
Supplementary Information

SUPPLEMENTARY NOTE 1: BOUNDARIES FOR PATHLENGTH AND EFFICIENCY OF GRAPHS

We first recall a few basic definitions. An undirected graph G(N,L) is a graph composed of N nodes and L
undirected links (edges). A simple graph is a graph where nodes are connected by at most one edge. The maximum
number of edges a graph can contain is Lo = 1

2N(N − 1). A complete graph is thus the graph with Lo edges and an
empty graph is a graph with no links (L = 0). The density ρ of a graph is the fraction of the number of links to the
maximum possible, ρ = L

Lo
. The (geodesic) distance dij between two nodes is the length of the shortest path between

them. The distance matrix D of a graph G is then the N ×N matrix collecting the pairwise distances dij including
the shortest cycles dii on the diagonal. The diameter of the graph is the distance between the most distant pair of
nodes, δ(G) = maxij(dij). A connected graph is a network in which there is at least one path between every pair
of nodes, thus δ(G) < N . A disconnected graph is a network in which there is at least one pair of nodes for which
there is no path connecting them, and thus δ(G) = ∞. The average pathlength l of the graph is the average of the
distances dij ignoring the shorted cycles (diagonal entries of D) and the efficiency E is the average of the inverse of
the distances 1

dij
. Notice that for graphs the distance matrix is symmetric, dij = dji, and the diagonal entries dii are

ignored for the calculation of the averages. A digraph G̃(N,L) is a directed graph of N nodes and L̃ directed links

(arcs). The definitions above apply, only that L̃0 = N(N − 1) and the distance matrix D is usually asymmetric as
the equality dij = dji does not necessarily hold.

For convenience in the following proofs, let us first define nd as the number of pairs of nodes in a graph at distance
d. That is, the number of entries in the distance matrix for which dij = d. Therefore, the following conservation rule
holds:

N−1∑
d=1

nd = Lo, (1)

The average pathlength and efficiency are calculated as:

l(G) =
1

Lo

N−1∑
d=1

d× nd, (2)

E(G) =
1

Lo

∞∑
d=1

1

d
× nd. (3)

These are true for both graphs and digraphs, only that Lo differs in the two cases.

A. Graphs with shortest pathlength

In the main text we argued that any arbitrary strategy followed to add edges to an initial star graph will result in
a graph with the shortest possible average pathlength. To understand why the order of link addition is irrelevant we
remind that the diameter of a star graph is δ∗ = 2. Any edge (i, j) added to a star graph results in converting one
entry of the distance matrix from dij = 2 to dij = 1. As a consequence, all graphs with diameter δ=2 have the same
average pathlength regardless of their detailed topology. In the following we formalise and demonstrate this result.
See Refs. [1–3] for alternative proofs.

Theorem 1 (Connected ultra-short graphs). Let G(N,L) be a simple and connected graph with N vertices and L
undirected edges where (N−1) ≤ L < Lo. If the diameter of G is δ=2, then, the average pathlength lUS and efficiency
EUS of G are:

lUS = 2− L

Lo
= 2− ρ, (4)

EUS =
1

2

(
1 +

L

Lo

)
=

1

2
(1 + ρ) . (5)

lUS is the shortest average pathlength and EUS is the largest efficiency that a connected graph of size N with L edges
can have.
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SUPPLEMENTARY FIGURE 1. Generation of ultra-short (US) graphs. (a) Connected US graphs, L ≥ N−1. Any graph
with diameter diam(G) = 2 is ultra-short and different configurations are plausible. Here two examples are shown. Starting
from a star graph, one option consists of randomly adding further edges, the other is to add links orderly by preferential
attachment. The latter case leads to a US graph with a rich-club. (b) Disconnected US graphs. When L < N − 1 the
configuration with largest efficiency consists of a forming an incomplete star.

Proof of Theorem 1. Let G(N,L) be a simple and connected graph of N vertices and L edges, with N − 1 < L < Lo.
Assume its diameter is δ(G) = 2. By definition, the distance between any two vertices i and j is dij = 1 if there is an
edge (i, j) between them, and dij > 1 otherwise. The number of pairs of vertices at a distance d = 1 is n1 = L and
because we are assuming that the diameter is δ(G) = 2, all other pairs lie at a distance d = 2 of each other. Then,
n2 = (Lo − L) and according to Supplementary Equation (2), the average pathlength of G is:

l(G) =
1

Lo

[
1× n1 + 2× n2

]
=
n1 + 2n2

Lo
.

Substituting n1 and n2 we find that l(G) = 2 − L
Lo

where, by definition, L
Lo

is the density ρ. Substituting again n1
and n2 in Supplementary Equation (3), we obtain that E(G) = 1

2 (1 + L/Lo).
As stated above, if the diameter of G is δ(G) = 2, it implies that all elements of the distance matrix take either

dij = 1 if there is a link between i and j, or dij = 2 if no link exists between the two nodes. Adding an edge
to G involves that the corresponding element in distance matrix changes from dij = 2 to dij = 1. The number
of entries with d = 1 increases by one, n1(L + 1) = n1(L) + 1 and the number of entries decreases by one as well,
n2(L+1) = n2(L)−1. Since this same change in n1 and n2 happens for any pair of nodes selected to form the new edge,
and since the average pathlength depends only on these numbers, all graphs with L links such that N − 1 < L < Lo

that feature a star graph will have a pathlength given by Supplementary Equation (4).

B. Graphs with largest efficiency

Theorem 1 shows that the largest efficiency for a connected graph is given by Supplementary Equation (5) but
when L < N −1 a graph is necessarily disconnected. We now show that an incomplete star graph, see Supplementary
Fig. 1b, is the configuration with the largest efficiency. Therefore, we will also refer to incomplete stars as disconnected
ultra-short graphs.

Definition 1 (Incomplete star graph). Let N and L be an arbitrary size and number of edges satisfying N ≥ 3 and
1 ≤ L < (N−1). An incomplete star graph G(N,L) is a disconnected graph formed by one giant connected component,
a star graph of size N ′ = L+ 1, and (N −N ′) isolated vertices.

Theorem 2 (Disconnected ultra-short graphs). Let GdUS(N,L) be an incomplete star graph with N vertices and L
edges. The efficiency of GdUS is given by

EdUS =
1

4Lo

(
L2 + 3L

)
, (6)

and EdUS is the largest efficiency that a graph with 1 ≤ L < N − 1 edges can possibly have.

Proof of Theorem 2. Let G be a disconnected ultra-short graph as given in Definition 1. Since the connected part of
G is a star graph of size N∗ = L+ 1, then in G there are n1 = L pairs of vertices at distance d = 1, and n2 = L∗o −L
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pairs at distance d = 2, where L∗o = 1
2N∗ (N∗ − 1) = 1

2L (L+ 1). The distance between all other pairs is infinite and
thus, they do not contribute to the efficiency. Finally, we have that,

E(G) =
1

Lo

(
1× L+

1

2
× (L∗o − L)

)
.

Replacing L∗o, we obtain Supplementary Equation (6).
Now, we demonstrate that E(G) is the upper limit for graphs with N vertices and L < (N − 1) edges. We prove

it by induction. We start with an incomplete star graph made of a hub A connected to L nodes {Bi} and a set of
isolated nodes {Ci}. There are four different types of edges that can added to this graph: (A,Ci), (Bi, Bj), (Ci, Cj)
and (Bi, Cj). Here are the contributions of each of these edges to the efficiency:

• (A,Ci) leads to another incomplete star graph. It changes the efficiency by ∆(A,Ci) = 2+L
2Lo

.

• (Bi, Bj) only changes the distance between these two nodes from 2 to 1. Thus ∆(Bi, Bj) = 1
2Lo

.

• (Ci, Cj) changes the distance between these two nodes from ∞ to 1. Thus ∆(Ci, Cj) = 1
Lo

.

• (Bi, Cj) connects all nodes of the incomplete star graph to Cj . It is easily computed that ∆(Bi, Cj) = 7/2+L
3Lo

.

Of all these contributions, the one leading to the largest efficiency is the first one, i.e. (A,Ci), for L ≥ 1. We
have thus shown the induction step: if the incomplete star graph is the most efficient graph with L edges, then the
incomplete star graph is the most efficient graph with L+ 1 edges. We use the fact that the empty graph is a specific
case of an incomplete star as the basis of the induction.

C. Graphs with longest pathlength

We now formalise the construction of connected graphs with longest average pathlength (smallest efficiency) and
demonstrate their properties. For simplicity, we first define a special case of ultra-long graphs, referred to as “kite-
graphs” and then we generalise the definition, see Supplementary Fig. 2a.

Definition 2 (Kite graphs). Let N and Nc be two integers satisfying N > 2 and 1 ≤ Nc ≤ N . Let KNc be a complete
graph of size Nc and Gt be a path graph of size Nt = N−Nc. Then, a (N,Nc)-kite is the graph formed by the union of
KNc and Gt via a single extra edge which joins the first vertex of the path graph with one vertex of KNc . By definition,
a (N,Nc)-kite contains:

• Lc = 1
2Nc (Nc − 1) edges within the complete subgraph,

• Lt = Nt − 1 edges in the tail (the path subgraph), and

• Le = 1 excess edges which link the two subgraphs.

Definition 3 (Ultra-long graphs). Let N and L be an arbitrary size and number of edges satisfying N > 1 and
(N − 1) < L < Lo. Let KNc

be a complete graph of size Nc ≤ N , and Gt be a path graph of size Nt with Le ≥ 1. An
ultra-long graph G(N,L) is the result from merging KNc

and Gt by connecting one end-vertex of Gt to Le vertices
within the KNc

component, where Le is the number of excess edges. We refer to the Gt component as the ‘tail’ of the
ultra-long graph. Given arbitrary N and L:

1. The size of the complete subgraph KNc
is

Nc =

⌊
1

2

(
3 +

√
9 + 8 (L−N)

)⌋
,

where b·c stands for the ‘floor’ function, and it contains Lc = 1
2Nc (Nc − 1) edges.

2. The size of the tail is then Nt = N −Nc and it contains Lt = Nt − 1 edges.

3. The number of excess edges is Le = L− (Lc + Lt). Thus, Le ∈ [1, Nc) when Nc < N , and Le = 0 if and only if
Nc = N .
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SUPPLEMENTARY FIGURE 2. Ultra-long graphs. (a) Illustration of ultra-long and kite graphs. An ultra-long graph is
composed of a complete subgraph connected to a path graph by Le edges. Ultra-long graphs contain three types of vertices (a,
b and c), with an number Le of type b. Connections between a-type vertices are labeled in red, edges between b-type vertices
in green and the connections involving c-type vertices in orange. The cross-connections between a-type and b-type vertices are
represented in blue. Kite graphs are special cases of ultra-long graphs in which Le = 1. (b) Edge removal strategies leading
to a maximal increase in average pathlength. Case-1 illustrates a (8, 6)-kite of which a (ai, b1) edge is removed, and Case-2
illustrates an ultra-long graph made of a (8, 5)-kite with two additional edges between the tail and the complete subgraph, of
which, one of the (bi, c1) edges is removed. (c) Illustration of the first N − 1 steps of the deconstruction iterative procedure
from an initial complete graph K8.

Remark 1. Let G(N,L) be an ultra-long graph with N vertices and L edges where L ∈ [N −1, Lo). Then, G contains
vertices of three types:
– Type A vertices are those within the complete subgraph which are not directly connected to the first vertex of the
tail. There are Nc − Le vertices of type A.
– Type B vertices are those within the complete subgraph which are connected to the first vertex in the tail. There are
Le vertices of type B.
– Type C are the vertices of the tail. There are Nt such vertices, labeled as ci with i = 1, 2, . . . , Nt, being c1 the only
vertex in the tail which is connected to the Le vertices of type B.

Remark 2. By definition, we have that:

1. A (N,Nc)-kite is an ultra-long graph G(N,L) with pre-defined Nc and Le = 1. Thus, a kite contains Nc − 1
vertices of type A, one vertex of type B and a tail with Nt = N −Nc vertices of type C, label as c1, c2, . . . cNt .

2. A (N,N)-kite is the complete graph KN of size N with no tail. A (N, 1)-kite and a (N, 2)-kite are path graphs
of size N .

Finally, in the following we demonstrate that ultra-long graphs, as defined above are the graphs with largest
diameter, longest average pathlength and smallest efficiency that a connected graph of arbitrary N and L can possibly
have.

Theorem 3 (Ultra-long graphs). Let G(N,L) be an ultra-long graph with N vertices and L edges satisfying N > 1
and N − 1 ≤ L ≤ Lo. Then:
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1. The diameter of G is

δUL = Nt + 1 = (N −Nc) + 1 (7)

and it is the longest diameter that any connected graph with N vertices and L edges can have.

2. The average pathlength of G is

lUL =
1

Lo

(
Lc −Nt (L−N) +

N3 −N3
c − 7Nt

6

)
, (8)

and it is the longest average pathlength that any connected graph with N vertices and L edges can have.

3. The efficiency of G is

EUL =
1

Lo

(
L−Nt −

Le − 1

Nt + 1
+ N

(
ψ(Nt + 2) + γ − 1

))
, (9)

where ψ(·) is the digamma function and γ ' 0.5772 is the Euler-Mascheroni constant; EUL is the smallest
efficiency that any connected graph with N vertices and L edges can have.

Proof of Theorem 3 . We divide the proof of Theorem 3 in two parts. First, we will show that the diameter, average
pathlength and efficiency of ultra-long graphs are the expressions given by Supplementary Eqs. (7) – (9). In the
second part we will demonstrate that δUL and lUL are the longest diameter and the longest average pathlength a
connected graph of N vertices and L edges can have.

The diameter of an ultra-long graph is the length of the path connecting one vertex of type A to the last vertex of
the tail, cNt

. Since the vertices of type A are all equivalent and one step away from the tail, and since there are Nt

further steps along the tail to reach cNt
, we have that δUL = Nt + 1 = (N −Nc) + 1.

To calculate the average pathlength of an ultra-long graph we disentangle how each of the three types of vertices
(see Remark 1) contribute to the average pathlength. We find there are four types of contributions.

Let D be the distance matrix whose elements dij represent the graph distance between a pair of vertices i and j.
The distance between any two vertices within the complete subgraph KNc

is dij = 1. This encompasses all distances
between nodes of type A and B. There are Lc such pairs, thus, their contribution to the total sum of lengths is:

D1 = Lc · 1 = Lc. (10)

The distance between a vertex of type A and a vertex of type C, which are labeled as cj : j = 1, 2, . . . , Nt is

dij = 1 + j. The sum of distances from one vertex i of type A to all vertices in the tail is
∑Nt

j=1(1 + j) = 1
2Nt(Nt + 3).

Since there are Nc − Le vertices of type A, their total contribution is:

D2 = (Nc − Le)
1

2
Nt (Nt + 3). (11)

The distance between a vertex of type B and a vertex of type C, which are labeled as cj : j = 1, 2, . . . , Nt is dij = j.

The sum of distances from one vertex i of type B to all vertices in the tail is
∑Nt

j=1 j = 1
2Nt(Nt + 1). Since there are

Le vertices of type B, their total contribution is:

D3 = Le
1

2
Nt (Nt + 1). (12)

Finally, the average pathlength between the vertices in the tail is the same as the pathlength of the path graph

of size Nt. Thus, the contribution to the total pathlength by the tail vertices is
∑Nt−1

n=1 (Nt − n)n, which simplifying
reduces to:

D4 =
1

6
(Nt − 1) Nt (Nt + 1) . (13)

Having calculated all contributions, the average pathlength of the ultra-long graph is lUL = 1
Lo

(D1+D2+D3+D4),

which simplifying gives rise to Supplementary Equation (8). The calculation for the efficiency of the ultra-long graphs
in Supplementary Equation (9) follows the same rationale noting that eij = 1/dij , and that the digamma function
ψ(n) is related to the harmonic numbers Hn =

∑n
k=1

1
k as ψ(n) = Hn−1 − γ, where n is a positive integer number.
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We now prove that the pathlength of ultra-long graphs is the longest pathlength a connected graph with N vertices
and L edges can have. We carry out the proof by deconstruction. Starting from a complete graph KN , iteratively
at each step (i) an edge is removed which maximises the increase in pathlength and (ii) we show that the resulting
graph is an ultra-long graph. For that we introduce two generic cases of edge removal:

Case 1. Consider a (N,Nc)-kite with 1 ≤ Nc < N , see example in Supplementary Fig. 2b. There are two classes of
edges we can remove without disconnecting the graph: (i) Edges (ai, aj) between any two vertices of type A. The
removal of these edges lead to an increase in the pathlength 1

Lo
. And (ii) the edges (ai, b1) between the only vertex

of type B and the vertices of type A. Their removal leads to an increase in the pathlength of Nt+1
Lo

. The maximal

increase in pathlength is thus achieved by removing one of the (ai, b1) edges. Since the initial graph is a (N,Nc)-kite,
the removal of one such edges leads to a large reconfiguration of the vertex types. The initial type B vertex becomes
the new c1 of the tail, which is connected to (Nc − 2) vertices in the complete subgraph of size Nc − 1 after the edge
removal. This leaves a single vertex of type A converting the rest into type B.

Case 2. Consider a (N,Nc)-kite. Let us add L′ edges, where 1 ≤ L′ < (Nc − 1), between c1 and L′ type A vertices of
the complete subgraph, see Supplementary Fig. 2b. The result is an ultra-long graph with Le = L′ + 1 excess edges.
In such a graph, there are two classes of edges which can be removed without disconnecting the graph. (i) The edges
between any two vertices within the complete subgraph. This includes all edges within and across vertices of type A
and of type B. The removal of any such edge leads to an increase in pathlength of a fraction 1

Lo
. And (ii) the edges

(bi, c1) connecting the complete subgraph with the tail. Their removal leads to an increase in the pathlength of Nt

Lo
.

The maximal increase in pathlength corresponds thus to removing the (bi, c1) edges.

So far, we have shown that if the (N,Nc)-kite is an ultra-long graph, then the (N,Nc − 1)-kite is as well. And
we know the exact graphs in between these cases. Now the proof is finalised by realising that the complete graph is
by definition the (N,N)-kite. In this particular case, all nodes and all edges are strictly equivalent, therefore, using
Case 1, we can remove any of the edges between any pair of nodes that we denote a1 and c1. We therefore obtain an
ultra-long graph with Nc = N − 1, Nt = 1 and Le = N − 1.

With this, we have demonstrated that an iterative deconstruction process which leads from a (N,Nc)-kite to a
(N,Nc−1)-kite and maximising the increase in average pathlength at each step consists in removing the Nc − 1 edges
touching the tail to get a (N,Nc − 1)-kite. The resulting graph at each step is also an ultra-long graph as introduced
in Definition 3. Therefore, adequately alternating Case 1 and Case 2, an optimal deconstruction process exists to
transform a complete subgraph [a (N,N)-kite], into a path graph [a (N, 2)-kite] by selectively removing edges in which
at each step the gain in average pathlength is maximal. Each step of the process is characterised by an ultra-long
graph G(N,L) of N vertices and L edges.

The demonstrations that δUL and EUL are the longest diameter and the smallest efficiency a connected graph of
N vertices and L edges can have, trivially follow from the above demonstration because the diameter is the distance
between vertices of type A and the last vertex in the tail, and because the pairwise efficiency is by definition eij = 1

dij
.

See Refs. 1–3 for alternative proofs.

D. Graphs with smallest efficiency

Theorem 3 shows that the efficiency of a connected ultra-long graph, Supplementary Equation (9), is the smallest
efficiency a connected graph may have. However, if a graph is disconnected, even for the same N and L, a smaller
efficiency can be achieved. We have found that the generation of such networks is non-Markovian, meaning that an
extremal network with L + 1 edges cannot always be achieved by adding one edge to an optimal network with L
edges. For certain values of L more than one configuration may exist and compete for the smallest efficiency, see
Supplementary Fig. 3 for a few examples. Indeed, full clarification was only possible numerically after systematic
numerical search for all possible disconnected ultra-long (dUL) graphs in networks of small size. See Section J and
Supplementary Figs. 8 – 10 for an illustration of all configurations for graphs of N = 8. Such numerical investigation
reveals that, as long as the N nodes and L edges can be decomposed into a set of complete subgraphs, which are
disconnected from each other, then the efficiency equals the link density and is minimal. Special cases in which the
optimal graph is made of a complete graph of size M and (N −M) isolated vertices have been highlighted in the
Figures. See also Fig. 1(c).

Although such a decomposition of the edges is not possible for all combinations of N and L, the solution dominates
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SUPPLEMENTARY FIGURE 3. Generation of disconnected ultra-long graphs. The graphs with smallest efficiency are
always disconnected and broken into separate components. For each combination of N and L several configurations may exist
which minimise efficiency, all sharing a common property: they are made of the union complete subgraphs. We refer to these
as K-set graphs. (a) A special class of K-set graphs consisting of a complete graph of order M and N −M isolated nodes. (b)
Further examples of K-set graphs of N = 8. See the complete list in Supplementary Figs. 8 – 10.

for the most part of the range of edge densities, see numerical results in Supplementary Fig. 11. The efficiency of
exceptional cases deviate little from E = ρ and thus, in practice, for use with the vast majority of empirical networks
known, whose density is ρ < 1/2, it is safe to assume that the smallest efficiency possible is EdUL = ρ. In the following
we formalise and prove these results.

Definition 4 (M -complete disconnected graph). Let N > 1 be an arbitrary number of nodes and M an integer
satisfying M ≤ N . An M -complete disconnected graph is made of a complete subgraph KM and (N −M) isolated
vertices. Such graph contains LM = 1

2M(M − 1) edges.

Proposition 1 (Disconnected ultra-long graphs #1). Let G(N,L) be an M -complete disconnected graph of N nodes
and L = LM = 1

2M(M − 1) edges. The efficiency of such a graph is equal to its edge density, EdUL = ρ, and EdUL

is the smallest efficiency a graph with N nodes and LM edges can possibly have.

Proof of Proposition 1. Let G(N,L) be an M -complete disconnected graph of N nodes. The distance matrix of such
a graph contains n1 = L entries with dij = 1 (upper triangular values only) corresponding to the distance between
the nodes in the complete subgraph. Since all other nodes are isolated, the remaining entries in the distance matrix
are dij =∞. The efficiency of the network is thus calculated as:

E =
1

Lo

N∑
d=0

1

d
× nd =

1

Lo

(
1

∞ × (Lo − L) + 1× L
)

=
L

Lo
= ρ. (14)

Any edge between nodes i and j sets the distance between them to d(i, j) = 1. The number of entries in a distance
matrix with dij = 1 is thus always n1 = L. In the distance matrix of G, all remaining entries take the value dij =∞.
Since they do not contribute to the efficiency, E = ρ is the smallest efficiency a graph could possibly have. The
solution proposed here hits this lower bound. Any other circumstance causing at least one of the remaining entries in
the distance matrix to take a finite value 1 < dij < N , would only increase the efficiency. Consider a configuration of
the edges such that two nodes (which are not connected by an edge) would be separated by a distance dij = x such
that 1 < x < N . The efficiency of such graph would be

E =
1

Lo

(
1× n1 +

1

x
× nN−1

)
=

1

Lo

(
1× L+

1

x
× 1

)
=

1

Lo

(
L+

1

x

)
>

L

Lo
. (15)

In conclusion, a graph where the distances between all pair of vertices are infinite, except for those directly connected
by an edge, has the smallest efficiency possible.

The previous result has shown that a sufficient and necessary condition for any graph to have the smallest possible
efficiency E = ρ is that its distance matrix contains n1 = L entries with dij = 1 and n∞ = (Lo − L) entries with
dij = ∞. We notice that this condition is satisfied by any graph made of several complete subgraphs, which are
mutually disconnected from each other. Hence, we now generalise the result:
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Definition 5 (K-set graph). Let N and L be an arbitrary number of vertices and edges satisfying N > 1 and
L < Lo − N . If there exists a set of integers {Mi} such that

∑
iMi = N and L =

∑
i
1
2Mi(Mi − 1), then a K-set

graph is made of the union of such complete subgraphs. The graph contains m = |{Mi}| subgraphs, each of size {Mi}.

Notice that the M -complete disconnected graphs in Definition 4 are a special case of this more general construction
when only one Mi is strictly larger than 1. Notice also that for some pairs (N,L), more than one decomposition of the
L edges into complete subgraphs may be possible. See for example the cases for L = 3, 4, 6 and 7 in Supplementary
Fig. 8. We now formalise and proof that such graphs have the lowest efficiency possible.

Proposition 2 (Disconnected ultra-long graphs #2). Let G(N,L) be a K-set graph of N nodes and L edges as given
in Definition 5. The efficiency of such a disconnected ultra-long graph is EdUL = ρ and EdUL is the smallest efficiency
a graph with N nodes and L edges can possibly have.

Proof of Proposition 2 . The distance matrix of G(N,L) contains n1 = L entries with dij = 1, corresponding to the
links between the nodes in a complete subgraph, and all other entries take dij = ∞. Hence, following the proof of
Proposition 1, it is trivial to show that E = ρ is the smallest efficiency a graph can take.

Based on numerical observations, we stated before that, for most practical applications, it is safe to consider
EdUL = ρ when ρ < 1/2. We end this section by computing the largest error incurred when making this assumption.
Inspection of results in Supplementary Fig. 11 indicate that the largest deviation of the empirical results from E = ρ
always happens when L∗ = 1

2 (N−1)(N−2)+1. To understand why, we point at the solutions shown in Supplementary
Fig. 9 for N = 8. The solution for L = 21 represents the (N − 1)-complete subgraph in which a single isolated node
remains. This configuration contains LN−1 = 1

2 (N − 1)(N − 2) edges. Adding one edge to this graph results in
a connected graph by linking the last isolated vertex to one of the nodes in the (N − 1)-complete component, see
configuration for L = 22 in Supplementary Fig. 9. Notice that this graph is, indeed, a (N,N − 1)-kite graph. Its
efficiency is

E∗ =
1

Lo

(
L∗ +

1

2
(N − 2)

)
because there are n1 = L∗ entries with dij = 1 and the formerly isolated vertex is now at a distance dij = 2 from
n2 = N − 2 nodes. This is the absolute worst case in terms of efficiency as, suddenly, N − 2 distances strictly
larger than 1 appear. If we assumed the efficiency to be given by the density, at this point, it would incur an error
∆(L∗) = E∗ − ρ = N−2

N(N−1) . The relative difference ∆(L∗)/ρ at L∗ decays with network size as N → ∞, and it

becomes smaller than 1% for graphs of size N > 100. With this, we have shown that the largest possible error made
when assuming that the smallest efficiency of a disconnected ultra-long graph equals its density is bounded by a term
that quickly decreases with network size.
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SUPPLEMENTARY NOTE 2: BOUNDARIES FOR PATHLENGTH AND EFFICIENCY OF DIRECTED GRAPHS

We now turn our attention to directed graphs (digraphs). We will denote the properties of digraphs with a tilde,

e.g., L̃, l̃ and Ẽ. and we will refer to directed links as arcs. We remind that the number of possible arcs a digraph
can host is L̃o = N(N − 1) and the distance matrix D is usually asymmetric because the equality dij = dji does
not necessarily hold. We also remind that the sparsest strongly connected digraph is a directed ring (DR), a network

formed by L̃ = N arcs, all pointing in the same orientation.

E. Digraphs with shortest pathlength

Theorem 1 states that any graph with diameter δ = 2 has the shortest possible pathlength regardless of its precise
topology. This result also applies to digraphs and thus any arc added to a star graph leads to a digraph with the
shortest possible pathlength. In terms of digraphs, a star graph is made of L̃∗ = 2 (N − 1) arcs but the sparsest

connected digraph is a directed ring with L̃DR = N links. In the range N ≤ L̃ < 2 (N − 1) the diameter of any
digraph is larger than two; hence, the ultra-short theorem does not apply and we need to find the optimal solution
valid for this regime. We have found that in this case the optimal solution is given by a novel digraph architecture
we named as ‘flower digraphs’, see Supplementary Fig. 4. In the following, we restate the ultra-short theorem as
applied for digraphs. Then we will introduce flower digraphs as the model with shortest pathlength for digraphs with
L̃ ∈ [N, 2 (N − 1)].

Theorem 4 (Connected ultra-short digraphs). Let G̃(N, L̃) be a simple and connected digraph of N vertices and L̃

directed arcs where L̃ ∈ [2(N−1), L̃o]. If the diameter of G̃ is δ̃= 2, then the average pathlength l̃US and efficiency

ẼUS of G̃ are:

l̃(G̃) = 2− L̃

L̃o

= 2− ρ, (16)

Ẽ(G̃) =
1

2

(
1 +

L̃

L̃o

)
=

1

2
(1 + ρ). (17)

l̃US is the shortest average pathlength and ẼUS is the largest efficiency that a digraph of size N with L̃ arcs can have.

Proof of Theorem 4 . The proof is follows the one of Theorem 1, noting that the number of arcs in a star digraph is
2 (N − 1). By definition the distance between two nodes i and j is d(i, j) = 1 if there is an arc running from i to j,

otherwise d(i, j) > 1. Since we assumed that the graph has a diameter δ̃ = 2, the distances between pairs of nodes

can only take values 1 and 2. There are exactly n1 = L̃ pairs with a distance of d = 1 and n2 = L̃o− L̃ with a distance
of d = 2.Therefore

l̃(G̃) = 1× L̃+ 2× (L̃o − L̃)

that directly leads to Supplementary Equation (16). The proof for the efficiency follows because, by definition, E is
the average of the 1

dij
values.

We now fill the gap for connected ultra-short digraphs in the range L̃ ∈ [N, 2 (N − 1)] by introducing the flower
digraph model.

Definition 6 (Flower digraphs). Let N and L̃ be arbitrary numbers of nodes and arcs satisfying N > 1 and N ≤ L̃ ≤
2(N−1). Let {G̃DR} be a set of m = L̃− (N − 1) directed cycles, all following the same orientation. Let n = bL̃/mc
be the size of the shortest cycle and n′ = n+ 1. Let mn′ = L̃− n ·m the number of cycles (mn′ can be null) of length
n′ and mn = m−mn′ the number of cycles of length n.

A flower digraph is the network resulting from the union of the cycles in the set {G̃DR} where the union consists of
all cycles overlapping onto a single vertex, the hub of the flower digraph. The corresponding directed cycles are thus
referred as the “petals” of the digraph.

Remark 3 (Degrees of flower digraphs). Let G̃(N, L̃) be a flower digraph of N vertices and L̃ arcs. Let m = L̃−(N−1)

be the number of petals in G̃. Then, the input and output degrees of the central hub are k−hub = k+hub = m, and the
degrees of any other vertex are k− = k+ = 1. The reciprocal degree of all nodes is k↔ = 0.
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SUPPLEMENTARY FIGURE 4. Generation of connected ultra-short digraphs. In the range of arcs N < L̃ ≤ 2 (N −1)

strongly connected digraphs exists with diam(G̃) > 2 and thus do not satisfy the ultra-short theorem. The configurations
leading to the shortest pathlength consist of a set of directed cycles overlapping at a single hub. We name these configurations
as flower digraphs. In this range US digraph generation is a non-Markovian process, with each new arc leading to a new
“petal.” Notice that the directed ring and the star digraph are the flower digraphs with least and most arcs respectively. When
L̃ > 2 (N − 1) the ultra-short theorem (Theorem 4) holds and as for graphs, any digraph with diam(G̃) = 2 is ultra-short.

Remark 4 (Special cases). Let G̃(N, L̃) be a flower digraph of N vertices and L̃ arcs. Then,

– A directed cycle is the sparsest flower digraph possible, made of a unique petal (m = 1) of length n = N .

– A star graph is the densest flower digraph possible, made of m = N−1 petals of length n = 2.

Remark 5 (Average pathlength of flower digraphs). Let G̃(N, L̃) be a flower digraph of N vertices and L̃ arcs. Then,
the distance matrix of a flower digraph is a block matrix, diagonal blocks representing the distances within the nodes
of a cycle, and off-diagonal blocks representing the distances between nodes in different cycles. Given that:

– D(x) = 1
2x

2(x− 1) is the sum of pair-wise distances within a cycle of arbitrary size x, and

– D(x, y) = 1
2 (x − 1)(y − 1)(x + y) is the sum of pair-wise distances between the nodes in two different cycles of

arbitrary lengths x and y, which overlap in a single node,

then, the average pathlength of a flower digraph is calculated summing the contributions D(n) of cycles of length n,
the contributions D(n′) of cycles of length n′ = n + 1 and the cross-contributions D(n, n′) from pairs of nodes in
cycles of length n and n′:

l̃US =
1

L̃o

(Sn + Sn′ + Snn′) (18)

where,

Sn = mnD(n) + mn (mn − 1) D(n, n), (19)

Sn′ = mn′ D(n′) + mn′ (mn′ − 1) D(n′, n′), (20)

Snn′ = 2mnmn′ D(n, n′). (21)

The diameter is the sum of the lengths of the two longest petals minus 2.

Remark 6 (Efficiency of Flower Digraphs). Let G̃(N, L̃) be a flower digraph of N vertices and L̃ arcs. Then, the
distance matrix of a flower digraph is a block matrix, diagonal blocks representing the distances within the nodes of a
cycle, and off-diagonal blocks representing the distances between nodes in different cycles. Given that:

– E(x) = x (ψ(x) + γ) is the sum of inverse pair-wise distances within a cycle of arbitrary size x, and

– E(x, y) = (x+ y − 1)ψ(x+ y)− xψ(x)− yψ(y)− (γ + 1) is the sum of inverse pair-wise distances between the
nodes in two different cycles of arbitrary lengths x and y, which overlap in a single node,

where ψ(·) is the digamma function and γ ' 0.5772 is the Euler-Mascheroni constant. Then, the efficiency of a flower
digraph is calculated summing the contributions E(n) of cycles of length n, the contributions E(n′) of cycles of length
n′ = n+ 1 and the cross-contributions E(n, n′) from pairs of nodes in cycles of length n and n′:

ẼUS =
1

L̃0

(Sn + Sn′ + Snn′) (22)

where,

Sn = mnE(n) + mn (mn − 1) E(n, n), (23)

Sn′ = mn′ E(n′) + mn′ (mn′ − 1) E(n′, n′), (24)

Snn′ = 2mnmn′ E(n, n′). (25)
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SUPPLEMENTARY FIGURE 5. Generation of sparse ultra-short digraphs. For sparse digraphs, when L̃ < 2 (N − 1)
three different configurations compete for the largest global efficiency (a). One of them is connected (flower digraphs) and the
other two are disconnected: incomplete directed rings and incomplete directed stars. The winner model depends both in N
and L̃ as shown in panel (b). Although for sufficiently large N , the incomplete directed ring never wins.

Proposition 3 (Connected and sparse ultra-short digraphs). Let G̃(N, L̃) be a flower digraph of N vertices and L̃
arcs as in Definition 6. Then,

1. The pathlength l̃US of a flower digraph is given by Supplementary Equation (18) and, l̃US is the shortest path-

length that a connected digraph with N nodes and L̃ arcs can possible have.

2. The efficiency ẼUS of a flower digraph is given by Supplementary Equation (22) and, ẼUS is the largest efficiency

that a connected digraph with N nodes and L̃ arcs can possible have.

F. Digraphs with largest efficiency

Theorem 4 and Proposition 3 show that the largest efficiency for connected digraphs are given by Supplementary
Eqs. (22) – (25) and Supplementary Equation (17) for the cases in which L̃ ∈ [N, 2(N − 1)] and L̃ ≥ 2(N − 1)
respectively. At low densities, digraphs are usually disconnected and thus they can only be characterised by their
efficiency. Unfortunately, we have found that for L̃ < 2(N−1) three different digraph configurations compete for
the largest efficiency, Supplementary Fig. 5a. One of the competing models is the flower digraphs introduced in
Definition 6. The two remaining models consist of partial directed rings and star digraphs, both aiming at maximising
the size of the largest connected component in the digraph. Because the problem does not have a closed form and
the solution depends on the size and number of arcs in the network, see Supplementary Fig. 5b, here we restrict to
formally introducing the two remaining models and providing their efficiencies.

Definition 7 (Incomplete directed ring). Let N and L̃ be arbitrary numbers of nodes and arcs with L̃ < N−1. An

incomplete directed ring is made of the union of a directed ring of size N ′ = L̃ and a set of (N − N ′) = (N − L̃)
isolated vertices.

Remark 7. The efficiency of an incomplete directed ring is given by:

Ẽ =
L̃

L̃0

(
ψ(L̃) + γ

)
. (26)

where ψ(·) is the digamma function and γ ' 0.5772 is the Euler-Mascheroni constant.

Definition 8 (Incomplete star digraph). Let N and L̃ be arbitrary numbers of nodes and arcs with L̃ < 2(N−1). The

strongly connected part of an incomplete star digraph is formed by a star graph of size N ′ = L+ 1 where L = bL̃/2c
is the number of undirected edges.

– If L̃ is ‘even’, the remaining N −N ′ vertices are isolated.
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– If L̃ is ‘odd’, the remaining arc connects the central hub with one of the isolated vertices in any of the two
directions. The final digraph thus contains one weakly connected vertex and N −N ′ − 1 isolated vertices.

Remark 8. The efficiency of an incomplete star digraph is:

Ẽ =
1

L̃o

(
L̃+

1

2
L (L̃− L− 1)

)
. (27)

Depending on the value L̃ takes, the expression reduces to:

Ẽ =
1

2L̃o

(
L2 + 3L

)
if L̃ is ‘even’, (28)

Ẽ =
1

2L̃o

(
L2 + 4L+ 2

)
if L̃ is ‘odd’. (29)

In the parametrisation of digraphs, these expressions can be rewritten as:

Ẽ =
1

8L̃o

(
L̃2 + 3L̃

)
if L̃ is ‘even’, (30)

Ẽ =
1

8L̃o

(
8L̃+ (L̃− 1)2

)
if L̃ is ‘odd’. (31)

Remark 9. In the range when L̃ ≤ N , the results of the competition between the incomplete directed ring and
incomplete star digraph are:

– For any value of L̃ ≤ 23, the incomplete directed ring has larger efficiency,

– For any value of L̃ > 23, the incomplete star digraph has larger efficiency.

Proof. This comes trivially by comparing the efficiencies in the two cases.

G. Digraphs with longest pathlength

The challenge in this section is to identify the directed graphs with the longest possible pathlength. Given a directed
ring, any additional arc i → j will give rise to another cycle within the ring shortening the distance between several
nodes. Thus, the goal is to identify which arc(s) give rise to extra cycles with a minimal impact on the path structure
of the network. An exact solution to this problem turns rather intricate. We performed an exhaustive numerical
exploration with small digraphs to understand the problem better. See Section J, and Supplementary Figs. 12 – 13
for all configurations of digraphs with largest pathlength in networks of N = 5. In general, we see that more than one
optimal ultra-long digraph configuration exist for each value of L̃ but some patterns can be extracted. For example,
in the cases when L̃ = N + 1

2M(M − 1) with M = 2, 3, . . . , N − 1, there is a unique optimal configuration which
consists of the directed ring and all additional arcs gathered among the first M nodes, similarly to the configuration
leading to ultra-long graphs (see Kite graphs), but with all arcs pointing in the opposite orientation of the ring, see
Supplementary Fig. 6a and the highlighted configurations in Supplementary Figs. 12 and 13. We will refer to these
sets of arcs as M -backwards subgraphs or M -BS. For the intermediate values of L̃, in between consecutive M -BS
configurations, precise solutions can become rather difficult and we will hence provide an approximation to estimate
the largest pathlength for any value of the density.

The M -BS construction works until M = N − 1. At this point the next exact solution is slightly different because
the link N → 1 already exists as part of the DR, Supplementary Fig. 6a, right. After filling the remaining N − 2
arcs, Supplementary Fig. 6b, we arrived at a digraph that is the union of the original ring and the set of all arcs that
can run in the opposite orientation as the ring, i.e., the densest directed acyclic graph. See Supplementary Fig. 6b,
right. This solution involves L̃ = (N − 1) + 1

2N(N − 1) arcs, or in terms of density: ρ = 1
2 + 1

N . From this point any
subsequent arc i → j added will necessary follow the orientation of the ring, that is i < j. Therefore, at the denser
regime of connectivity, when L̃ ≥ (N−1)+ 1

2N(N−1) generation of ultra-long digraphs becomes easier. Although the

numerical exploration shows that more than one optimal configurations co-exist for each L̃, there exist a Markovian
process to fill-up the network with arcs, Supplementary Fig. 6c. It consists of orderly bilateralising the arcs of the
earlier M -backwards subgraphs, placing the new arcs in the forward direction, one after another.

In the following, we will formalise all these results starting from the particular solutions involving a M -backwards
subgraphs. Then we will formalise the result for the particular, bordering case when L̃ = (N − 1) + 1

2N(N − 1) and
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SUPPLEMENTARY FIGURE 6. Generation of ultra-long (UL) digraphs. The process of creating ultra-long digraphs is

divided in three regimes. Numerical results show that for most of values of L̃ (given N has been fixed) several UL configurations
exist, see Supplementary Figs. 12 and 13. Among those, we have identified several algorithmic and Markovian patterns. Initially,
UL digraphs are achieved by seeding new arcs to a directed ring (DR) with the new arcs pointing in the opposite orientation. (a)
Special cases for integer values of M = 2, 3, . . . , (N − 1) imply the first M nodes pointing to all other nodes lower the hierarchy
(M -Backwards Subgraphs). This solution follows until M = N − 1 but due to the arc vN → v1 in the ring, the process is
discontinued. Therefore, (b) the following (N − 2) arcs are added one-by-one, pointing from vN to nodes v2, v3, . . . , vN−1. The
final configuration consist of the union of the directed ring and a complete directed acyclic graph (DAG), which contains all the
1
2
N (N − 1) arcs possibly pointing in the opposite orientation. (c) Finally, from this point, the remaining arcs can be seeded in

a Markovian fashion, bilateralising the arcs belonging to the subsequent M -BS, orderly one-by-one.

we will finally summarise the ultra-long configurations for the densest cases, when L̃ > (N − 1) + 1
2N(N − 1). But

first of all we will introduce, for convenience in the following proofs, a definition of the average pathlength without
normalisation.

Definition 9 (Total pathlength). Let G̃(N, L̃) be a digraph of arbitrary size N and number of arcs L̃. Let D be the

pairwise distance matrix of G̃ with entries dij. Then, the total pathlength P of G̃ is:

P =

N∑
i=1

N∑
j=1,i6=j

dij , (32)

and the contribution of each node to the total pathlength is:

Pi =

N∑
j=1,i6=j

dij , (33)

Definition 10 (M -backwards subgraph). Let G̃ be a digraph of size N with labeled vertices and ordering v1, v2, . . . vN .
Let M be an integer satisfying M ≤ N . Then, an M -backwards subgraph (or simply M -BS) consists of a subset of M

consecutive vertices VM = {vk, vk+1, . . . , vk+M} of G̃, with each vertex pointing to all its predecessors within the set.
The arc-set of an M -BS is thus AM = {(vi, vj) : i = k, . . . , k+M and j < i}. An M -BS contains LM = 1

2M(M − 1)
arcs. Unless otherwise stated, it shall be understood that k = 1 and vk is the first node in the ordering of the digraph.

We first give evidence for the presence of a DR in any of the ultra-long digraph solutions. Let us consider a digraph
of size N and L̃ = N + 1. With these conditions only two strongly connected digraphs can be built: (i) a DR with
a single bilateralised arc (a 2-backwards subgraph) or (ii) a DR of N − 1 nodes and a bilateralised branch off of it.
The total pathlength of the first graph is

P (i) =
1

2
N2(N − 1)− (N − 2), (34)

where the second term is the contribution of the single 2-BS. The pathlength of the second graph is

P (ii) =
1

2
(N − 1)2(N − 2) + (N − 1)N. (35)
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It is easy to show that P (i) > P (ii) except for the degenerate cases N = 2, 3 where they are equal. In addition

P (i) > P (ii) scales as N2

2 . Although this argumentation is not a formal proof, our intuition is that creating a
bilateralised branch would always decrease the pathlength more than just adding an arc to the DR.

Now we will show why a DR with an M -BS added is always an ultra-long digraph. In a directed ring, the sum of
distances from one node vi to all others, Supplementary Equation (33), is Pi = 1

2N(N − 1). We will first show that
an arc added to a directed ring has minimal impact on the total pathlength if it forms a 2-BS. Such an arc is the
reciprocal to one of the existing arcs in the DR.

Lemma 1. Let G̃ be a directed ring of size N and vertex ordering v1, v2, . . . vN . The best addition of a single arc to
G̃ such that the impact on the total pathlength is minimal, is an arc (vi, vi−1) forming a 2-BS. Such an arc reduces

the total pathlength of G̃ by ∆(P ) = N − 2.

Proof. Without loss of generality, let’s consider a link from Ak to A1, where k runs from 2 to N − 1. All the paths
starting from the nodes Ak+1, Ak+2,... A1 remain the same. But the paths starting from nodes A2 to Ak are
changed. Node Aj (where j runs from 2 to k) sees j − 1 paths reduced by N − k, for a total decrease in pathlength
of δ(k) = − 1

2 (N − k)k(k − 1).
We now want to know where this function is minimal on k from 2 to N − 1. This is a third-degree equation with

positive third-degree coefficient that vanishes on k∗ = {0, 1, N}. So, in the range [2 : N − 1], δ is a bell-shaped
curve. Therefore, the minimum will be either at 2 or N − 1, values we can easily compute: δ(2) = (N − 2) and

δ(N − 1) = (N−2)(N−1)
2 .

This function thus reaches its minimum for k = 2, i.e. a link from A2 to A1, and takes value δ(2) = N − 2. Hence
the best place to add the first link is as a backwards link to a link of the original DR.

After this arc 2 → 1, the optimal addition of a second arc to a DR consists of another arc 3 + k → 2 + k, seeded
following the same criteria as the first but it shall not be adjacent to the arc added in first place, i.e. k > 1. That is,
the two arcs shall not share a vertex. Indeed, the second arc again sets d(3 +k, 2 +k) = 1 and reduces the pathlength
by ∆(P ) = N −2, but, if k = 1, it reduces the pathlength further by setting d(3, 1) = 2. The non-adjacency condition
is a very important observation. The same strategy will, however, no longer be valid for the addition of a third arc.
In this case the optimal solution will be to organise the three arcs as a 3-BS, rather than three non-adjacent 2-BS.

Lemma 2. Let G̃ be a directed ring of size N and vertex ordering v1, v2, . . . vN . The addition of three arcs to G̃ forming
a 3-backwards subgraph decreases the total pathlength less than adding three non-adjacent 2-backwards subgraphs.

Proof. Let G̃ be a directed ring of size N . The goal is to identify the configuration of three additional arcs to G̃ such
that the reduction in total pathlength ∆(P ) is minimal. For that, we consider two cases and calculate the reduction
to P incurred by the addition of the arcs.

Case 1: Consider the addition of three non-adjacent 2-backwards subgraphs to G̃. Without loss of generality,
consider the arcs (v2, v1), (v4, v3) and (v6, v5). In the directed ring, to travel from v2 to v1 the whole ring has to be
traversed. Thus, initially d(v2, v1) = N−1. After adding the arc (v2, v1) the distance is now d(v2, v1) = 1, a reduction
of N − 2. The same happens for the two arcs d(v4, v3) and d(v6, v5) individually. Hence, the reduction to P by the
addition of the three arcs is ∆1(P ) = 3(N − 2).

Case 2: Assume the three arcs are added to the ring forming a 3-BS, with arcs {(v2, v1), (v3, v1), (v3, v2)}. As
before, the distance from v2 to v1 decreases by N − 2. The same happens for the distance d(v3, v2). But the shortest
path from v3 to v1 goes from d(v3, v1) = N − 2 initially to d(v3, v1) = N − 2. Altogether, the total pathlength is
reduced by ∆2(P ) = 3N − 7.

Concluding, since ∆1(P ) < ∆2(P ), the configuration consisting of a 3-BS is the one affecting less the path structure
of the network.

Similarly, one could show that adding one 4-BS with 6 arcs decreases the pathlength of a directed ring by 6N − 16
while adding two non-adjacent 3-BS (with 3 arcs each) reduces the total pathlength by 6N − 14. Hence, a directed
ring with six extra arcs arranged into a 4-BS is longer than the ring with two 3-BS. We now generalise this result to
arbitrary M .

Lemma 3. Let G̃ be a directed ring of size N and vertex ordering v1, v2, . . . vN . Let M be an integer satisfying M < N .
The addition of LM = 1

2M(M − 1) arcs forming an M -backwards subgraph to G̃ decreases the total pathlength P of

the ring by ∆(P |M) = 1
2M(M − 1) (N − M+4

3 ).

Proof. Each vertex participating in an M -backwards subgraph sees the distance to all its predecessors become
d(vi, vj) = 1. Thus, the first node sees no change, the second node sees one path going from N − 1 to 1, the
third node sees two paths N − 1 and N − 2 to become 1, and so on. The reduction of the total pathlength of the
digraph ∆(P ), with respect to the length of the initial ring given an M -component has been added can thus be written

as ∆(P |M) =
∑M−1

j=1

∑j
k=1(N − j − 1). This directly leads to the result.
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Lemma 4. An M -backwards subgraph decreases the total pathlength per arc of a directed ring less than an M ′-
backwards subgraph if M > M ′.

Proof. As shown before, an M -backwards subgraph decreases the total length of a directed ring by ∆(P |M) =
1
2M(M − 1)(N − M+4

3 ). We want to know in general what configuration provides the smallest decrease per link. To

do so we normalise the decrease produced by an M -BS by its number of links LM = 1
2M(M − 1) in it:

∆n(M) =
1
2M(M − 1)(N − M+4

3 )
1
2M(M − 1)

= N − M + 3

3
. (36)

The derivative of this expression respect to M is simply −1/3, meaning that a bigger M -BS reduces the pathlength
less a than smaller one per arc.

The last lemma has generalised the previous results, showing that it is always best to build a bigger M -BS. We
now gather them into a Proposition.

Proposition 4 (Ultra-long digraphs #1). Let G̃ be a directed ring of size N with labeled vertices and ordering

v1, v2, . . . vN , and let M be an integer satisfying M ≤ N and such that L̃ = N + M(M−1)
2 . Let G̃UL be the digraph

resulting from adding the arc-set of an M -backwards subgraph to G̃. Then, the diameter, average pathlength and
efficiency of G̃UL are given by:

δ̃UL = N − 1, (37)

l̃UL =
1

2
N − 1

Lo

M (M − 1)

2

(
N − M + 4

3

)
, (38)

ẼUL =
ψ(N) + γ

N − 1
+
M − 1

L̃o

(
M

2
− ψ(N)

)
+

1

L̃o

M−1∑
j=1

ψ(N − j). (39)

Also, δ̃UL is the longest diameter, l̃UL is the longest average pathlength and ẼUL is the smallest efficiency that a
connected digraph with L̃ = N + 1

2M(M − 1) arcs can possibly have.

Proof of Proposition 4. The proof is a direct consequence of the previous lemmas.

Note how similar this construction is to the connected ultra-long graphs. In the two cases, the base is the pathgraph
or the DR and we build the largest possible fully connected subgraph with the extra links.

Remark 10. The expression for the average pathlength can be approximated to l̃UL ≈ 2+ρ−2
√
ρ+ N

3

(
1−3ρ+2ρ

√
ρ
)
.

The result based on M -BS in Proposition 4 works until M = N − 1. From there, the next exact solution is
slightly different because the arc vN → v1, which should be part of the N -BS, already exists as part of the initial
DR, Supplementary Fig. 6a right. At this point, vN is pointing to all its predecessors, the network contains L̃ =
(N − 1) + 1

2N(N − 1) arcs and density is ρ = 1
2 + 1

N . To continue, we need to first introduce the complete directed
acyclic graph (complete DAG), which forms part of the following steps to obtain UL digraphs.

Definition 11 (Complete directed acyclic graph (DAG)). Let N be an arbitrary number of vertices. Let v1, v2, . . . vN
be an ordering of the vertices. Then a complete directed acyclic graph (DAG) K̃N is the digraph that results when
each node vi = v2, v3, . . . , vN has arcs pointing from vi to all other vj with j < i.

Remark 11 (Properties of complete DAGs). Given a complete DAG K̃N of size N , then:

– K̃N has L̃ = 1
2N (N − 1) = L̃

2 arcs.

– The vertex vi with ordering i has in-degree k−i = N − i and out-degree k+i = i− 1.

– There is only one vertex (v1) with out-degree zero and only one vertex (vN ) with in-degree zero.

– The pathlength between two vertices in K̃N is dij = 1 if i < j and dij =∞ if i ≥ j.

– The density of K̃N is ρ = 1
2 and its efficiency is Ẽ(K̃N ) = 1

2 , as well.

– A complete DAG is the M -backwards subgraph with M = N .
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Definition 12 (Directed ring with complete directed acyclic graph). Let N > 1 be an arbitrary number of labeled

vertices with an ordering v1, v2, . . . vN , and let L̃DRN = (N − 1) + 1
2N(N − 1) be the desired number of arcs. Let

AC = {(vi, vi+1) : i = 1, 2, . . . , (N − 1)} be the arc-set of a directed ring of size N , and let AN be the arc-set of

an M -backwards subgraph of order M = N . Then, a directed ring with complete DAG G̃DRN consists in adding the
union of arc-sets AC and AN to the initially empty graph of size N .

Proposition 5 (Ultra-long digraphs #2). Let G̃DRN be a directed ring with a complete DAG as in Definition 12.

Then, the diameter, average pathlength an efficiency of G̃ are given by:

δ̃DRN = N − 1, (40)

l̃DRN =
1

6
(N + 4), (41)

ẼDRN = (N − 1)

(
N

2
+ γ

)
+

N−1∑
i=1

ψ(i+ 1). (42)

Finally, only the optimal strategy to generate ultra-long digraphs for the densest networks, when ρ > 1
2 + 1

N is left.

Taking the G̃DRN special digraph in Definition 12 as the starting point for denser ultra-long digraphs, we bilateralise
the remaining arcs in the same order they were originally added as part of subsequent M -backwards subgraphs. The
difference is that optimal solutions are not restricted to specific groups which need to be included at a time, as it was
the case for sparser digraphs and the M -BS solutions. In this case, for L̃ = L̃DRN , . . . , L̃o the process is Markovian
and arcs can be added individually to achieve an ultra-long digraph, see lower panel of Fig. 1(e) in main text.

Definition 13 (Dense ultra-long digraphs). Let G̃DRN be a directed ring with a complete DAG as in Definition 12. Let

L̃ be the desired number of arcs satisfying L̃DRN < L̃ < L̃o and L̃r = L̃−L̃DRN the number of remaining arcs. A dense
ultra-long digraphs G̃UL is generated by orderly seeding the L̃r remaining arcs to G̃DRN in the forward direction such
that every vertex receives arcs from its predecessors, one a time. That is {(vi, vj) : j = 3, 4, . . . , N and i = 1, . . . , j−2}
until L̃r are added.

Notice that in the previous definition index i only runs until j − 2 since the initial construction of a directed ring
implies that arcs (vj−1, vj) already exist.

Proposition 6 (Ultra-long digraphs #3). Let G̃(N, L̃) be a dense ultra-long digraph as in Definition 13 of size N

and L̃ arcs satisfying N > 3 and L̃DRN < L̃ < L̃o and L̃r = L̃− L̃DRN . Then, the average pathlength of G̃ is given
by:

l̃UL =
1

6
(N + 4) +

L̃r

N
− S(L̃r)

L̃o

, (43)

(44)

where S(·) is the reference A060432 in the On-Line Encyclopaedia of Integer Sequences (https://oeis.org/A060432).

Also, l̃UL is the longest average pathlength that a connected digraph with L̃ arcs can possibly have.

Proof of Proposition 5. Once the directed ring with full acyclic graph is built, the arcs have to be bilateralised itera-
tively. It is easy to show that the optimal strategy is to bilateralise the arcs of the M -BS in the order they were built,
i.e. take successively each node 3 ≤ j ≤ N along the directed ring and create an arc from each of its predecessors to
this node j, see Fig. 1(e) of main text or Supplementary Fig. ??. For each new node 3 ≤ j ≤ N , j − 2 arcs are added
with the same contribution to the total pathlength: N + 1− j.

As far as the authors know, there is no closed-form formula for the impact on the pathlength. However the series
consisting in summing the terms 1, 2, 2, 3, 3, 3, 4, 4, 4, 4, ... is referenced as A060432 in the On-Line Encyclopaedia of
Integer Sequences (https://oeis.org/A060432). Let us name this sequence S(n). Then, for a given number of links L̃ ≥
N+ N(N−1)

2 −1, we call L̃r = L̃−N− N(N−1)
2 +1. Then the total pathlength is P = N(N−1)(4+N)

6 +L̃r(N−1)−S(L̃r).
Hence the result of the proposition.

Remark 12. In the specific case where there exists an integer K such that L̃ = N(N+1)
2 − 1 + K(K−1)

2 , it is possible
to completely bilateralise a (K + 1)-BS and the pathlength reads:

l̃UL =
4 +N

6
− K(K − 1)

2L̃o

(
N − 2(K + 1)

3

)
(45)

while the diameter is:

δ̃UL = N −K (46)
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Proof. The result is reached by grouping together the j contributions of N − j − 1 for j running from 1 to K − 1.

∆ =
1

L̃o

K−1∑
j=1

j(N − j − 1) (47)

H. Digraphs with smallest efficiency

The last section dealt with the longest pathlength and smallest efficiency that strongly connected digraphs may
achieve. As shown in the case of graphs, networks with the smallest efficiency are disconnected. The strategy followed
to minimise efficiency consisted of maximising the number of disconnected nodes. In the cases when L = 1

2M(M −1),
the graphs with smallest efficiency consisted of a complete graph of size M , leaving the remaining N −M vertices
isolated. The efficiency of such graphs equals the edge density: EdUL = ρ, see Proposition 1. This solution is still
valid in the case of digraphs with the difference that M -complete subgraphs contain L̃ = M(M − 1) directed arcs,
since every edge is formed by two reciprocal arcs.

Because connectedness criteria in digraphs are more intricate than in graphs, we find other configurations giving
rise to digraphs with smallest efficiency: Ẽ = ρ. Taking advantage of the directionality of arcs, dense digraphs that
are weakly connected and contain no cycles can be built. These are known as directed acyclic graphs (DAGs). We

found a Markovian procedure to generate digraphs with Ẽ = ρ for arbitrary values of L̃ ≤ L̃o/2, see Supplementary
Fig. 7a, thus overcoming the limitation of the M -complete subgraph strategy which only holds for specific values of
L̃. This procedure is based on the addition of M -backwards subgraphs to an initially empty set, and seeding the arcs
one-by-one.

For L̃ > L̃o/2 different strategies to obtain the smallest efficiency co-exist and exact solutions for all values of L̃ are

very intricate. However, we remind that for the special cases when L̃ = M(M−1), the M -complete subgraph strategy

is valid, giving Ẽ = ρ at those values. Also, whenever L̃ = L̃o

2 + 1
2M(M−1), digraphs with Ẽ = ρ can be constructed by

filling the densest possible directed acyclic graph with arcs in the forward direction, Supplementary Fig. 7b. Although
these partial solutions leave some intermediate values of L̃ unexplained, they illustrate that considering Ẽ = ρ as the
smallest efficiency for a digraph of arbitrary number of arcs is a very reasonable assumption. Deviations from this
limit for unexplored values of L̃ are expected to be small.

In the following we formalise these results. We start by the special cases defined by the M -complete subgraphs,
which are inherited from the solutions for disconnected ultra-long graphs.

Proposition 7 (Disconnected ultra-long digraphs #1). Let G̃M (N) be a graph of size N containing an M -complete

subgraph satisfying N > 2 and M < N . Then, G̃M (N) contains LM = M(M − 1) directed arcs, all organised in

reciprocal sets. The efficiency of the network is ẼdUL = L̃/L̃o = ρ, and ẼdUL is the smallest efficiency that any

digraph of N vertices and L̃ = L̃M arcs can possibly have.

Proof of Proposition 7. As in previous demonstrations, we notice that, by construction, the distance matrix of G̃M (N)

has n1 = L̃ entries with dij = 1 and all other entries take an infinite value. It is then trivial to prove that its efficiency

equals the arc density and that this is the smallest efficiency a digraph of size N and L̃ arcs could possibly have.

We now show that a Markovian addition of arcs, consisting of a smooth transition between M -backwards subgraphs
of consecutive M , leads to digraphs with smallest efficiency possible for all L̃ ≤ L̃o/2.

Definition 14 (Ultra-long directed acyclic graph). Let N and L̃ be arbitrary numbers of vertices and directed arcs

satisfying N ≥ 3 and L̃ ≤ L̃o/2. Let v1, v2, . . . vN be an ordering of the vertices. Let

M =

⌊
1

2

(
1 +

√
1 + 8L̃)

)⌋
be the size of the largest M -backwards subgraph which can be constructed with L̃ arcs. Such backwards subgraph
contains L̃M = 1

2M(M − 1) arcs. Finally, let L̃e = L̃− L̃M be the number of excess arcs. Then,

• If L̃e = 0, an ultra-long directed acyclic graph G̃(N, L̃) is made of an M -backwards subgraph and (N −M)
isolated vertices.
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SUPPLEMENTARY FIGURE 7. Construction of disconnected ultra-long digraphs. (a) For L̃ < L̃o/2, the configuration
minimising efficiency consist of a directed acyclic graph (DAG) in which the distance between all connected nodes is d = 1.

This is achieved by constructing consecutive M -backwards subgraphs on an initially empty network. When L̃ = L̃o/2 the

model leads to a complete DAG, which is the densest possible directed acyclic graph. (b) For L̃ > L̃o/2 arcs need to be added
in the opposite orientation giving rise to cycles. Although several configurations may exist, for the special cases in which
L̃M = 1

2
M(M − 1) the introduction of M -forward subgraphs creates a complete graph within the network. Thus, all cycles in

the network are reciprocal connections between pairs of nodes.

• If L̃e > 0, G̃(N, L̃) consists of an M -backwards subgraph and the remaining arcs are placed pointing from vertex

i = M + 1 to the first L̃e nodes.

Proposition 8 (Disconnected ultra-long digraphs #2). Let G̃(N, L̃) be an ultra-long DAG of N vertices and L̃ arcs,

where L̃ ≤ 1
2 L̃o. The efficiency of G̃(N,L) equals its link density, ẼdUL = L̃/L̃o = ρ, and ẼdUL is the smallest

efficiency any digraph of N vertices and L̃ arcs can possibly have.

Proof of Proposition 8 . By construction, the pathlength between two vertices in an ultra-long DAG is dij = 1 if the
arc (vi, vj) exists and otherwise dij = ∞. Hence the pairwise distance matrix (ignoring diagonal entries) contains

n1 = L̃ entries with dij = 1 and n∞ = L̃o− L̃ entries with dij =∞. Following previous demonstrations, e.g., proof of
Proposition 1, it is trivial to show that an ultra-long DAG gives rise to the smallest possible efficiency that a network
of size N and L̃ arcs could possibly have.

Finally, for L̃ > L̃o/2 we have found again that different configurations may compete for the digraph with lowest

efficiency. Whenever L̃ = M(M − 1) the M -complete configuration and Proposition 7 are still valid in this range. We

find yet another set of special cases for which Ẽ = ρ. These consists of adding 1
2M(M − 1) arcs to a complete DAG

such that all relations between the first M vertices are bilateralised at once, in the same spirit as the M -backwards
subgraphs were added to generate connected ultra-long digraphs, but now with the arcs in the forward direction,
Supplementary Fig. 7b.

Definition 15 (M -forward subgraph). Let G̃ be a digraph of size N with labeled vertices and ordering v1, v2, . . . vN .
Let M be an integer satisfying M ≤ N . Then, an M -forward subgraph (or simply M -FS) consists of a subset of M

consecutive vertices VM = {vk, vk+1, . . . , vk+M} of G̃, with each vertex pointing to all its successors within the set.
The arc-set of an M -FS is thus AM = {(vi, vj) : i = k, . . . , k+M and i < j}. An M -FS contains LM = 1

2M(M − 1)
arcs. Unless otherwise stated, it shall be understood that k = 1 and vk is the first node in the ordering of the digraph.

Proposition 9 (Disconnected ultra-long digraphs #3). Let K̃N be a complete DAG of size N as in Definition 11.

Let G̃(N) be the graph resulting from the union of K̃N and an M -forward subgraph with 2 < M ≤ N . Then G̃(N)

contains L̃ = L̃o

2 + 1
2M(M − 1) arcs, its efficiency is ẼdUL = L̃/L̃o = ρ, and ẼdUL is the smallest efficiency any

digraph of N vertices and L̃ arcs can possibly have.

Proof of Proposition 9 . By construction, the distance matrix of G̃ has n1 = L̃ entries with dij = 1 and all other
entries take an infinite value. As in previous demonstrations, it is trivial to prove that the efficiency of the digraph
equals its density and that this is the smallest efficiency a digraph of size N and L̃ arcs could possibly have.
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SUPPLEMENTARY NOTE 3: NUMERICAL SEARCH FOR ULTRA-LONG DIGRAPHS

Exact identification of the extremal network configurations turns very challenging in some cases since different
configurations may exist or even co-exist depending on the precise number of links. Therefore, we have performed
exhaustive numerical searches with networks of small size to clarify those cases. In the following we illustrate these
efforts in the cases of disconnected ultra-long graphs and ultra-long digraphs.

I. Disconnected ultra-long graphs

In order to systematically search for all possible graphs with smallest efficiency, we started by identifying all non-
isomorphic undirected graphs G(N,L) of sizes N = 5 to 10 using the software nauty4 for each number of edges
running from L = 1 to Lo = 1

2N(N − 1). The efficiency for all non-isomorphic graphs of a given L was calculated
and those with the smallest value were conserved. The results are summarised in Supplementary Figs. 8 – 10. As
seen, for each L usually more than one configuration exists which leads to the smallest efficiency. However, for the
particular cases in which L = 1

2M(M − 1) with M = 1, 2, . . . , N the M -complete disconnected graphs, introduced in
Definition 4, are always a solution.

We have also compared the empirically obtained efficiency with the limiting value EdUL = L/Lo = ρ. The results
for graphs of sizes N = 5, 6, 9 and 10 are shown in Supplementary Fig. 11. As seen, deviations from density when
L < Lo/2 are rare and marginal. For denser networks, L > Lo/2, deviations from density happen more often and they
are more prominent. However, the magnitude of the deviations decreases for larger networks. These results evidence
that considering the lowest boundary of efficiency for graphs as EdUL = ρ is a very reasonable assumption. The point
of largest deviation between empirical efficiency and EdUL = ρ happens when L∗ = 1

2 (N − 1)(N − 2) + 1. We have
shown in Sec. D that this maximal difference rapidly decays with network size and falls below the 1% relative error
whenever N > 100.

J. Ultra-long digraphs

Here we present all configurations leading to connected digraphs with longest possible pathlength. We started by
identifying all non-isomorphic undirected graphs G(N,L) of size N = 5 and L ∈ [1, Lo] using the software nauty4. Out

of each identified G(N,L), we extracted all possible labeled digraphs embedded in G, for all L̃ ∈ [1, L], and kept only
the non-isomorphic set using the iGraph software (python-iGraph 0.7.0, www.igraph.org). Once all non-isomorphic

digraphs G̃(N, L̃) of N = 5 vertices had been identified for all L̃ ∈ [1, L̃o], their average pathlength was computed
(for all strongly connected configurations) and the ones maximising the pathlength were conserved.

The results are summarised in Supplementary Figs. 12 and 13. As expected, there is in general a variety of
configurations leading to the longest average pathlength for a given number of arcs. Most of the combinations seem
unrelated making the definition and algorithmic generation of connected UL digraphs very challenging. However,
as we predicted, for the cases where L̃ = N + 1

2M(M − 1) with M = 1, 2, . . . , (N + 1) there exist a unique UL
digraph, consisting of the superposition of a directed ring and an M -backwards subgraph. These special cases allow
for the existence of one Markovian path to generate UL digraphs of arbitrary number of arcs, despite the variety of
configurations occurring for given values of L̃. In Supplementary Figs. 12 and 13 this Markovian path is highlighted
by the green arrows, signalling the arc(s) added to an existing UL digraph of L̃ arcs leading to a new UL digraph

with L̃+ 1 arcs.
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All (dis-)connected ultra-long graphs (N = 8)

L = 1
M = 2

L =2

L = 3 L = 4

L = 5

M =3

L = 6

L = 7

M = 4

L = 8

L = 9 L = 10
M = 5

L = 11

L = 12 L = 13 L = 14

L = 15
M = 6

L = 16

SUPPLEMENTARY FIGURE 8. Disconnected ultra-long graphs. Collection of all non-isomorphic configurations of
graphs with smallest possible efficiency for graphs of size N = 8 and arbitrary number of edges. While in general several
configurations exists, for the cases when LM = 1

2
M(M − 1), an UL graph always exists which is made of a complete subgraph

of size M and (N −M) isolated nodes. In these cases, EdUL = ρ. Red edges mark the last arc(s) seeded in the cases when an
dUL graph is represented by the Markovian generative method.
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All (dis-)connected ultra-long graphs (N = 8)

L = 17

… +5 more configs

L = 18

L = 19 L = 20

L = 21 L = 22 … +55 more configs

L = 23 … +23 more configs

L = 24 … +10 more configs

M = 7

SUPPLEMENTARY FIGURE 9. Disconnected ultra-long graphs. Collection of all non-isomorphic configurations of
graphs with smallest possible efficiency for graphs of size N = 8 and arbitrary number of edges. While in general several
configurations exists, for the cases when LM = 1

2
M(M − 1) edges, an UL graph always exists which is made of a complete

subgraph of size M and (N −M) isolated nodes. In these cases, EdUL = ρ. Red edges mark the last arc(s) seeded in the cases
when an dUL graph is represented by the Markovian generative method.



22

All (dis-)connected ultra-long graphs (N = 8)

L = 25

L = 26 L = 27

L = 28
M = 8

SUPPLEMENTARY FIGURE 10. Disconnected ultra-long graphs. Collection of all non-isomorphic configurations of
graphs with smallest possible efficiency for graphs of size N = 8 and arbitrary number of edges. While in general several
configurations exists, for the cases when LM = 1

2
M(M − 1) edges, an UL graph always exists which is made of a complete

subgraph of size M and (N −M) isolated nodes. In these cases, EdUL = ρ. Red edges mark the last arc(s) seeded in the cases
when an dUL graph is represented by the Markovian generative method.
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SUPPLEMENTARY FIGURE 11. Efficiency of disconnected ultra-long graphs for networks of sizes N = 5, 6, 9 and 10
at all densities, from L = 0 to L = Lo = 1

2
N(N − 1) edges. Empirically identified smallest efficiency from an exhaustive search

of all existing non-isomorphic graphs is shown in orange, precise values marked with dots. The density of the graphs is shown
in grey, which represents an exact solution for the efficiency for most of values of L and is an excellent approximation in others.
Largest deviation of the empirical efficiency happens at L∗ = 1

2
(N − 1)(N − 2) + 1. At this high density the graph necessarily

becomes connected and forms a (N,N−1)-kite graph, with the last remaining node being connected to one of the nodes in the
(N−1)-Complete subgraph.
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All connected ultra-long digraphs (N = 5)

L = 5

L = 9

L = 6

L = 10

L = 7 L = 8

L = 11 L = 12

L = 13

L = 14 L = 15

L = 16

M = 2 M = 3

M = 4

M = 1

M = 5

SUPPLEMENTARY FIGURE 12. Connected ultra-long digraphs. Collection of all existing (non-isomorphic) connected
ultra-long digraphs of size N = 5 and arbitrary number of arcs. While in general several configurations exists, for the cases with
L̃ = N+ 1

2
M(M−1) arcs, UL digraphs are unique and consist of a directed ring with an M -backwards subgraph superimposed.

Green arrows highlight a Markovian path to generate at least one UL digraph. Red arrows mark the arcs seeded in opposite
orientation to the initial directed ring.
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All connected ultra-long digraphs (N = 5)

L = 18

L = 19

L = 17

L = 20

SUPPLEMENTARY FIGURE 13. Connected ultra-long digraphs (continued). Collection of all existing (non-isomorphic)
connected ultra-long digraphs of size N = 5 and arbitrary number of arcs. While in general several configurations exists, for
the cases with L̃ = N+ 1

2
M(M−1) arcs, UL digraphs are unique and consist of a directed ring with an M -backwards subgraph

superimposed. Green arrows highlight a Markovian path to generate at least one UL digraph. Red arrows mark the arcs seeded
in opposite orientation to the initial directed ring.
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SUPPLEMENTARY NOTE 4: SCALING OF NETWORK MODELS AND BOUNDARIES WITH NETWORK SIZE

Figure 2 of the main text shows the evolution of the average pathlength and global efficiency for three typical graph
models (random, scale-free and ring lattices) as the density of links increases, from sparse to complete connectivity.
The figure also shows how these results integrate within the upper and the lower boundaries for those metrics which
we name as the ultra-short and ultra-long limits. A relevant question left open in Fig. 2 though, is the scaling of
those results with network size. To clarify that, Supplementary Fig. 14 reproduces Fig. 2 to include graphs of size
N = 100 and N = 10, 000. The curves for random (Erdos-Renyi) and scale-free graphs consist of ∼ 150 − 250
datapoints (non-linearly distributed from 0 to 1, to capture the transition at sparse density) and averaged over 1,000
independent realizations, for each point. The variances over the realizations are very small and thus not shown.

In Supplementary Fig. 14 the ranges of the x- and the y-axes are kept identical for the three sizes to highlight how
the “space” of accessible outcomes “opens up” with network size. For the average pathlength, this is evidenced by
the position that star and path graphs take in this space, moving away from each other as N increases. In the case
of global efficiency, small networks are clearly restricted to a narrow region of values. Although in principle efficiency
is bounded between 0 and 1, small networks are confined to a much narrower range. Finally, the critical density at
which random and scale-free graphs fall into the ultra-short boundary is also observed to decrease with network size,
as well as the “percolation density” at which their global efficiencies transition from ultra-long to ultra-short.

Figure-2 for Supplementary

N = 100 N = 1000 N = 10 000

SUPPLEMENTARY FIGURE 14. Pathlength and efficiency of characteristic graph models of different size. Ring
lattices (red), random (Erdos-Renyi type, green) and scale-free (blue) graphs of N = 100, 1,000 and 10,000 nodes, plotted
together with the corresponding upper and lower boundaries ultra-long (yellow) and ultra short (grey). The ultra-long limit for
global efficiency is represented by two lines: one dashed line representing disconnected graphs EdUL ≈ ρ and another solid line
for connected graphs. Shaded areas mark values of pathlength and efficiency that no graph can achieve depending on density.
Curves for random and scale-free networks are averages over 1000 realisations. Dashed lines represent ranges of density for
which the models are disconnected and solid lines represent graphs which are connected.
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SUPPLEMENTARY NOTE 5: EFFICIENCY OF EMPIRICAL SAMPLE NETWORKS

In Fig. 3 of the main text we have studied the average pathlength and the relative pathlengths of neural, social and
transportation networks. For completeness we now show in Supplementary Fig. 15 the same results as in the main
text but terms of the efficiency of the networks5. Notice that the friendship network of prison inmates could not be
studied in terms of its pathlength since it is directed and weakly connected and its pathlength is thus infinite. Also,
in Figs. 3(d) and (f), the results for three transportation networks could not be provided because of their sparsity.
Their density falls below the percolation threshold for random graphs and thus no connected benchmark graphs could
be realised to study them. All these cases, however, can be studied in terms of efficiency, as Supplementary Fig. 15
illustrates. The prison social network is now found to be the least efficient among the social networks studied.

The first difference with the results based on the pathlength is that the absolute efficiency of the real networks is
very informative, panel (a) of Supplementary Fig. 15. Although the efficiency of a network also depends on its size and
density, its values are bounded between zero and one. Thus, efficiency is easier to interpret and compare than average
pathlength. For example, the efficiency of transportation networks is found to be very small, with three of them taking
E < 0.1. As found for the pathlength, the efficiency of many networks falls close to that of random graphs, panel
(c), what might be interpreted as these networks being almost optimally efficient. However, the comparison to the
ultra-short boundary (largest efficiency possible for each N and L combination) clarifies that only the three cortical
networks are practically optimal. On the other hand, the efficiency of all transportation networks lies far below the
true boundary, panel (d), despite the airports network being as efficient as equivalent random graphs. Indeed, their
efficiency very much approaches the ultra-long boundary (smallest efficiency) as evidenced by the 2-point relative
efficiency taking values above 0.8, panel (f).

Figure-3  
Efficiency (with Prison)

(l � lUS) / (lUL � lUS)

(l � lrand) / (llatt � lrand)

E / N

E / EUS

E / Erand

(E � EUS) / (EUL � EUS) (E � Erand) / (Elatt � Erand)

E / EUS

E / ErandE / N

SUPPLEMENTARY FIGURE 15. Comparison of absolute and relative efficiencies for selected neural, social and
transportation networks. (a) Absolute efficiency of the empirical networks, (b)-(f) different relative efficiency definitions. (b)
Relative to network size N , (c) relative to equivalent random graphs, and (d) relative to the efficiency of ultra-short networks.
(e) and (f) 2-point normalisations considering the relative to random graphs and ring lattices as benchmark graphs (e) and the
absolute ultra-short and ultra-long boundaries (f).
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SUPPLEMENTARY NOTE 6: CLUSTERING COEFFICIENT OF ULTRA-SHORT AND ULTRA-LONG GRAPHS

The goal of this manuscript was the study of the average pathlength and efficiency of networks and thus, we have
refered to small-world networks in its classic sense, implying networks whose nodes typically lie at a short distance
compared to the network size N . For completeness, we have also calculated the clustering coefficient of the ultra-short
and the ultra-long graph families. According to Theorem 1, configurations leading to US graphs are not unique, thus,
there is more than one solution. For illustration, we considered the two US graph models proposed in Fig. 1(a) of
the main text. The first consists of randomly adding links to an initial star graph, and the second orderly adds
extra links facilitating the generation of a rich-club. As shown in Supplementary Fig. 16a, none of the two models
deviate much from the clustering of (Erdős-Rényi) random graphs (dashed lines). On the contrary, ultra-long graph
configurations are unique for fixed N and L. The majority of links in an UL graph are located within the complete-
subgraph component thus forming a large number of triangles, see Supplementary Fig. 2. Accordingly, we see that
the clustering coefficient of UL graphs, Supplementary Fig. 16b, grows very rapidly with the number of links reaching
values close to C = 1.0. Notice that UL graphs take values of clustering significantly larger than ring lattices of same
N and L (orange line).

Please note that US and UL graphs are not the result of an optimisation procedure to maximise or minimise the
clustering coefficient.

Supp. Figure-X (Clustering of US and UL graphs)

(a) Ultra-short graphs

(b) Ultra-long graphs

SUPPLEMENTARY FIGURE 16. Clustering coefficient of US and UL graphs. (a) Clustering for ultra-short graphs of
N = 20 and N = 100 nodes, for all link densities. According to Theorem 1 US graph configurations are not unique. Thus, here
we show the results for the two US graph models in Fig. 1(a) of main text: adding new links at random (blue line) or adding
new links orderly to generate a rich-club (orange line). The diagonal dashed line corresponds to the clustering coefficient of
(Erdős-Rényi) random graphs of same size N and links L. (b) Clustering for connected UL graphs (blue) line, compared to
ring-lattices (orange line) of same size N and links L.
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SUPPLEMENTARY NOTE 7: EMPIRICAL DATASETS

All empirical networks employed are well known in the literature and have been often used as benchmarks, except
for the local transportation of Chicago which we have assembled for the present manuscript. These datasets represent
a heterogeneous sample of networks with a variety of sizes and densities, both directed and undirected. All datasets
are available online from different sources.

The nervous system of the nematode Caenorhabditis elegans consists of 302 neurones which communicate
through gap junctions and chemical synapses. We use the collation performed by Varshney et al. in Ref. 6; the
data can be obtained at http://wormatlas.org/neuronalwiring.html. After organising and cleaning the data we ended
with a network of N = 274 neurones and L = 2956 directed arcs between them. The network combines both gap
junctions, which are bidirectional, and chemical synapses, which are directed. The resulting network has a density
of ρ = 0.040. The dataset of the cortico-cortical connections in cats’ brain was created after an extensive collation
of literature reporting anatomical tract-tracing experiments7–9. It consists of a parcellation into N = 53 cortical
areas of one cerebral hemisphere and L = 826 directed fibre connections between the areas, giving rise to a density
of ρ = 0.300. The cortico-cortical connections in the macaque monkey are based on a parcellation of one cortical
hemisphere into N = 95 areas and the fibre projections between them10. The dataset, which can be downloaded from
http://www.biological-networks.org, is a collation of tract-tracing experiments gathered in the CoCoMac database
(http://cocomac.org)11. Ignoring all cortical areas that receive no input we ended with a reduced version of N = 85
cortical areas, L = 2356 directed fibres and a density of ρ = 0.330. The anatomical human brain connectome can
be estimated using diffusion imaging and tractography. We considered the dataset published in Ref. 12. The network
consists of a parcellation of both hemispheres into 66 regions and L = 590 tracts between them.

We have studied four social networks which are well-known and highly reported in the literature: the Zachary
karate club13, the social network of a group of dolphins14, the collaboration network of Jazz musicians15, a
social network of individuals participating in Facebook circles, and a friendship network between prison inmates
collected in the 1950s16.

We have studied two well-known transportation networks, the world-wide air transportation network con-
sisting of the world airports connected by a direct flight17 and the power grid of the USA18. Additionally, we
investigated two local transportation networks. The London transportation network which combines the London
Underground and Overground public transportation lines19. It is composed of N = 317 underground and train sta-
tions with 370 links, for a density of ρ = 0.007. Finally, we have constructed the local transportation network of
Chicago for the present manuscript by combining the Chicago Transit Authority (CTA) and the METRA commuter
rail systems based on the official transportation maps (http://www.transitchicago.com/). The network consists of 376
stations, of them 142 are serviced by the CTA system and 236 by the METRA railroad. For the combined network
we considered two station to be linked also if they were marked as accessible at a short walking distance, giving rise
to a total 402 links and a density of ρ = 0.006. Since several stations in the network are named the same, an identifier
to the line they belong was added. The two individual and the combined networks are provided in Pajek-readable
format as Supplementary Data.
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3Gulyás, L., Horváth, G., Cséri, T. & Kampis, G. An estimation of the shortest and largest average path length in graphs of given
density. arXiv 1101.2549 (2011).

4McKay, B. D. & Piperno, A. Practical graph isomorphism II. J. Symbolic Computation 60, 94–112 (2013).
5Latora, V. & Marchiori, M. Efficient behaviour of small-world networks. Phys. Rev. Lett. 87, 198701 (2001).
6Varshney, L. A., Chen, B. L., Paniagua, E., Hall, D. H. & Chklovskii, D. B. Structural properties of the caenorhabditis elegans neuronal
network. PLoS Comput. Biol. 7, e1001066 (2011).

7Scannell, J. W. & Young, M. P. The connectional organization of neural systems in the cat cerebral cortex. Curr. Biol. 3(4), 191–200
(1993).

8Scannell, J. W., Blakemore, C. & Young, M. P. Analysis of connectivity in the cat cerebral cortex. J. Neurosci. 15(2), 1463–1483
(1995).

9Hilgetag, C. C., Burns, G. A. P. C., O’neill, M. A., Scannell, J. W. & Young, M. P. Anatomical connectivity defines the organization
of clusters of cortical areas in the macaque monkey and the cat. Phil. Trans. R. Soc. Lond. B 355, 91–110 (2000).

10Kaiser, M. & Hilgetag, C. C. Nonoptimal component placement, but short processing paths, due to long-distance projections in neural
systems. PLoS Comput. Biol. 2(7), e95 (2006).

11Kötter, R. Online retrieval, processing, and visualization of primate connectivity data from the cocomac database. Neuroinformatics
2, 127–144 (2004).

12Hagmann, P. et al. Mapping the structural core of human cerebral cortex. PLoS Biol. 6(7), e159 (2008).
13Zachary, W. W. An information flow model for conflict and fission in small groups. J. Anthropol. Res. 33, 452 (1977).
14Lusseau, D. et al. The bottlenose dolphin community of doubtful sound features a large proportion of long-lasting associations. can

geographic isolation explain this unique trait? Behav. Ecol. Sociobiol. 54, 396 (2003).
15Glaiser, P. & Danon, L. Community structure in jazz. Adv. Complex Syst. 6, 565 (2003).
16MacRae, D. Direct factor analysis of sociometric data. Sociometry 23, 360–371 (1960).
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