
Master in Intelligent Interactive Systems
Universitat Pompeu Fabra

Optimal Control Using Sparse-Matrix
Belief Propagation

Albert Iribarne

Supervisor: Vicenç Gómez Cerdà

July 2019





Contents

1 Introduction 1

1.1 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Structure of the Report . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 Methods 6

2.1 Kullback-Leibler Optimal Control . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Kullback-Leibler Divergence . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.2 Kullback-Leibler Minimisation . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.3 Optimal Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.4 Optimal Control as a Kullback-Leibler Minimisation . . . . . . . . . . 8

2.2 Multi-Agent Cooperative Game . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Graphical model for the KL stag hunt game . . . . . . . . . . . . . . . 12

2.2.2 Conversion to a Pairwise Markov Random Field . . . . . . . . . . . . . 15

2.2.3 Ground truth model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Sparse Matrix Belief Propagation . . . . . . . . . . . . . . . . . . . . . 17

2.3.1 Belief Propagation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.2 Exploiting Graph Sparseness for Belief Propagation . . . . . . . . . . . 19

2.3.3 Stag Hunt Sparse Matrix Representation . . . . . . . . . . . . . . . . . 20

3 Results 22

3.1 Implementation Specifics . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1.1 The Hunters Trajectories . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.1.2 Tests for Correctness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24



3.2 Empirical Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2.1 Risk vs Payoff Dominant Strategies . . . . . . . . . . . . . . . . . . . . 25

3.2.2 Running Time Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4 Discussion 31

4.1 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

List of Figures 34

Bibliography 37



Abstract

The optimal control framework is a mathematical formulation by means of which

many decision making problems can be represented and solved by finding optimal

policies or controls. We consider the class of optimal control problems that can be

formulated as a probabilistic inference on a graphical model, known as Kullback-

Leibler (KL) control problems. In particular, we look at the recent progress on

exploiting parallelisation facilitated by the graphics processing units (GPU) to solve

such inference tasks, considering the recently introduced sparse-matrix belief propa-

gation framework [1]. The sparse-matrix belief propagation algorithm was reported

to deliver significant improvements in performance with respect to traditional loopy

belief propagation, when tested on grid Markov random fields.

We develop our approach in the context of the KL-stag hunt game, a multi-agent,

grid-like game which shows two different behavior regimes [2]. We first describe how

to transform the original problem into a pairwise Markov random field, amenable to

inference using sparse-matrix belief propagation and, second, we perform an experi-

mental evaluation. Our results show that the use of GPUs can bring notable perfor-

mance improvements to the optimal control computations in the class of KL control

problems. However, our results also suggest that the improvements of sparse-matrix

belief propagation may be limited by the concrete form of the Markov random field

factors, specially on models with high sparsity within a factor, and variables with

high cardinality.

Keywords optimal control · graphical model · approximate inference · sparse ma-

trix · belief propagation · GPU





Chapter 1

Introduction

Many decision making problems can be represented as a control problem that can be

solved by finding an optimal policy (a mapping from states to actions) using dynamic

programming. Dynamic programming is based on estimating some measures of the

value of state-action, also known as action-value function, through the Bellman

equation [3]. However, for large-scale high-dimensional problems characterised by

sparse and delayed costs, computing the value function by dynamic programming

is intractable [4]. This is the case, for example, of many applications in robotics,

operations research and process control.

In these cases, the standard approach is to approximate the value function and/or

the optimal policy using function-approximation and Monte-Carlo sampling [5, 6].

The general algorithm is to interleave a sampling step, which executes trajectories

on the system, with a policy update step, that uses gradient information on the

policy and/or value function parameters. This approach has lead to most of the

recent breakthroughs in reinforcement learning and optimal control, partly because

it can be applied in a model-free setting enabling the possibility of end-to-end policy

learning through deep learning techniques [7, 8, 9, 10, 11, 12]. However, current

model-free, deep reinforcement learning methods are faced with the impossibility

of performing efficient exploration of the state-action space, and require enormous

amounts of data to learn controllers that reach human-level performance.

1
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In this thesis, we explore an alternative approach: the probabilistic graphical model

inference approach [13, 14]. Here, we start from a given, possibly simplified, model

of the environment and actions that is represented using a probabilistic graphical

model, which defines a joint probability distribution over the state and the environ-

ment variables. Such a representation allows the direct use of approximate inference

algorithms that exploit the structure of the graph in some way or another, to com-

pute the optimal control. Of particular interest, because of its wide applicability, is

the belief propagation algorithm [13, 15, 16]. Belief propagation performs message

passing between the nodes in the graphical model until it reaches a stable condition.

After convergence, one can easily obtain estimated posterior marginals of the vari-

ables of interest. While belief propagation can fail to converge in general graphs, in

practice it does converge in many problems, and very often the estimated marginals

are highly accurate [17, 18].

We use the framework of optimal control as probabilistic graphical model infer-

ence [2, 19, 20, 21], for which finding an optimal policy corresponds to computing the

posterior probability over trajectories that follow the optimally controlled dynam-

ics. We consider the formulation introduced in [2], which known as Kullback-Leibler

control and directly expresses our task as a probabilistic inference on a graph.

Kullback-Leibler control problems, also known as linearly-solvable Markov decision

processes [22], enjoy several computational advantages, such as a linear Bellman

equation [23, 24], compositionality of optimal control laws [25, 26, 27], or fast rates

in the online learning setting [28]. The continuous-time version of these problems

is known as Path Integral control [24], and has exclusively considered the sampling-

based approach, e.g., in robotics [29, 30], multi-agent systems [29, 31, 32]. However,

applicability of this class of control problems to real-world ones is challenging, mainly

because they impose strong restrictions on the system’s controllability [22, 33] or

due to the curse of dimensionality [34, 35].

One of the main limitations of using probabilistic graphical models for optimal con-

trol is that the approach requires to unfold (ground) the entire sequence of state

variables before performing the inference. Although this grounding benefits from ex-
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plicit conditional independencies in the graphical structure, it has important limita-

tions for large-scale problems, or for problems with dense costs. For these problems,

the tree-width of the resulting graph, a measure the complexity of the inference task,

is too high.

On the other hand, if a model is available and one can efficiently solve the associ-

ated probabilistic graphical model, there is no need for efficient exploration, thus

circumventing the main workhorse of current sample-based methods.

In this thesis, we claim that many interesting problems can still be formulated using

Kullback-Leibler control on a probabilistic graphical model. Motivated on how novel

hardware architectures have enabled the widespread use of deep learning, we consider

how recent advances in accelerating message passing algorithms for probabilistic

inference can be used to scale up Kullback-Leibler control problems. In particular,

we look at the recent progress on exploiting the parallelisation facilitated by the

graphics processing units (GPUs) to solve the inference tasks on a graphical model.

In this sense, we consider the recently introduced sparse matrix belief propagation

framework [1].

We develop our methodology for a particular multi-agent game. Games are often

used as a model for different decision-making situations, such as the prisoner’s

dilemma [36, 37]. In our case, however, we focus on the stag hunt [38]. The stag

hunt is a cooperative game in which a set of hunters can choose between hunting

a hare or hunting a stag. Hunters can catch a hare by themselves and receive a

small reward Rh, but it requires at least the coordination of two hunters to hunt a

stag, which provides them with a much larger reward Rs. Hence, if only one hunter

decides to chase the stag, it will not be able to get it, thus receiving a null reward.

The nature of the problem presents a conflict between personal risk and mutual ben-

efit, provided that the successful coordination to hunt a stag awards great benefits

for the implicated players, yet a synchronisation failure can lead to null profit for

all of them. This allows for the study of cooperation within social structures [39]

and collaborative behavoiour in multi-agent systems [40], and can also be used to
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understand cooperativity directly in humans [41, 42].

We follow the version of the game introduced in [2], which is played in a grid with a

fixed position for the preys: stags and hares, and an initial position for the hunters,

who can freely roam around it for a fixed amount of time T . Performing exact

inference can be too costly for complex instances and approximate inference methods

are needed to obtain approximate optimal controls [43, 44, 45]. We make explicit

use of the graphical model structure, and take advantage of certain conditional

independences in the agents dynamics, namely, that the agent dynamics decouples

in the absence of control, and that the reward (payoff) function can be factorised

exactly as a product of smaller functions, involving a very small group of variables.

1.1 Objectives

The objectives of the present master thesis are the following:

• To integrate the recent results on GPU acceleration for message passing in

optimal control tasks.

• To formulate the stag hunt probabilistic graphical model as a pairwise Markov

random field so that it can be express under the sparse-matrix belief propaga-

tion framework.

• To recover by means of such framework the existing approximate inference

results on the stag hunt model.

• To measure and compare the performance of different configurations of belief

propagation on the stag hunt model, both in CPU and GPU hardware.

1.2 Structure of the Report

In Chapter 2 we review how a class of stochastic optimal control problems can be

reformulated as Kullback-Leibler minimisation problems, reducing the optimal con-

trol computation to an inference computation, and enabling the use of approximate
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inference methods to efficiently compute approximate optimal controls. We then

introduce the stag hunt and its graphical model structure, and provide the methods

that allow its formulation as a pairwise Markov random field. Lastly, we present the

sparse-matrix belief propagation algorithm and describe how the stag hunt can be

expressed under such framework, allowing us to efficiently compute the approximate

optimal controls for the game.

In the first section of Chapter 3 we give the details of our implementation of the

stag hunt under the sparse-matrix belief propagation framework, and of the variety

of tests we designed in order to assess such implementation. Then the second and

last section of this chapter contains a description of the the obtained experimental

results.

We conclude this thesis in Chapter 4, where we discuss our results and outline future

lines of research.



Chapter 2

Methods

2.1 Kullback-Leibler Optimal Control

In this section we review how a general class of optimal control problems can be

reformulated as a Kullback-Leibler minimisation problem [2], allowing the use of

approximate inference methods such as Belief Propagation to solve the optimal

control computation. We introduce the generalised stag hunt game model as it was

presented also in [2], and transform it into a pairwise Markov Random Field, in

order to be able to exploit the potential of the sparse-matrix modification of the

belief propagation algorithm [1] to perform the approximate inference.

2.1.1 Kullback-Leibler Divergence

The Kullback-Leibler divergence, also known as the relative entropy between two

probability distributions p(x) and q(x), that are defined over the same state space,

is defined as:

DKL(p ‖ q) =
∑
x

p(x) log
p(x)

q(x)
. (2.1)

It is a measure of how a probability distribution p is different from a second reference

probability distribution q, satisfying DKL(p ‖ q) ≥ 0, which is known as the Gibbs’

inequality, and being exactly equal to 0 only if p = q. Note also that its expression

can be written as the expectation of the logarithmic difference between p and q,

6



2.1. Kullback-Leibler Optimal Control 7

with respect to p:

DKL(p ‖ q) = Ex∼p

[
log

p(x)

q(x)

]
(2.2)

2.1.2 Kullback-Leibler Minimisation

Consider the Kullback-Leibler divergence between a probability distribution p(x)

and a positive function ψ(x), as a function of the probability distribution p:

C(p) =
∑
x

p(x) log
p(x)

ψ(x)
(2.3)

The distribution that minimises C with respect to p subject to the normalisation∑
x p(x) = 1, can be found by adding a Lagrange multiplier:

L(p) = C(p) + β

(∑
x

p(x)− 1

)
,

dL
dp

= log
p(x)

ψ(x)
+ 1 + β (2.4)

And setting the derivative dL
dp equal to zero, giving p(x) = ψ(x) exp(−(1 +β)). If we

define Z = exp(1 + β) we have p(x) = ψ(x)/Z, and by means of the normalisation

condition, Z =
∑

x ψ(x). Finally, substituting the solution that minimises the

Kullback-Leibler divergence in C(p), one obtains C = − logZ.

2.1.3 Optimal Control

Let t = 0, 1, . . . , T , T ≥ 0, denote time, and consider a Markov chain (xt)t on a finite

state space S = {1, 2, . . . , N}, N ≥ 1, so that xt ∈ S,∀t. Denote by pt(xt+1 | xt, ut)

the Markov transition probability at time t under control ut, from state xt to state

xt+1. Finally, let p(x1:T | x0, u0:T−1) denote the probability of the trajectory x1:T

given the initial state x0 and the control trajectory u0:T−1.

For any t < T , let us define as R̂(xt, ut, xt+1, t) the cost associated to applying control

-action- ut to the system, changing its state from xt to xt+1. Let us further convene

that at the horizon T , this cost becomes only state dependant: R̂(xT , uT , xT+1, T ) =

R(xT , T ). The control problem is then to find the action sequence u0:T−1 that



8 Chapter 2. Methods

minimises the expected future cost:

C(x0, u0:T−1) = Ep

[
T∑
t=0

R̂(xt, ut, xt+1, t)

]
(2.5)

Or equivalently:

C(x0, u0:T−1) =
∑
x1:T

p(x1:T | x0, u0:T−1)
T∑
t=0

R̂(xt, ut, xt+1, t) (2.6)

2.1.4 Optimal Control as a Kullback-Leibler Minimisation

Consider the restricted class of control problems for which C in Equation (2.6) can

be written as a Kullback-Leibler divergence.

Let us assume, in one hand, the existence of some uncontrolled transition probability

matrix qt(xt+1 | xt) over the same state space S, which can be any first order Markov

process that assigns zero probability to physically impossible state transitions. On

the other hand, assume that the cost R̂ can be expressed as the sum of a control

dependent term and a state dependent term.

Since control u acts directly on the transition probabilities p, one can express the

control dependent cost in terms of the logarithmic difference between the controlled

and uncontrolled transition probabilities. For any t = 0, 1 . . . , T − 1:

R̂(xt, ut, xt+1, t) = log
pt(xt+1 | xt, ut)
qt(xt+1 | xt)

+R(xt, t) (2.7)

With R an arbitrary state dependent cost. Intuitively, the uncontrolled dynamics

q would represent the rules of nature, and the first term on the right hand of the

equation would encode the cost of deviating from those rules.

Now, one can conveniently define a function ψ as:

ψ(x1:T | x0) = q(x1:T | x0) exp

(
−

T∑
t=0

R(xt, t)

)
(2.8)
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That allows us to express the action cost R̂ defined in (2.7) as:

T∑
t=0

R̂(xt, ut, xt+1, t) = log
p(x1:T | x0, u0:T−1)

q(x1:T | x0) exp{−
∑t

t=0R(xt, t)}

= log
p(x1:T | x0, u0:T−1)

ψ(x1:T | x0)

(2.9)

By means of which, taking into account the definition in (2.5), we can write the

expected future cost as a KL-divergence:

C(x0, u0:T−1) = Ep

[
log

p(x1:T | x0, u0:T−1)
ψ(x1:T | x0)

]
= DKL(p ‖ ψ) (2.10)

Where in the second equality we have used the expression of the Kullback-Leibler

divergence given in (2.2).

Since the expected future cost C depends on the control only through p one can

write dC
du = dC

dp
du
dp , and therefore a sufficient condition to find the optimal control is

to set dC
dp = 0. Then, as seen in Section 2.1.2, this minimisation yields:

p(x1:T | x0) =
1

Z(x0)
ψ(x1:T | x0) (2.11)

With the following optimal cost:

C(x0, p) = − logZ(x0) = − log
∑
x1:T

q(x1:T | x0) exp

(
−

T∑
t=0

R(xt, t)

)
(2.12)

The optimal control in the current state x0 at the current time t = 0 is given by the

marginal probability:

p(x1 | x0) =
∑
x2:T

p(x1:T | x0) (2.13)

Which defines a standard graphical model inference problem, where the distribu-

tion p is given by (2.11). As illustrated in [2] this problem can be, under general

assumptions, solved by many exact or approximate inference methods such as the

Junction Tree method or Belief Propagation, respectively.
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2.2 Multi-Agent Cooperative Game

Consider the following generalisation of the stag hunt game: there are M hunters

in a grid of N locations, and each of them can choose between hunting a hare or

hunting a stag, without knowing in advance the choice of the others. Hares can

be hunted individually, giving the hunter a small reward Rh. On the other hand,

catching a stag yields a much larger reward Rs, but it requires at least two agents

to cooperate in the hunt.

Let xti ∈ {1, . . . , N}, i = 1, . . . ,M , t = 1, . . . , T be the position of agent i at time t in

a grid of N locations. Also, let sj ∈ {1, . . . , N}, j = 1, . . . , S, and hk ∈ {1, . . . , N},

k = 1, . . . , H, be the positions of the jth stag and the kth hare respectively. Consider

the following state-dependent reward:

R(xt) = Rh

H∑
k=1

M∑
i=1

δxt
ihk

+Rs

S∑
j=1

I

{
M∑
i=1

δxt
isj
> 1

}
(2.14)

Where I denotes the function that takes the value 1 when the condition inside the

brackets is satisfied and 0 otherwise, and δij denotes the Kronecker delta over the

indexes i and j. The first term on the right hand of the equation captures the

number of agents located at a position of a hare, while the second one accounts for

the rewards obtained in hunting stags. Note that, while the reward for a hare is

proportional to the number of agents at its position, the reward corresponding to a

stag remains the same, independent of the number of agents at its position, provided

that it is greater or equal than two.

Assume that the game takes place in a square grid of N = n2 locations, so that one

can write the positions in cartesian coordinates. Let xti = (l,m), xt+1
i = (l′,m′),

l,m, l′,m′ ∈ {1, . . . , n} be the positions of agent i at times t and t+ 1 respectively,
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i ∈ {1, . . . ,M}, t ∈ {0, . . . , T − 1}, and consider the following function:

ψq

(
xt+1
i , xti

)
:= I { ((l′ = l) ∧ (m′ = m))∨

((l′ = l − 1) ∧ (m′ = m) ∧ (l > 0))∨

((l′ = l) ∧ (m′ = m− 1) ∧ (l < n))∨

((l′ = l) ∧ (m′ = m+ 1) ∧ (m < n)) }

(2.15)

Which evaluates to one if either the agent does not move, or it moves one position

left, right, up or down inside the grid boundaries. This allows us to define the

uncontrolled dynamics of the system as conditional probabilities in the following

manner:

q(xt+1
i | xti) =

ψq(x
t+1
i , xti)∑

xt+1
i
ψq(x

t+1
i , xti)

. (2.16)

This is, without control, the probability is distributed uniformly among the possible

actions the agent can take. Note that the uncontrolled dynamics factorises among

the agents, and the joint probability distribution can be written as:

q(xt+1 | xt) =
M∏
i=1

q(xt+1
i | xti) . (2.17)

On the other hand, since we are interested in the final configuration at the time

horizon, xT , let us set the state dependent cost to zero for t = 1, . . . , T − 1 and to

ψR(x) for t = T , where ψR is defined as:

ψR(xT ) = exp

(
−1

λ
R(xT )

)
. (2.18)

So that we recover the control problem as it was defined in Section 2.1. Finally,

note that in this case we can decompose the factor in terms of the kind of pray that

is giving the reward:

ψR(xT ) = ψRH
(xT )ψRS

(xT )

= exp

(
Rh

H∑
k=1

M∑
i=1

δxT
i hk

)
exp

(
Rs

S∑
j=1

I

{
M∑
i=1

δxt
isj
> 1

})
(2.19)
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x11

x12

...

x1M

ψq

ψq

ψq

x21

x22

...

x2M

ψq

ψq

ψq

· · ·

· · ·

· · ·

xT−1
1

xT−1
2

...

xT−1
M

ψq

ψq

ψq

xT1

xT2

...

xTM

ψR

Figure 1: Factor graph representation of the generalised stag hunt game. Circles
denote variable nodes, and squares denote factor nodes. Variables nodes in grey
correspond to the clamped initial configuration.

2.2.1 Graphical model for the KL stag hunt game

Consider the graphical model that arises from factors ψq and ψR described in equa-

tions (2.15) and (2.18) respectively. In Figure 1 one can see how the uncontrolled

dynamics ψq factorises over the agents and can be drawn as pairwise factors, while

the factor node associated to the state cost ψR involves all agent state nodes at the

time horizon. Despite being a tree, exact and even approximate inference approaches

become intractable in this model, due to the complex factor ψR.

Let us then consider the transformation of the problem proposed in [2], which de-

composes the structure of ψR in smaller factors defined over at most three auxiliary

variables of small cardinality:

1. M factors ψh(xTi ) defined for each agent location at the time horizon xTi ∈

{1, . . . , N}, i = 1, . . . ,M , which account for the hare costs:

ψh(xTi ) :=


exp

(
−1

λ
Rh

)
if

H∑
k=1

δxT
i hk

> 0

1 otherwise

(2.20)

2. S × M factors ψsj(x
T
i , dij) defined for each stag location sj ∈ {1, . . . , N},
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j = 1, . . . , S, and each agent location at the time horizon xTi . New auxiliary

variables dij ∈ {0, 1}, defined for each stag and each agent positions, encode

whether agent i and stag j are in the same position or not, and the factor is

defined as:

ψsj(x
T
i , dij) = I

{
dij = δxT

i sj

}
. (2.21)

3. S ×M factors ψri involving the previously defined binary variables dij and

additional auxiliary variables uij ∈ {0, 1, 2}, i = 2, . . . ,M , j = 1, . . . , S, which

encode whether the stag j has zero, one or more agents at its position after

considering the ith agent. These factors are defined as:

ψr1(d1j, d2j, u1j) :=I { ((d1j = 0) ∧ (d2j = 0) ∧ (u1j = 0))∨

((d1j = 1) ∧ (d2j = 1) ∧ (u1j = 2))∨

((d1j 6= d2j) ∧ (u1j = 1)) }

ψri−1
(u(i−1)j, dij, uij) :=I {

(
(dij = 0) ∧ (u(i−1)j = uij)

)
∨(

(dij = 1) ∧ (u(i−1)j = 0) ∧ (uij = 1)
)
∨(

(dij = 1) ∧ (u(i−1)j = 1) ∧ (uij = 2)
)
∨(

(dij = 1) ∧ (u(i−1)j = 2) ∧ (uij = 2)
)
}

ψrM (u(M−1)j) :=


exp

(
−1

λ
Rs

)
if u(M−1)j = 2,

1 otherwise

(2.22)

Where i ranges from i = 3 to i = M in the second definition. Note that

both definitions of ψr1 and ψri−1
encode the allowed configurations of dij and

uij, while ψrM weights the allowed configurations of having zero, one or more

agents being at each stag position according to the corresponding cost.

Note that every pairwise factor introduced in this section, as well as the uncontrolled

dynamics factor q, can take only two values, 0 and 1.

By means of this procedure one obtains a computationally tractable representation

of the problem, where the complex factor ψR can be rewritten in terms of smaller

factors that involve, at most, three variables of the model. On the one hand, ψRH
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ψsi
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d21
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...

dM1

ψr1
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ψrM−1
uM1

...

u31

u21

ψrM

ψh

ψh

ψh

ψh

Figure 2: Decomposition of the complex factor ψR into simpler factors involving at
most three variables of small cardinality. Note that in the figure it is only shown
the structure of the factor for stag i, which would be identically reproduced for the
rest of the stags.

in (2.19) factorises trivially among the agents:

ψH(xT ) =
M∏
i=1

ψh(xTi ) (2.23)

On the other hand, ψRS
can be rewritten marginalising the auxiliary variables dij,

uij over the product of the factors ψsj and ψri :

ψS(xT ) =
S∏

j=1

 ∑
d1j ,d2j
u2j ,uMj

ψsj(x
T
1 , d1j)ψsj(x

T
2 , d2j)ψr1(d1j, d2j, u2j)ψrM (uMj)

∑
d3j ,...,dMj
u2j ,...,uMj

M∏
i=3

ψri−1
(u(i−1)j, dij, uij)ψsj(x

T
i , dij)


(2.24)

Obtaining the factor decomposition:

ψR(xT ) = exp

(
−1

λ
R(xT )

)
= ψH(xT )ψS(xT ) (2.25)
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Figure 3: Pairwise factor graph representation of the generalised stag hunt game.
The auxiliary variables zij, i = 2, . . . ,M , j = 1, . . . , S allow us to replace the ternary
factors ψri−1

for the binary factors ψA(i−1)s
, s = 1, 2, 3.

2.2.2 Conversion to a Pairwise Markov Random Field

Consider the graphical model obtained in Section 2.2.1, composed of factors ψq, ψh,

ψsj , j = 1, . . . , S and ψri , i = 1, . . . ,M , among which only ψri , for i = 1, . . . ,M − 1,

involve three variables, while the rest are pairwise or unary factors. Then, if one

converts these factors into a pairwise form, the model becomes a Pairwise Markov

Random Field, which is in turn the simplest graph that can encode the problem

structure.

Let us introduce, following the method proposed in [17], another set of auxiliary

variables zij, i = 1, . . . ,M − 1, j = 1, . . . , S. On the one hand, for j = 1, . . . , S,

z2j ∈ {0, 1} × {0, 1} × {0, 1, 2} will be connected to d1j, d2j and u2j with pairwise

factors that will substitute ψr1 . On the other hand, for i = 2, . . . ,M − 1 and

j = 1, . . . ,M , zij ∈ {0, 1, 2} × {0, 1} × {0, 1, 2} will be connected to uij, d(i+1)j and

u(i+1)j substituting the factors ψri .

1. Let Z = {0, 1}×{0, 1}×{0, 1, 2} be the state space of z2j = (z12j, z
2
2j, z

3
2j) ∈ Z,

where we have explicitly written the components of the new variable. Then,
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we define the following potentials between d1j, d2j and u2j, and z2j:

ψA11 := ψr1(z
1
2j, z

2
2j, z

3
2j)I

{
z12j = d1j

}
ψA12 := ψr1(z

1
2j, z

2
2j, z

3
2j)I

{
z22j = d2j

}
ψA13 := ψr1(z

1
2j, z

2
2j, z

3
2j)I

{
z32j = u2j

} (2.26)

2. Analogously, let Z = {0, 1, 2} × {0, 1} × {0, 1, 2} be the state space of zij =

(z1ij, z
2
ij, z

3
ij) ∈ Z, i = 3, . . . ,M . Now, we define the potentials between u(i−1)j,

dij and uij, and zij as:

ψA(i−1)1
:= ψri−1

(z1ij, z
2
ij, z

3
ij)I

{
z1ij = u(i−1)j

}
ψA(i−1)2

:= ψri−1
(z1ij, z

2
ij, z

3
ij)I

{
z2ij = dij

}
ψA(i−1)3

:= ψri−1
(z1ij, z

2
ij, z

3
ij)I

{
z3ij = uij

} (2.27)

We have then substituted the S× (M − 1) ψri ternary factors, i = 1, . . . ,M − 1, for

3×S× (M − 1) pairwise factors, and converted the graphical model into a Pairwise

Markov Random field, as illustrated in Figure. This will allow us to take advantage

of the sparse-matrix belief propagation algorithm to solve the inference problem on

this model.

2.2.3 Ground truth model

Finally, let us recover the graphical structure illustrated in Figure 1. When the

number of agents isM = 2 and there is only S = 1 stag, the model can be understood

as a pairwise Markov Random Field without further modifications. As illustrated

in Figure 4, every factor in the model involves at most two variables: ψq and ψh as

defined in (2.15) and (2.20) respectively, and ψ′R defined as:

ψ′R(xT1 , x
T
2 ) :=


exp

(
−1

λ
Rs

)
if xT1 = xT2 = s1

0 otherwise
(2.28)
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· · ·
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ψq
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ψ′R

Figure 4: Graphical structure of the stag-hunt game with M = 2 agents. This
particular game structure can be understood as a pairwise Markov Random Field
without further modifications, and can serve as a ground truth model to assess the
correctness of the proposed decomposition.

This MRF structure will then be greatly useful to computationally assess the cor-

rectness of the factor decompositions proposed in Sections 2.2.1 and 2.2.2.

2.3 Sparse Matrix Belief Propagation

In this section we introduce the sparse-matrix belief propagation algorithm as it was

proposed in [1], which has been proven to significantly improve the performance of

loopy belief propagation on pairwise Markov random fields. After reviewing the key

concepts on traditional belief propagation and its sparse-matrix modified form, we

describe how the latest can be used to perform inference over the model introduced

in Section 2.2.

2.3.1 Belief Propagation

In the context of computational inference on probabilistic graphical models, the

sum-product algorithm, also known as belief propagation, is a message passing al-

gorithm that provides exact inference on tree-shaped graphs. However, a slight

modification of the algorithm, often referred as loopy belief propagation, can per-

form approximate inference in graphs with cycles. Furthermore, since in the original

algorithm messages are computed from the product of previous ones, the algorithm

is often moved to the logarithmic domain, where the product becomes a sum and

the floating point operations can remain stable.

Consider the pairwise Markov random field induced by the following factorised prob-



18 Chapter 2. Methods

ability distribution:

p(x) =
1

Z
exp

∑
i∈V

φi(xi) +
∑

(i,j)∈E

φij(xi, xj)

 (2.29)

Where x = (x1, . . . , xn) ∈ X is the state vector of the model, Z is a normalisation

constant such that
∑

x p(x) = 1, and {V,E} is the graph representation of the

Markov random field.

With the described configuration, the message sent from variable xi to variable xj

is:

mi→j[xj] = log
∑
xi

exp

(
φij(xi, xj) + φi(xi) +

∑
k∈Ni−j

mk→i[xi]− dij

)
(2.30)

Where Ni = {k | (i, k) ∈ E}, dij is any constant value that is eventually cancelled

out by normalisation, and the bracket notation mi→j[xj] represents the indexing

by the state of xj of the message vector. Then, the estimated unary marginals or

beliefs, are p(xj) ≈ ebj [xj ], where:

bj[xj] = φj(xj) +
∑
i∈Nj

mi→j[xj]− zj (2.31)

And zj is the normalisation constant:

zj = log
∑
xj

exp

φj(xj) +
∑
i∈Nj

mi→j[xj]

 (2.32)

Again, the bracket notation is used for indexing into the beliefs, since they are

interpreted as vectors for discrete variables. Finally, note that since the expression

for bi[xi] and the argument of the exponential function in (2.30) differ only in the

term mj→i[xi] plus constants, the constants dij in (2.30) can be omitted and the

message update expression becomes:

mi→j[xj] = log
∑

exp (φij(xi, xj) + bi[xi]−mj→i[xi]) (2.33)
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2.3.2 Exploiting Graph Sparseness for Belief Propagation

Let nv be the number of variables of the Markov random field, and c the maxi-

mum number of states of any variable. For simplicity, and without loss of gen-

erality, one can assume that all the variables have the same cardinality c. Let

{(s1, t1), . . . , (s|E|, t|E|} be an arbitrary but fixed order in the edge set E, in which

the edges are defined redundantly, this is (i, j) ∈ E if, and only if, (j, i) ∈ E.

Let B be a c× n belief matrix whose columns are the stacked belief vectors, Bij =

bj[xj = i], and consider the c× n unary factors tensor Φ such that the jth column

represents the jth unary factor: Φij = φj(xj = i). Finally, consider the three-

dimensional c× c× |E| pairwise factors tensor Γ such that the kth slice is a matrix

representing the kth pairwise factor as a table: Γijk = φsktk(xsk = i, xtk = j).

Now, let us define a c × |E| message matrix M such that its ith column is the ith

message, this is Mij = msj→tj [xi]. Finally, let T be a |E| × n sparse matrix whose

non-zero entries are Tij = 1 when ti = j, mapping the ordered messages to the

variables that receive those messages.

With this setup one can define both the message and the belief update equations

in terms of tensor operations. The beliefs are updated, as in (2.31), by adding the

unary factor functions of each variable and the sum of the messages that arrive to

those variables, and subtracting the normalisation constant:

B̃←− Φ + MTT, B←− B̃− logsumexp(B̃) (2.34)

On the other hand, the message update equation in (2.33) becomes:

M←− logsumexp (Γ + B[: s]−M[: r]) (2.35)

Where s = [s1, . . . , s|E|]
T and r = [r1, . . . , r|E|]

T is such that E[i] = (i, j)⇒ E[ri] =

(j, i). It is important to note that Γ is a c× c× |E| tensor while B[: s]−M[: r] is a

c× |E| matrix. The operation is done by stacking together c copies of the latest as

rows to form the same shape as Γ.
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2.3.3 Stag Hunt Sparse Matrix Representation

Sparse-matrix belief propagation encodes both unary and pairwise factors into ten-

sors in the logarithmic domain. Then, the pairwise Markov random field model

for the generalised stag hunt game obtained in section 2.2.2 needs to be slightly

modified.

On the one hand, instead of using the factors described above, we have to consider

the natural logarithm of those functions. On the other hand, the variables of our

model have different cardinalities, and therefore both the unary and the pairwise

factors, expressed as vectors and matrices respectively, will have different shapes

depending on the involved variables. Finally, a 1-1 map between all the possible

values of any variable x and the index set of the cardinality cx of x, {0, . . . , cx}, has

to be established and fixed. From now on those maps are assumed, and so that all

the variables involved in the model take values in the index set of their cardinality.

The unary factors matrix Φ for the generalised stag hunt game is a c× nv matrix,

where:
c = N

nv = MT + S (M + 2(M − 1))
(2.36)

Let i ∈ {0, . . . , c − 1} and j ∈ {0, . . . , nv − 1}. Let {xj}j be an arbitrary but fixed

order over the set of variables of the model. Note that during Section 2.2 we have

only specified unary factors for some variables. Since in the sparse-matrix setup for

belief propagation every variable should have a unary factor made explicit, we set

for the variables that do not have a unary factor defined, the neutral factor ψ = 1,

that does not change the factorised probability distribution. Then, the unary factors

matrix is defined as:

Φij =

 logψj(xj = i) if i < cj

−∞ otherwise
(2.37)

Where cj = |Xj| and Xj is the domain of ψj, and where we have solved in turn the

difference of cardinalities within the variables of the model.
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On the other hand, the pairwise factors matrix Γ is a c× |E| × |E| tensor, where:

|E| = 2[M(T − 1) +MS + 3(M − 1)S] (2.38)

And {(s1, t1), . . . , (s|E|, t|E|)} is an arbitrary fixed order on the edge set E of the

model. Then, Γ is defined as:

Γijk =

 logψsktk(xsk = i, xtk = j) if i < csk and j < ctk

−∞ otherwise
(2.39)

Where csk = |Xsk |, ctk = |Xtk |, and Xsk and Xtk are the domains of ψsk and ψtk

respectively.



Chapter 3

Results

3.1 Implementation Specifics

We have implemented the stag hunt Markov random field model and its sparse-

matrix representation in the staghunt Python module, based on the mrftools

framework [46] developed by the authors of [1].

The interface of our module has three main classes. The StagHuntGame class is a

representation of the game and its parameters. Then, the MatrixStagHuntModel

class encodes the Markov random field model of the game as mrftools MarkovNet

and BeliefPropagator -or MatrixBeliefPropagator- objects. This representation uses

numpy and scipy.sparse objects for computation, and so its usage is limited to the

CPU. Finally, the TorchStagHuntModel class is a translation of the mentioned Ma-

trixStagHuntModel class into pytorch, using the mrftools objects TorchMarkovNet

and TorchMatrixBeliefPropagator, in which the sparse-matrix belief propagation can

be ran both in CPU or in GPU hardware.

Lastly, it is worth mentioning that, while both MatrixBeliefPropagator and Torch-

MatrixBeliefPropagator mrftools objects accept Python -float(’inf’) special

value and can perform their operations normally, the BeliefPropagator object does

not. Therefore, we introduced in the uses of such object, a MIN constant set to an

extremely negative value, that takes the role of −∞.

22

https://github.com/airibarne/staghunt
https://bitbucket.org/berthuang/mrftools/src
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3.1.1 The Hunters Trajectories

It is important to note how the hunters trajectories are obtained from the results of

belief propagation.

The first step, before executing the algorithm, is to clamp the variables x11, . . . , x1M
according to the initial (known) positions of the agents. This is, for every i =

1, . . . ,M , if ai ∈ {0, . . . , N − 1} is the initial position of agent i and si is the index

of x1i in the fixed order of the variable set:

Φisi =

0 if i = ai

−∞ otherwise
(3.1)

Now, as we have seen in Sections 2.3.1 and 2.3.2, the output of belief propagation is

a belief matrix B whose columns are the belief vectors, Bij = bj[i], which represent

(single variable) marginal estimates, i.e., bj[i] ≈ p(xj = i). Furthermore, one can

also compute the pairwise beliefs for each pair of connected variables, which serve

in turn as estimates for the joint probabilities p(xi, xj) for i, j such that (i, j) ∈ E.

Therefore, after a run of belief propagation, one can compute every conditional

probability p(xt+1
i | xti) for t = 1, . . . , T − 1 and i = 1, . . . ,M .

In this work, unlike in [2], we compute the agent trajectories by sequentially clamp-

ing the position of the agents. This is, at each time index t = 1, . . . , T − 1, we run

belief propagation on the MRF model and decide the next position of every agent

i = 1, . . . ,M based on the maximum value of p(xt+1
i | xti), breaking ties randomly.

Once we have the agent position at time t + 1, we clamp the variable xt+1
i to this

position as done in (3.1), and repeat until the end of the trajectory. Such a se-

quence of interventions in the graphical model ensures that generated trajectories

are fully consistent, with the obvious drawback of requiring T−1 executions of belief

propagation in order to solve the optimal control computation.
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3.1.2 Tests for Correctness

In order to assess the correctness of our implementation we defined a wide variety

of tests available within the staghunt module. All the tests start generating two

identical instances of the StagHuntGame randomly.

Ground vs. Pairwise In one of them we build the ground truth Markov random

field model described in Section 2.2.3, and in the other we build the pairwise model

described in Section 2.2.2. The game is ran in both models as described in Section

3.1.1, and at each time step we assert that both the marginals and the pairwise

beliefs coincide for every variable and every pair of connected variables respectively.

Loopy vs. Matrix In both instances we build the pairwise model described in

Section 2.2.2. The game is ran in one of the models using the loopy belief propagation

implementation of the mrftools library, and in the other using the sparse-matrix

implementation. At each time step we assert that both the marginals and the

pairwise beliefs coincide for every variable and every pair of connected variables

respectively.

Matrix vs Torch The pairwise model described in Section 2.2.2 is built in one of

the two instances using the MatrixStagHuntModel class, based on numpy, and using

the TorchStagHuntModel class in the other one, based on pytorch. The game is

ran in both models and at each time step we assert that both the marginals and

the pairwise beliefs coincide for every variable and every pair of connected variables

respectively.

CPU vs. GPU In both instances we build the pairwise model described in

Section 2.2.2. The game is ran in both models using the sparse-matrix pytorch

implementation of the mrftools library, in one of them using CPU hardware and

in the other one using GPU hardware. At each time step we assert that both

the marginals and the pairwise beliefs coincide for every variable and every pair of

connected variables respectively.
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3.2 Empirical Evaluation

All the experiments described in this section share the following setup: for a fixed

number M of agents, the number of stags and hares are set to S = bM/2c and

H = 2M respectively. Their locations, as well as the initial states x1i , i = 1, . . . ,M ,

are chosen randomly and non-overlapping, and the rewards for hunting a stag and

for hunting a hare are Rs = −10 and Rh = −2 respectively.

3.2.1 Risk vs Payoff Dominant Strategies

Let us first test our implementation in a small instance of the game. Figure 5 shows

both the initial and final positions of the agents as well as their trajectories, after

running the stag hunt on a 5 × 5 grid with two agents, one stag and four hares.

We observe how we recover the duality of optimal strategies, from payoff to risk

dominant, when the parameter λ increases from λ = 0.1 to λ = 10, as in [2]. For

high values of λ (Figure 5a), each hunter catches one of the hares. On the other

hand, for small enough values of λ (Figure 5b), both hunters cooperate to catch

the stag. Note that the game was ran using the ground truth Markov random field

model described in Section 2.2.3, which is a tree, and therefore the belief propagation

is exact.

Figure 6 shows two solutions observed on a larger instance of the game. In this case,

we run sparse-matrix belief propagation on a GPU using our pytorch implemen-

tation of the pairwise Markov random field model described in Section 2.2.2. Note

how, for λ = 10 all the agents hunt hares and no one cooperates, being the strategy

risk dominant. Conversely, for λ = 0.1 almost every agent cooperates with others

to hunt a stag, in a payoff dominant strategy. Note that there is one agent in the

top-right corner hunting a hare, even that there is one stag in a reachable position.

Reaching that stag position, though, would not increase the final game reward.
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(b) λ = 0.1, payoff dominant.

Figure 5: Exact inference on the stag hunt: optimal control obtained using loopy
belief propagation on the tree-shaped ground truth MRF model of the game, for
M = 2 hunters (circles) in a 5 × 5 grid with S = 1 stag (big diamond) and H = 4
hares (small diamonds), within a time horizon of T = 4. (a) For λ = 10, the
optimal control is risk dominant and the hunters go for the hares. (b) For λ = 0.1
the optimal control is payoff dominant and the hunters cooperate to hunt the stag.

3.2.2 Running Time Analysis

Let us now analyse the cpu-time required to run the game for different game, algo-

rithm and hardware configurations.

Figure 7 shows the cpu-time required for running belief propagation as a function

of the number agents for the risk-dominant regime (left) and the payoff dominant

regime (right). We observe that the pytorch implementation on GPU hardware

provides a notable speedup with respect to the rest of the configurations, in agree-

ment with [1]. Such a performance improvement becomes especially remarkable as

we increase the model size, either by increasing N or by increasing M , which can

be better perceived in Figure 8a.

However, in the same figure one can see that, despite sparse-matrix belief propaga-

tion is reported to be faster than loopy belief propagation by its authors, we find

the opposite behaviour in our model running times. Indeed, both in Figures 7a

and 8a we see how loopy belief propagation becomes eventually faster than both

numpy and pytorch based sparse-matrix belief propagation. This is due to the MIN

constant that is used on the loopy belief propagation implementation of the game



3.2. Empirical Evaluation 27

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

(a) λ = 10, risk dominant

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

(b) λ = 0.1, payoff dominant

Figure 6: Approximate inference on the stag hunt: optimal control obtained using
GPU sparse-matrix belief propagation on the pairwise MRF model of the game, for
M = 10 hunters (circles) in a 20 × 20 grid with S = bM/2c stags (big diamonds)
and H = 2M hares (small diamonds), Rs = −10, Rh = −2, within a time horizon
of T = 10. (a) For λ = 10, the optimal control is risk dominant and the hunters
go for the hares. (b) For λ = 0.1 the optimal control is payoff dominant and the
hunters cooperate to hunt the stag.

which, as mentioned in Section 3.1 takes the role of −∞ in the belief propagation

computation.

Then, the game configuration parameters that change the shape of the factors of

the Markov random field obviously affect the running time of the game. As the

factors grow in size so it does the running time, since more computations need to

be performed in order to run both loopy and sparse-matrix belief propagation.

On the other hand, though, looking at Figures 7a, 7b and 8b, one can see how λ

also affects the running time of the stag hunt. On Figure 7b the running time of the

payoff dominant (λ = 0.1) game solved with GPU sparse-matrix belief propagation

overcomes the 100 seconds forM = 6 agents, while it barely surpasses the 10 seconds

for M = 20 agents in the risk dominant regime (λ = 10) in Figure 7a. Similarly, on

Figure 8b it is clearly seen how different values of lambda result in large performance

variations starting at a given value of M .

Given that the hardest computational task involved in the generation of optimal

agent trajectories is belief propagation, it is obvious that both increasing the model

size and decreasing the parameter λ affect the running time of this algorithm. Such
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Figure 7: Semi-log plots of the generalised stag hunt running times for two different
values of λ, as functions of the number of agents M , with N = 100 and T =
10. Results are averages over 5 runs with random initial states. Loopy refers to
the direct Python implementation of belief propagation, while Matrix refers to the
sparse-matrix numpy-based implementation, and Torch-CPU, Torch-GPU refer to
the pytorch implementation ran in CPU and GPU hardware respectively. Since
the running times of the payoff dominant regime increase much faster than those of
the risk dominant regime, in (b) we have only been able to compute the running
times for the loopy and Torch-GPU configurations.

running time is in turn influenced by two factors: the running time of one iteration

of belief propagation and the number of iterations required for the algorithm to

converge. To analyse the latter, Figure 9a shows the dependence of the number of

iterations as a function of λ and the size of the model N . We observe that larger

instances and lower values of λ correspond to more difficult tasks, which require

more iterations of BP until convergence.

Finally, despite the GPU sparse-matrix belief propagation provides significant im-

provements in the running time of game with respect to any CPU method, we have

encountered a memory limitation that has prevented us from scaling up beyond a

20× 20 grid with 10 to 12 agents and the corresponding number of hares and stags.

For instance, a 30×30 grid with M = 20 agents -and thus S = 10 stags and H = 40

hares- implies a Γ tensor of 1.863·109 elements, which needs almost 14GB of memory

at double precision, currently unsupported by the GPUs.
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Figure 8: Semi-log plots of the generalised stag hunt running times. Results are av-
erages over 5 runs with random initial states. (a) The number of agents is increased
with N as M = 0.28(2N/7), such that the first game configuration is a 5 × 5 grid
with two agents, and the density of objects in the grid remains nearly constant. The
parameter λ is set to λ = 10. (b) The experiments are ran on a large N = 400 grid,
and we observe the running times for three different values of λ.

Furthermore, since the methods in the mrftools library require this tensor to be

allocated twice at some point, the resulting memory need becomes intractable for any

GPU. One way to better scale up this problem would be precisely to take advantage

of the sparsity, not only at the level of edges in the factors graph, but also within the

factors. Note that a sparse matrix representation in this case requires sparsity with

respect to the value −∞. We believe this additional improvement is feasible and

would notable boost the scalability of this approach, both by reducing the memory

needs of the algorithm and the cpu-time required by belief propagation. Figure 9b

shows the proportion of values different from −∞ in the pairwise factors tensor Γ,

as a function of the grid size N , for three different values of M . We observe how the

number of values different than −∞ in fact decreases exponentially as N increases,

and becomes also smaller for higher values of M .
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Figure 9: (a) Number of sparse-matrix BP iterations required for convergence as
a function of λ for two different pairs of values of N and M , T = 10. Results
are averages over 5 runs with random initial states and the error bars indicate the
standard error of the mean. (b) Proportion of entries different from −∞ in the
pairwise factors tensor Γ as a function of N for three different values of M .



Chapter 4

Discussion

We have reviewed how a class of stochastic optimal control problems can be ex-

pressed as graphical inference problems [2], enabling approximate inference meth-

ods such as sparse-matrix belief propagation [1] to be applied to the intractable

stochastic control computation. We have focused on an interesting special case of

such class of problems, namely the generalised stag hunt, a multi-agent cooperative

game that has allowed us to show how this modification of the widely known belief

propagation algorithm can bring notable performance improvements to the optimal

control computations in the class of Kullback-Leibler control problems.

As a particular result, we have shown how the graphical model of the generalised

stag hunt can be transformed into a pairwise Markov random field, which can be fed

into the mrftools [46] Python library to do inference on discrete Markov random

fields, allowing us to solve in short time the optimal control problem for relatively

large instances of this cooperative game.

4.1 Discussion

Sparse-matrix belief propagation was reported to deliver significant improvements

in performance with respect to traditional loopy belief propagation, when tested on

grid Markov random fields. However, we do not observe such speedup in the stag
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hunt model. Both models are, though, considerably different between each other.

The grid Markov random fields considered in [1] have a large number of variables,

up to 218, giving up to 523, 264 edges. On the other hand, these models variable

cardinality is set, at most, of 64 different values. Then, while its sizes could be

similar, shapes of these pairwise factor tensors and the ones from the stag hunt

pairwise MRF model are completely different. In the latest, variable cardinalities

are an order of magnitude larger, while the graph is way more sparsely connected,

giving a much lower number of edges. Furthermore, in the grid models used tho

evaluate the sparse-matrix belief propagation algorithm the log factors were chosen

to be normally distributed with variance one, without any value at −∞, which

completely differs from our game representation, in which the pairwise factor tensor

proportion of −∞ values can go up to 99.99%.

On the other hand, though, the sparse-matrix form of belief propagation has an

immediate advantage: since all the computations are encoded in tensor operations,

it can be executed on GPUs. The straight off resulting parallelisation benefits over-

come to a greater extent the loose of performance of sparse-matrix belief propagation

with respect to the loopy implementation.

Finally, the observed growth of time and memory needs as the stag hunt model grows

in size, either by increasing the size of the grid or the number of agents, could be

addressed by taking advantage of the sparsity of the factors, specially the pairwise

factor tensor Γ. This work results open a path for a modification of sparse-matrix

belief propagation in which not only the sparsity of the indexing operations but also

the sparsity of the factors, which would be present in a wide variety of real-world

Markov random field models, such as the stag hunt.

Particularly, addressing the memory limitation that we have encountered in this

work would let much bigger instances of the stag hunt optimal control problem to

be solved using sparse-matrix belief propagation, which would pave in turn the way

to a better analysis of the phase transition between payoff and risk dominant regimes

observed in [2].
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4.2 Conclusions

In this master thesis we have successfully integrated a stochastic optimal control

task, namely the computation of optimal trajectories for the stag hunt, in the re-

cently introduced sparse-matrix belief propagation framework [1]. To do so, we have

modified the probabilistic graphical model of the stag hunt proposed in [2] in order

to formulate it as a Markov random field. This has allowed us, through the sparse-

matrix belief propagation implementation, to take advantage of GPU parallelisation

and provide a notable performance improvement with respect to traditional loopy

belief propagation. Furthermore, with our implementation of the stag hunt model

we have recovered the duality of optimal strategies, from payoff to risk dominant,

previously observed on this cooperative game. Finally, we have identified that the

limitations of our implementation, both in terms of memory and running time needs,

could be addressed by a modification of the sparse-matrix belief propagation algo-

rithm that leveraged the sparsity of the factors and not only the sparsity of the

graph structure. This opens an interesting line of research that could enable the

approximate optimal control computation on much larger models.
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