see thatZ@
[a(x;ru2(t))� a(x;ru1(t)); �](u2(t)� u1(t))+ � 0: (4.6)From (4.4), (4.5) and (4.6), it follows that12 Z
 ddt [(u2(t)� u1(t))+]2 � 0:Since u1;0 � u2;0, we have u1 � u2, and the proof is concluded. 2We shall now prove that the solution u(t) stabilizes as t! +1 by converging to a solution of thesteady-state problem. To do that, we follow the proof of Theorem 4.2 in [17].Theorem 4 Suppose u0 2 L2(
) \ BV (
) and ' 2 L1(@
). Then the solution u(t) of (1.1)converges as t! +1 to some limit w 2 B�1' (0) in the following sense:u(t)! w strongly in L1(
) and weakly in L2(
):Proof. Since B' is the subdi�erential of �', by a classical result of Bruck ([10], Theorem 4), toprove the weak convergence in L2(
), it is su�cient to prove that �' attains its minimun in L2(
).In fact, let fung be a minimizing sequence for �'. Without loss of generality, we may assume thatun 2 BV (
)\L2(
). Now, by approximation we may assume that un 2W 1;1(
)\L2(
). Denote byJ : IR! IR the truncature functionJ(r) := 8>>>>><>>>>>: �k'k1 if r < �k'k1r if jrj � k'k1k'k1 if x > k'k1:If we take wn := J � un, wn 2W 1;1(
) \ L1(
), and, using that jJ 0j � 1, we have�'(wn) = Z
 f(x;rwn) + Z@
 jwn � 'jf0(x; �(x)) dHN�1 =29



= Zfjunj�k'k1g f(x;run) + Z@
 jJ � un � J � 'jf0(x; �(x)) dHN�1 �� Z
 f(x;run) + Z@
 jun � 'jf0(x; �(x)) dHN�1:Thus, fwng is still a minimizing sequence for �'. Moreover, this sequence is bounded in W 1;1(
) \L1(
), hence, relatively compact in L1(
). We may extract a subsequence converging in L1(
) tosome u 2 L1(
) \BV (
). Therefore, �'(u) = infu2L2(
)�'(u):Then, by Bruck's result ([10], Theorem 4), there exists w 2 B�1' (0), such that u(t) ! w weakly inL2(
). Finally, we prove the strong convergence in L1(
). Since (u(t);�u0(t)) 2 @�', using [9],Lemma 3.3, we have dds�'(u(s)) = � Z
 u0(s)2 � 0;hence, �'(u(t)) � �'(u0) 8 t > 0:Thus, fu(t) : t � 0g is bounded in BV (
), and, therefore relatively compact in L1(
). The resultfollows. 25 AppendixIn this appendix we prove the approximation Lemma. Before giving the proof, let us construct asubstitute for the distance function to the boundary d(:; @
). That construction would be unnecessaryif @
 would be of class W 2;1 ([7]). We follow the proof of Lemma 5.1 in [7] for C2 domains.If @
 is a manifold of class C1, then there is some � > 0 such that for all points y 2 
 such thatd(y;
) < � there is z 2 @
 and t 2 (0; �) such that y = z � t�(z), �(z) being the outer unit normal to@
 at z ([11]). In other words, 
� := fx 2 
 : x = y � t�(y); y 2 @
; t 2 (0; �)g is open. Then thereis a function D 2 C1(
) such that D = 0 on @
, D > 0 on 
 and rD(x) = ��(x) for all x 2 @
.This is a consequence of Withney's extension Theorem ([15], p.48, [13], p. 245). Indeed, since�(y) x� yjx� yj ! 0 as x; y ! p, x 6= y, x; y 2 @
,by Withney's Theorem, we know that there exists a function ~D 2 C1(
) such that ~D = 0 on @
 andr ~D(x) = ��(x) for all x 2 @
. Now, let y 2 @
 and t 2 (0; �). Using the mean value theorem, weknow that ~D(y � t�(y)) = ~D(y)� tr ~D(y � s�(y)) � �(y) = �tr ~D(y � s�(y)) � �(y):Since ~D 2 C1(
), we have ~D(y � t�(y)) = t(1 + !(t))where !(t) = o(1) as t ! 0+ and is a modulus of continuity for r ~D. Without loss of generality wemay assume that � > 0 is such that !(t) < 12 for all t 2 (0; �). In particular, we have that~D(x) > 0 for all x 2 
�: (5.1)30



We shall modify ~D so that the modi�ed function is > 0 in 
. Let � 2 C([0;1)), �(t) > 0, forall t 2 (0;1), �(t) = o(t) as t ! 0+. Let 
1 be an open set, 
1 � 
, with smooth boundary@
1 � 
� such that 0 < � � �(�) < ~D(x) < � + �(�) for all x 2 @
1 for some � > 0. Let 
02be an open set with smooth boundary such that 
02 � 
1 and �(�) < d(@
1; @
02) < 2�(�), whered(@
1; @
02) = inffjx � yj : x 2 @
1; y 2 @
02g. Let d@
02 be the distance function to @
02, > 0 in
02, negative outside. Let d@
02;n = �n � d@
02 , �n being a positive regularizing kernel. Observe thatkrd@
02;nk1 � 1. We may choose n large enough, and 
2 such that 
2 � 
02, �(�) < d(@
1; @
2) <2�(�), 0 < d@
02;n < �(�) in @
2, and d@
02;n > 0 in 
2. Let B1;2 = 
1 n 
2. Then, using againWithney's extension Theorem, there is a function R 2 C1(B1;2) such that R = ~D � � and rR = r ~Don @
1, and R = d@
02;n, rR = rd@
02;n on @
2. Moreover, krRk1 is bounded by a constantdepending on k ~Dk1;@
1 ; kd@
02;nk1;@
2 kr ~Dk1;@
1 ; krd@
02;nk1;@
2 andsupx2@
1;y2@
2 j ~D(x)� � � d@
02;n(y)jjx� yj � 2�(�)�(�) = 2:We de�ne D : 
! IR by D = ~D in 
 n 
1;D = R+ � in B1;2;D = d@
02;n + � in 
2:Then D 2 C1(
), D = 0 on @
, D > 0 on 
 and rD(x) = ��(x) for all x 2 @
.Proof of Lemma 2. We may think that u and v are extended as BV functions in IRN in such a waythat Z@
 jDuj = Z@
 jDvj = 0: (5.2)We consider a family of radially symmetric positive molli�ers �j = 1�Nj �( x�j ), � � 0, ZIRN �(x)dx = 1,�j # 0+, and we set zj = �j � (v + uj ) (5.3)Clearly, we have zj 2 C1(
) and obviously we havezj ! v in LN=(N�1)(
): (5.4)Also, from (5.2) it follows thatZ
q1 + jDzj(x)j2dx! Z
q1 + jDv(x)j2dx: (5.5)This implies, by the Theorem of convergence of traces for BV functions thatzj j@
 ! vj@
 in L1(@
): (5.6)By the Theorem of di�erentiation of measures ([7]), we obtainDzj(x)! rv(x) �N a.e. in 
: (5.7)31



Indeed, since Dzj = �j �Dv + 1j �j �Du, this is a consequence of the four following limitslimj [�j � rv](x) = rv(x) �N a.e. in 
; (5.8)limj [�j � (Dv)s](x) = (Dv)s(x) = 0 �N a.e. in 
; (5.9)limj 1j [�j � ru](x) = ru(x) limj 1j = 0 �N a.e. in 
; (5.10)limj 1j [�j � (Du)s](x) = 0 �N a.e. in 
; (5.11)since (Du)s, (Dv)s are singular with respect to �N and jru(x)j <1 �N a.e. in 
. In the same way,using the Theorem of di�erentiation of measures, we havelimj [�j � rv](x) = 0 jDvjs a.e. in 
; (5.12)limj [�j � ru](x) = 0 jDvjs a.e. in 
; (5.13)limj [�j � (Du)ss](x) = 0 jDvjs a.e. in 
; (5.14)limj 1j [�j � (Du)sa](x) = (Du)sa(x) lim 1j = 0 jDvjs a.e. in 
; (5.15)where (Du)sa, (Du)ss denote the absolutely continuous and singular part of (Du)s with respect to(Dv)s, and we obtainlimj Dzj(x)jDzj(x)j = limj Dzj(x)j[�j � (Dv)s]j(x) = DvjDvj (x) jDvjs a.e. in 
: (5.16)Similarly limj jDzj(x)j = limj j[�j � jDvjs](x)j =1 jDvjs a.e. in 
: (5.17)Next, we prove that for a suitable choice of the numbers �j one haslimj Dzj(x)(1=j)[�j � jDujss](x) = DujDuj(x) jDujss a.e.: (5.18)Assuming this, it is easy to prove thatlimj Dzj(x)jDzj(x)j = DujDuj(x) jDujss a.e.: (5.19)Indeed, Dzj = �j �Dv(x) + 1j �j �Du(x)= �j � rv(x) + �j � (Dv)s(x) + 1j �j � ru(x)+ 1j �j � (Du)sa(x) + 1j �j � (Du)ss(x):32



Since �j � rv(x) ! 0, �j � (Dv)s(x) ! 0, 1j �j � ru(x) ! 0, 1j �j � (Du)sa(x) ! 0 jDujss-a.e., we seethat (5.19) follows from (5.18). To prove (5.18) we observe thatDzj(x)(1=j)[�j � jDujss](x) = [�j �Dv](x)(1=j)[�j � jDujss](x) + [�j �Du](x)[�j � jDujss](x) : (5.20)Since [�j �Du](x)[�j � jDujss](x) ! DujDuj(x) jDujss a.e.; (5.21)it is su�cient to prove that [�j �Dv](x)1j [�j � jDujss](x) ! 0 jDujss a.e.: (5.22)To prove (5.22), we de�ne a� (x) = [�� �Dv](x)[�� � jDujss](x) : (5.23)Since Dv and jDujss are mutually singular, thena� (x)! 0 jDujss a.e.:Thus, if we consider the sets E(�; j) = fx 2 
 : ja� (x)j > 1j2 g;for any �xed j 2 IN we have lim�!0 jDujss(E(�; j)) = 0:For each j 2 IN , there is some �j such thatjDujss(E(�j ; j)) < 12j ;that is jDujss(fx 2 
 : jja� (x)j > 1j g) < 12j :This easily implies that limj!1 ja�j (x) = 0; jDujss a.e.:which is exactly (5.22). Moreover, we may choose �j such that 1j [�j � jDujss](x) ! 1 jDujss a.e..Using this, and (5.18), it follows thatjDzj j(x)!1 jDujss a.e.: (5.24)We observe that up to know we have not used neither the hypothesis on the regularity of @
 nor theregularity of g.We observe that the functions zj that we have constructed satisfy some of the requirements of theLemma but not all of them, in particular, (3.6), (3.8), (3.12), (3.13) have yet to be satis�ed. For that,we construct suitable correction functions �j and �j around the boundary and we shall de�nevj = zj + �j + �j :33



Let gj 2 C1(@
) be such that gj ! g in L1(@
). We shall construct the sequence of functions�j 2 C1(
) such that �j = gj � zj on @
 (5.25)Z
 j�j j NN�1 ! 0 (5.26)�j(x) = 0 if D(x) > �j + �2j (5.27)Z
  �D�j ! Z@
  � �(g � v)dHN�1 (5.28)for all  2 C(
; IRN ), Z
 jD�j j ! Z@
 jv � gjdHN�1 (5.29)jD(�j + zj)(x)j ! 1 HN�1 a.e. in T = fx 2 @
 : g(x) 6= v(x)g. (5.30)D(�j + zj)(x)jD(�j + zj)(x)j ! g(x) � v(x)jg(x) � v(x)j�(x) HN�1 a.e. in T = fx 2 @
 : g(x) 6= v(x)g. (5.31)Construction of �j.For each number � 2 (0; �0) we consider a function h�(t) : [0;1)! [0;1) such thath� 2 C1([0;1));h0�(t) � 0; h0�(0) = �1� ;h0�(t) is not decreasing;h�(0) = 1; h�(t) = 0 for t � �+ �2:Let f�ng1n=1 be a decreasing sequence of numbers such that2�1 < �0 < 1; limj �j = 0:Now, letG 2W 1;1(
) such that Gj@
 = g. Since gj 2 C1(@
), we may consider a functionGj 2 C1(
)which is an extension of gj . We may assume that Gj ! G in L1(
) and Z
 jrGjj ! Z
 jrGj. Wede�ne �j = [Gj(x)� zj(x)]h�j (D(x)): (5.32)Clearly, �j 2 C1(
), �j = gj � zj on @
;and, if D(x) > �j + �2j , then h�j (D(x)) = 0, and, therefore�j(x) = 0:Now, Z
 j�j jN=(N�1) = Z
2�j j�jjN=(N�1) � Z
2�j jGj(x)� zj(x)jN=(N�1)34



where, for any � > 0, we denote 
� = fx 2 
 : D(x) < �g:The functions Gj; zj being independent of �j, we may choose �j > 0 small enough such thatZ
2�j jGj(x)� zj(x)jN=(N�1) < 1j :Hence Z
 j�j jN=(N�1) ! 0 as j !1:Let  2 C(
; IRN ). Sincer�j(x) = r(Gj � zj)(x)h�j (D(x)) + (Gj � zj)(x)h0�j (D(x))rD(x)we have Z
  (x) � r�j(x)dx = Z
  (x) � (rGj(x)�rzj(x))h�j (D(x))dx+ Z
(Gj(x)� zj(x)) (x) � r(h�j (D(x)))dx= Z
�j+�2j  (x) � (rGj(x)�rzj(x))h�j (D(x))dx+ Z
�j+�2j (Gj(x)� zj(x)) (x) � h0�j (D(x))rD(x)dx:Again, since jh�j � 1 for all � > 0, a proper choice of �j guarantees thatZ
�j+�2j  (x) � (rGj(x)�rzj(x))h�j (d(x))dx ! 0as j !1. Now, by our choice of Gj, (5.5) and a proper choice of �j , we have thatZ
�j+�2j (Gj(x)� zj(x)) (x) � h0�j (D(x))rD(x)dx! Z@
  � �(g � v)dHN�1: (5.33)Indeed, using the change of variable's formula ([13], p. 118, [20], p. 96),Z
�j+�2j (Gj(x)� zj(x)) (x) � h0�j (D(x))rD(x)dx= Z �j+�2j0 Z[D=�](Gj(y)� zj(y)) (y) � rD(y)jrD(y)jh0�j (D(y))dHN�1(y)d�= (�j + �2j)h0�j (�j) Z[D=�j ](Gj(y)� zj(y)) (y) � rD(y)jrD(y)jdHN�1(y)for some �j 2 (0; �j + �2j ) by the intermediate value Theorem. Now, since Gj; zj do not depend on ourchoice of �j, by choosing �j ! 0+ su�ciently fast, we may gurantee that the integralZ[D=�j ](Gj(y)� zj(y)) (y) � rD(y)jrD(y)jdHN�1(y)35



is as near as we want to Z@
(Gj(y)� zj(y)) (y) � �(y)dHN�1(y):Hence, by choosing �j ! 0+ su�ciently fast, we obtain(5.33). HenceZ
  (x) � r�j(x)dx! Z@
  � �(g � v)dHN�1as j !1. In particular, we havelim infj Z
 jr�j(x)jdx � Z@
 jg � vjdHN�1: (5.34)On the other hand, we haveZ
 jr�j(x)jdx � Z
�j+�2j jrGj(x)�rzj(x)jdx + Z
�j+�2j jGj(x)� zj(x)jjh0�j (D(x))jjrD(x)jdx:Again, a suitable choice of �j guarantees thatZ
�j+�2j jrGj(x)�rzj(x)jdx! 0as j !1. Similarly, the properties of Gj, zj and a choice of �j imply thatZ
�j+�2j jGj(x)� zj(x)jjh0�j (D(x))jjrD(x)jdx! Z@
 jg(x) � v(x)jdHN�1:Hence lim supj Z
 jr�j(x)jdx � Z@
 jg(x) � v(x)jdHN�1:This, together with (5.34) proves thatlimj Z
 jr�j(x)jdx = Z@
 jg � vjdHN�1: (5.35)Finally, since D�j +Dzj = rGjh�j (D) +rzj(1� h�j (D)) + (Gj � zj)h0�j (D)rD;we may write on @
 D�j +Dzj = rGj � (Gj � zj)h0�j (0)�(x): (5.36)Hence, on @
, we have D�j +DzjjD�j +Dzjj = rGj � (Gj � zj)h0�j (0)�jrGj � (Gj � zj)h0�j (0)�j= �jrGj + (Gj � zj)�j�jrGj + (Gj � zj)�j36



Now, choosing �j such that �jrGj ! 0 as j !1, we obtain thatD�j +DzjjD�j +Dzj j ! g(x)� v(x)jg(x)� v(x)j�(x) (5.37)HN�1 a.e. in T = fx 2 @
 : g(x) 6= v(x)g. Next, a proper choice of �j in (5.36) guarantees thatjD�j(x) +Dzj(x)j ! 1 (5.38)HN�1 a.e. in T .Next, we construct a sequence of functions �j 2 C1(
) such that�j = 0 on @
 (5.39)Z
 j�j j NN�1 ! 0 (5.40)�j = 0 if D(x) > �2j (5.41)for some �j > 0, Z
 jD�jj ! 0 (5.42)For HN�1 -a.e. x 2 T , there is j0(x) such that D�j(x) = 0 for all j � j0(x) (5.43)If we set vj = zj + �j + �j then (3.13) holds: (5.44)Construction of �j.For all � > 0 consider a function  � : [0;1)! [0;1) such that � 2 C1([0;1)); �(0) = 0;  �(t) = 0 for t � �2;j 0�(t)j � 4� ; for t 2 (0; �2) 0�(0) � 1� ;Z 10 j 0�(t)jdt � 2�:We de�ne � : @
! IR�(x) = 8><>: u(x)� g(x)ju(x)� g(x)j if g(x) = v(x) and g(x) 6= u(x)0 elsewhere (5.45)Let �j be a sequence of functions in C1(@
) converging to � in L1(@
). Now, we may assume that �is the trace of a function � 2W 1;1(
) and �j are traces of functions �j 2 C1(
) such that �j ! � inL1(
) and R
 jD�jj ! R
 jD�j. Let �j be a decreasing sequence of positive numbers that convergesto 0 and consider the functions �j(x) = �j(x) �j (D(x)): (5.46)37



Clearly, �j 2 C1(
), �j(x) = 0 if x 2 @
. Also (5.41) holds. Since, by our choice of the functions  �,we have j �(t)j � 2�: (5.47)Now, Z
 j�jjN=(N�1) � 2�j Z
 j�jjN=(N�1)which tends to 0 as j !1, which proves (5.40).Our purpose now is to choose the functions �j such that (5.43) holds. For that, we consider thesets N+ = fx 2 @
 : �(x) = 1gN� = fx 2 @
 : �(x) = �1gN = N+ [N�:We consider increasing sequences of compact sets K+j � N+, K�j � N� such thatlimj HN�1(N+ nK+j ) = limj HN�1(N� nK�j ) = 0:We consider also decreasing sequences of open sets G+j � N+, G�j � N� such thatlimj HN�1(G+j nN+) = limj HN�1(G�j nN�) = 0:Now, we take functions �+j ; ��j 2 C1(@
) with values in [0; 1] such that�+j (x) = 8><>: 1 in K+j0 in @
 nG+j (5.48)��j (x) = 8><>: 1 in K�j0 in @
 nG�j , (5.49)and we set �j = �+j � ��j :The functions �j satisfy �j(x) = 8>>>>><>>>>>: 1 in K+j nG�j0 in @
 n (G+j [G�j )�1 in K�j nG+j . (5.50)Moreover limj HN�1(T \ (G+j [G�j )) = 0: (5.51)Recall that the functions �j are extensions of �j to 
. Now,r�j(x) = r�j(x) �j (D(x)) + �j(x) 0�j (D(x))rD(x):38



If x 2 @
, then r�j(x) = ��j(x) 0�j (0)�(x):Now, using (5.51), for almost all x 2 T = fx 2 @
 : g(x) 6= v(x)g, there exists j0(x) 2 IN such that�j(x) = 0 for all j � j0(x). Hence, alsor�j(x) = 0 for all j � j0(x):Next Z
 jr�j j � 2�j Z
 jr�jj+ k�jk1krDk1 Z
�2j j 0�j (D(x))jdx� 2�j Z
 jr�jj+ k�jk1krDk1 4�j Z
�2j dxdx:Now, for j large enoughZ
�2j dx = Z �2j0 Z[D=�] dHN�1(z)jrD(z)j d� � 2 Z �2j0 Z[D=�] dHN�1(z)d� � C�2jwhere C depends on Per(@
). HenceZ
 jr�jj � 2�j Z
 jr�jj+ k�jk1krDk14C�j :Now, choosing �j we may guarantee that Z
 jr�jj ! 0as j !1. Now, sincervj = rGjhj +rzj(1� h�j ) + (Gj � zj)h0�j (D)rD +r�j �j +�j 0�jrD;on @
, we have rvj(x) = rGj(x)� (Gj(x)� zj(x))h0�j (0)�(x) ��j(x) 0�j (0)�(x): (5.52)and we may write on @
rvjjrvjj = rGj � (Gj � zj)h0�j (0)� ��j 0�j (0)�jrGj � (Gj � zj)h0j(0)� ��j 0�j (0)�j= �jrGj � �j(Gj � zj)h0�j (0)� � �j�j 0�j (0)�j�jrGj � �j(Gj � zj)h0�j (0)� � �j�j 0�j (0)�j :Now, we choose �j such that �jrGj ! 0, �j(Gj � zj)h0�j (0)! 0, as j !1, we obtain thatrvjjrvj j ! g(x)� u(x)jg(x) � u(x)j�(x)39



HN�1 a.e. on fx 2 @
 : g(x) = v(x); u(x) 6= v(x)g. By choosing �j to converge su�ciently fast to 0,from (5.52), we obtain that jrvj(x)j ! 1HN�1 a.e. on fx 2 @
 : g(x) = v(x); u(x) 6= v(x)g.Let us now check that vj = zj + �j + �j satis�es the required properties. Since vj = gj on @
,(3.6) follows immediately. The property (3.7) follows from (5.4), (5.26) and (5.40). To check (3.8), let 2 C1(
; IRN ),  = ( 1; :::;  n) and  N+1 2 C1(
; IR). Using (3.6) and (3.7), we obtainlimj Z
[ NXi=1  i(x)Divj(x) +  N+1(x)]dx == � limj Z
 div  (x)vj(x)dx+ Z@
 gj � � + Z
  N+1(x)dx= � Z
 div  (x)v(x)dx + Z@
 g � � + Z
  N+1(x)dx= Z
[ (x) �Dv(x) +  N+1(x)]dx+ Z@
(g � v) � �:Now, because of the lower semicontinuity of the total variation with respect to weak convergence, wehave Z
q1 + jDvj2 + Z@
 jg � vjdHN�1 � lim infj Z
q1 + jrvj j2dx:On the other hand, sinceZ
q1 + jrvjj2dx � Z
q1 + jrzj j2dx+ Z
 jr�jj+ Z
 jr�j jusing (5.5), (5.29), (5.42) we obtain thatlim supj Z
q1 + jrvj j2dx � Z
q1 + jDvj2 + Z@
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