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Abstract. Two-dimensional standard representations of 3D anatomical
structures are a simple and intuitive way for analysing patient informa-
tion across populations and image modalities. They also allow convenient
visualizations that can be included in clinical reports for a fast overview
of the whole structure. While cardiac ventricles, especially the left ventri-
cle, have an established standard representation (e.g. bull’s eye plot), the
2D depiction of the left (LA) and right atrium (RA) remains challenging
due to their sub-structural complexity. Quasi-conformal flattening tech-
niques, successfully applied to cardiac ventricles, require additional con-
straints in the case of the atria to correctly place the adjacent structures,
i.e. the pulmonary veins, the vena cava (VC) or the appendages. Some
registration-based methods exist to flatten the LA but they can be time-
consuming and prone to errors if the geometries are very different. We
propose a novel atrial flattening methodology where a quasi-conformal
2D map of both (left and right) atria is obtained quickly and without
errors related to registration. In our approach the RA is mapped to a
standard 2D map where the holes corresponding to superior and inferior
VC are fixed within a disk. Similarly, the LA is divided into 5 regions
which are then mapped to their analogous two-dimensional regions. We
illustrate the application of the method to visualize atrial wall thickness
measurements, and late gadolinium enhanced magnetic resonance data.

Keywords: Conformal flattening · two-dimensional map · left atrium ·
right atrium · atrial wall thickness · LGE-CMR

1 Introduction

Flattening methods aim to compute an unfolded representation of a 3D surface
mesh by projecting it to a simpler 2D domain, easier to visualize, manage and
interpret. Additionally, if the 2D map is standardised (e.g. same anatomical
regions of different subjects spatially coincide) the 2D unfolded domains can be
used as a common reference space to analyse multi-modal data from different
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patients or from the same patient at different time-steps. The reader is referred
to [5] for a thorough review of flattening methods applied to human organs,
including the brain, different bones, and the vascular system.

In the case of the heart, the 17 segment AHA bull’s eye plot of the left
ventricle (LV) has been widely used by clinicians for long time [2,15,11]. The
LV’s conical shape and the absence of salient sub-structures in 3D anatomies
derived from medical images (e.g. ignoring the trabeculations) highly facilitates
its flattening. On the contrary, unfolding the atria is challenging due to their
more complex morphology. In the case of the LA, its main cavity is connected
to several pulmonary veins (PV), the left atrial appendage (LAA) and the LV
through the mitral valve (MV). Furthermore, the most common LA morphology
(up to 70%) involves 4 PV (with variable size, shape, position and orientation
with respect to the main cavity) but in some cases a common left trunk, extra
right PV or other oddities may be present [13]. Something similar occurs in the
case of the RA, which is connected to the right ventricle through the tricuspid
valve (TV), to the superior and inferior vena cava (SVC and IVC), and to the
coronary veins (CV).

The first LA flattening technique available in the literature [8] was based on
a B-spline with proportional distance between any pair of points in the 3D LA
surface and their mapped pairs on the 2D map. Later, the same group proposed
to flatten the LA to a square also without constraining the position of the PV and
LAA holes [3]. The authors showed how the LA flattened square could be used to
display and qualitatively analyse different types of data from the same patient.
However, a direct comparison across different patients was not feasible because of
the lack of correspondence between the different maps. More recently, Williams
et al. [17] proposed a standardised unfold map (SUM), which flattening strategy
was based on registering an arbitrary LA to a 3D template and then transferring
the data to a 2D LA template using the known 3D-2D point relation between
the two templates. The main limitation of this approach is the difficulty of
obtaining an accurate and fast registration between different LA surface meshes
due to their high shape variability. Together with errors induced by required data
projection and interpolation steps, this scheme leads to undesired information
loss between the 3D and 2D LA representations. Recently, a universal atrial
coordinate system was developed in [14] and used to represent both atria in a
two-dimensional domain. The proposed representation is however not completely
standardised since the position of the veins and appendages may be distinct for
the different cases.

In this paper, we propose a method to represent atrial cavities as 2D disks
where the position of the holes corresponding to the different veins and ap-
pendages is fixed. Our method is almost real-time and without information loss,
i.e. all points in the 3D mesh are represented in the 2D domain.
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2 Methodology

The proposed method is based on a quasi-conformal (in general, there is no
conformal map compatible with a given map along the boundary) flattening pa-
rameterisation [6]. The RA is unfolded with the following boundary constraints:
the TV contour is mapped to the external circumference of a 2D disk, and the
holes corresponding to the SVC and IVC are mapped to predefined circumfer-
ences within the disk. Additionally, one constraint is added to fix the position
of the right atrial appendage (RAA). Regarding the LA, the MV contour is also
mapped to the external circumference of a 2D disk, and the PVs and LAA ostia
contours are mapped to predefined circumferences within the disk. Due to the
fact that flattening of surface meshes with holes often results in undesired mesh
self-folding (holes appear covered by adjacent mesh cells), we impose, only for
the LA, additional regional constraints: five anatomical regions are defined in
the 3D LA which are afterwards confined to their 2D counterparts.

It was experimentally found that the use of additional constraints was not
necessary in the case of the RA because mesh self-folding was not found in the
2D maps due to the intrinsically simpler RA shape (as well as the defined 2D
RA template), with, for example, less boundaries compared to the LA. Another
difference is that we decided to include the RAA (while not including the LAA) in
the 2D representation, and constrain only one point since the boundary between
the main body of the RA and RAA is unclear and not as well defined as in the
case of the LAA, where a prominent ostium is typically present.

Given a RA or LA with holes corresponding to the valves (TV, MV) and to
the connected sub-structures (SVC, IVC, PVs, LAA) the pipeline comprises two
main steps: (1) definition of boundary and regional constraints; and (2) regional
flattening (see Fig. 1).

2.1 Definition of boundary and regional constraints

Holes in the main atrial cavities are firstly closed and triangulated as in [7].
Then, seed points are manually placed in specific atrial regions:

1. Right atrium: two seed points in the filled SVC and IVC holes, and one
seed point in the most salient point of the RAA.

2. Left atrium: Five seeds at the centre of the filled PV and LAA holes, and 4
on the MV contour: 2 delimiting the interatrial septal wall and 2 delimiting
the left lateral wall. Inter-seed geodesic paths (i.e. shortest curve between
two points on a mesh such that the curve lies on the surface [9], s1-s9 in Fig.
1) are computed dividing the LA surface into 5 regions.

After that, the final atrial cavities that will be flattened are obtained by
automatically removing the hole covers. The boundary constrained points (mesh
vertices of the red curves in Fig. 1) are identified as the SVC, ICV and TV
boundary points in the case of the RA, and as the PV, LAA and MV boundary
points in the case of the LA. Additionally and only for the LA, the regional
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(1) Boundary and regional constraints definition (2) Regional flattening
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Fig. 1. Pipeline of the proposed RA (top) and LA (bottom) flattening method: (1)
definition of boundary and regional constraints: nine boundaries (displayed in red)
corresponding to the TV, IVC, SVC, MV, 4 PV, and LAA ostia, and nine segment paths
(s1−9, in yellow) are used. (2) Regional flattening. Data mapped into the surface meshes
correspond to intensity values from the associated late-gadolinium magnetic resonance
image. LAA/RAA = left/right atrial appendage; TV = tricuspid valve; SVC/IVC =
superior/inferior vena cava; LSPV = left superior PV; LIPV = left inferior PV; RSPV
= right superior PV; RIPV = right inferior PV; MV = mitral valve; MV1,2 = seed
points in the MV contour delimiting the septal wall, and MV3,4 = seed points in the
MV contour delimiting the left lateral wall.

constrained points (points of the yellow curves in Fig. 1) are identified as the
projection of the inter-seed paths (s1-s9) onto the final LA cavity. Note that for
the RA we only consider one regional constrained point, the furthest point in the
RAA (also shown in yellow in Fig. 1).

2.2 Regional Flattening

With the aim of obtaining a quasi-conformal (i.e. angle-preserving) and stan-
dardised flat representation of a 3D atrial surface mesh whose holes are con-
strained to predefined circumferences within a 2D disk, the corresponding bound-
ary constraints can be added to the quasi-conformal scheme. Unfortunately, the
flattened holes will appear often covered by adjacent triangles since the method
does not avoid mesh self-folding. To overcome this issue, we include additional
regional constraints in the parameterisation. Minor triangle overlapping can still
occur near the holes and to further refine the boundary we recompute the point
coordinates on the 2D RA or LA with a quasi-conformal parameterisation only
constrained with the boundary points and not the regional constraints.
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Mathematical framework Let M be the atrial cavity surface mesh with N
vertices (points) and MF its corresponding flattened mesh. Let I∂M be the in-
dices of the boundary points of M . Let ∆M be the N × N (cotangent [12])
Laplacian of M and let ∆

′

M be ∆M where the off-diagonal elements of the rows
defined by the positions of I∂M set to 0 and corresponding elements on the main
diagonal set to 1. Let (bx, by) be the coordinates of the 2D boundary points of

MF in the same order as the corresponding indices appear in I∂M and let b
′

x and

b
′

y be N-dimensional vectors with values bx and by, respectively, in the positions
of I∂M and zeros elsewhere.

Let P be the number of regional constrained points (i.e. number of points in
the dividing segments (s1-s9), yellow lines in Fig. 1) and Is the corresponding
point (vertex) indices. Let (sx, sy) be the 2D coordinates of the P vertices in the
same order as they appear in Is and let Es be a P × N zero matrix with 1 in
each row in the positions corresponding to vertices of Is (i-th row has 1 in the
position given by the i-th element of Is).

In order to find the coordinates (x∗,y∗) of the vertices of MF , we propose
to solve the following two quadratic programming problems:

x∗ = arg min
x

(
w
∥∥∥∆′

Mx− b
′

x

∥∥∥2) s.t. Esx = sx (1)

y∗ = arg min
y

(
w
∥∥∥∆′

My − b
′

y

∥∥∥2) s.t. Esy = sy (2)

with w (set to 1000 in our experiments) penalizing the unfulfillment of the bound-
ary constraints. Using Lagrange multipliers these can be rewritten and solved as
a system of linear equations:

[
w2∆

′T
M∆

′

M ET
s

Es 0

] [
x∗

λx

]
=

[
w2∆

′T
Mb

′

x

sx

]
(3)[

w2∆
′T
M∆

′

M ET
s

Es 0

] [
y∗

λy

]
=

[
w2∆

′T
Mb

′

y

sy

]
(4)

To refine the boundary we proceed as follows. Let∆F be the N×N Laplacian
of MF and let ∆

′

F be ∆F where the off-diagonal elements of the rows defined by
the positions of I∂M set to 0 and corresponding elements on the main diagonal

set to 1. The refined coordinates
(
x∗′

,y∗′
)

of the vertices of MF in the final flat

representation can be found by solving the following system of linear equations:

∆
′

Fx
∗′

= b
′

x (5)

∆
′

Fy
∗′

= b
′

y (6)
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3 Experiments and Results

We used the proposed flattening method to visualise atrial wall thickness (AWT)
of both left and right atria. Inspecting heterogeneity of AWT may be useful to
improve the understanding of the mechanisms underlying atrial fibrillation and
to improve radio-frequency ablation treatment planing. Detailed endocardial and
epicardial surface meshes were first obtained by segmenting the atrial wall from
the MRIs corresponding to an ex vivo human atria and then, AWT was mea-
sured as explained in [18]. Wall thickness measurements were projected onto the
endocardial atrial meshes which were afterwards flattened with our method. As
shown in Fig. 2, atrial unfolding favours fast inspection of AWT measurements:
regarding the LA, it can be seen that the inter-atrial septal wall and the poste-
rior wall were thinner than the left lateral and anterior walls; a thin inter-atrial
wall was also observed in the RA, where one of the thickest parts was the crista
terminalis (CT).

The proposed flattening method was also tested using several manually seg-
mented LA from the 2018 Atrial Segmentation Challenge5, and correspond-
ing RA segmentations that were automatically obtained applying a multi-atlas
whole-heart segmentation technique [19,20]. Triangular meshes were then built
using the marching cubes algorithm. Voxel intensities from LGE-CMR images
were mapped onto the obtained RA and LA surface mesh using the maximum
intensity projection (MIP) technique: images were sampled along the normals
on both sides of the surface mesh, assigning the maximum intensity value to the
corresponding vertex on the LA mesh. The depth of the sampling was set to 3
mm. Then, the LA shapes were standardised by only keeping their main cavity
after semi-automatically cutting the PVs, the LAA and the MV. This cutting
process requires to manually place 5 seeds near the ending points of the PVs
and the LAA. The reader is referred to [16] for more details on this method. Re-
garding the RA, cuts corresponding to the TV, SVC and IVC boundaries were
manually applied. Several examples of 3D left and right atrial surfaces with pro-
jected LGE-CMR image intensity, and corresponding flattenings can be seen in
Fig. 3.

Additional examples and experiments including distortion analysis, sensitiv-
ity to seed points selection, and a detailed comparison with the SUM [17] can
be found in [10].

4 Discussion and Conclusions

We have presented a method to unfold both the left and right atrium and depict
it in an intuitive, standardised, two-dimensional map. Contrary to the state of
the art method for LA standardised representation, the SUM [17], our method
does not depend on registration techniques being therefore faster and not af-
fected by potential registration errors. Additionally, our method does not lose
any information from the initial 3D surface, i.e. all points are depicted in the

5 http://atriaseg2018.cardiacatlas.org/
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Fig. 2. Right (top) and left (bottom) atrial wall thickness measurements projected onto
the endorcardial surface meshes and corresponding 2D maps. LAA/RAA = left/right
atrial appendage; TV = tricuspid valve; SVC/IVC = superior/inferior vena cava; CT
= crista terminalis; LSPV = left superior PV; LIPV = left inferior PV; RSPV = right
superior PV; RIPV = right inferior PV; MV = mitral valve.

2D map, while SUM needs to interpolate data when mapping the information
from the arbitrary 3D surface to the template. Our algorithm is however highly
influenced by the initial manual seed placement step, especially regarding the
seeds placed on the MV contour. The seed points and inter-seed paths define
the constraints used in the flattening, which is the key part of the method.
Automatically computing the constraints, i.e. automatically dividing the LA is
challenging due to, for example, bulges in the LA and obliqueness of the MV
plane. Nonetheless, since the process of seed placement and unfolding is almost
real time it can be repeated several times until a satisfactory result is obtained.

Potential clinical applications of our method include the analysis of the tem-
poral evolution of some parameter (e.g. pre- and post-ablation fibrosis extent)
from the same patient; the comparison and correlation of different features from
the same patient (e.g. gadolinium enhancement from LGE-CMR data and en-
docardial voltage from electroanatomical maps); the comparison of the same
feature in different patients (e.g. regional or global fibrosis extent [1]), etc. The
code will be made publicly available.
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Fig. 3. Three examples of RA (left) and three examples of LA (right) surfaces with
projected late gadolinium enhanced magnetic resonance imaging (LGE-CMR) inten-
sities and corresponding 2D maps. LGE-CMR signal intensity is shown in arbitrary
units, without any normalization [4]. LAA/RAA = left/right atrial appendage; TV =
tricuspid valve; SVC/IVC = superior/inferior vena cava; LSPV = left superior PV;
LIPV = left inferior PV; RSPV = right superior PV; RIPV = right inferior PV.
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