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Abstract Cardiac modeling has recently emerged as

a promising tool to study pathophysiology mecha-

nisms and to predict treatment outcomes for person-

alized clinical decision support. Nevertheless, achiev-

ing convergence under large deformation and defining

a robust meshing for realistic heart geometries remain

challenging, especially when maintaining the compu-

tational cost reasonable. Smoothed Particle Hydrody-

namics (SPH) appears to be a promising alternative to

the Finite Element Method (FEM) since it removes the

burden of mesh generation. A point cloud is used where

each point (particle) contains all the physical proper-

ties that are updated throughout the simulation. SPH

was evaluated for solid mechanics applications in the

last decade but its capacity to address the challenge of
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simulating the mechanics of the heart has never been

evaluated.

In this paper, a total Lagrangian formulation of a

corrected SPH was used to solve three solid mechan-

ics problems designed to test important features that a

cardiac mechanics solver should have. SPH results, in

terms of ventricle displacements and strains, were com-

pared to results obtained with 11 different FEM-based

solvers, by using synthetic cardiac data from a bench-

mark study. In particular, passive dilation and active

contraction were simulated in an ellipsoidal left ventri-

cle with the exponential anisotropic constitutive law of

Guccione following the direction of fibers.

The proposed meshless method is able to reproduce

the results of three benchmark problems for cardiac

mechanics. Hyperelastic material with fiber orientation
and high Poisson ratio allows wall thickening/thinning

when large deformation is present.

Keywords Smoothed Particle Hydrodynamics

(SPH) · Finite Element Method (FEM) · mesh-

less · cardiac mechanics · benchmark · hyperelastic

exponential

1 Introduction

Cardiac modeling has recently emerged as a promising

tool to study cardiac pathophysiology, integrate differ-

ent echo measurements, for data augmentation and to

predict treatment outcomes for personalized clinical de-

cision support [10, 5].

The finite element method (FEM) appears as the

golden standard numerical technique to solve the par-

tial differential equations that simulate the cardiac

multi-physics behavior [8]. Some of the reasons are

its strong mathematical foundation, maturity and the
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availability of several academic and commercial soft-

ware.

Cardiac tissue undergoes large deformations during

the cardiac cycle due to physiological loads of myocar-

dial active contraction and relaxation [23]. A cardiac

in-silico model needs to be able to simulate character-

istics observed in the heart’s behavior such as these

large deformations. Some finite element simulations in

cardiac tissue mechanics were able to mimic the heart

behavior in a realistic way [8, 38]. Simulations have

even been personalized to assimilate heart displace-

ments from medical images and generate synthetic im-

ages [31, 12]. However, several challenges arise when

using FEM. The most critical one is the inherent need

of a mesh and efficient remeshing strategies.

To overcome mesh-related issues, recent articles

have tackled the fluid-structure interaction (FSI) in the

context of cardiac modeling by combining two numer-

ical techniques, such as FEM for solid mechanics and

smoothed particle hydrodynamics (SPH) for fluids [30].

However, these approaches require to excel in both nu-

merical techniques, as well as the specific implementa-

tion for the fluid solid interaction. A simpler approach

will be to have different multi-physics phenomena mod-

eled with the same numerical scheme. For FSI simula-

tions, SPH has been used in the past for simple prob-

lems. SPH simulations in the context of FSI were able

to properly reflect laboratory measurements [2] and to

reproduce numerical benchmarks [17]. Moreover, SPH

has already been used for cardiac electrophysiology [27].

SPH was chosen over other meshless methods for its

versatility that would allow for a multi-physics cardiac

model. Among other advantages, SPH is easy to par-

allelize, it is memory efficient and its improved version

can account for large deformations while limiting con-

vergence problems [41].

SPH is a meshless Lagrangian method to solve par-

tial differential equations numerically. Instead of requir-

ing a mesh-based discretization of the spatial domain, a

point cloud describing the geometry with the material

physical properties defined at each point is sufficient.

Original formulation of meshless methods is known

to suffer from convergence issues [3]. In the case of SPH,

the first application in solid mechanics dates back to

1991 [25]. Nevertheless, further use of SPH for solid

mechanics were originally limited by three drawbacks.

First, SPH particles tended to cluster locally making

appear non-physical gaps between particles [13, 39, 32].

Second, the original formulation of SPH could lead to

non-physical solutions due to numerical instability pro-

duced by its rank-deficiency [4, 36]. And third, SPH

original formulation did not provide first order com-

pleteness implying numerical errors in the computa-

tion of gradients of constant and linear fields [9]. In

the last decade, these three challenges have been over-

come through the use of a total Lagrangian SPH [7] and

normalization of the gradients [9]. Therefore, only re-

cently SPH has been successfully applied in the context

of solid mechanics. As an example, SPH was success-

fully compared to FEM for tissue rupture simulations

[37], and could simulate large deformations when a pure

Lagrangian formulation was used [34].

The purpose of this paper is to demonstrate that

SPH can be used to efficiently tackle the challenges spe-

cific to the modeling of cardiac tissue mechanics: com-

plex geometry given by an arbitrary point cloud, fibres-

induced anisotropy, tissue incompressibility, nonlinear

elasticity and large deformations. This is the first appli-

cation of SPH to perform analysis of cardiac mechanics

using a nonlinear constitutive model and a simple con-

traction model. But it is not the first time that a sim-

ulation of cardiac mechanics using a meshfree method

is used [40].

Specifically, SPH was adapted to cope with large

deformations in a three dimensional ellipsoidal body

in the context of cardiac mechanics, which was not

available until now in the literature. Applying the SPH

framework in this very specific context led us to intro-

duce three main algorithmic features.

– First, a total Lagrangian formulation that translates

Guccione’s hyperelastic material into SPH was de-

rived [16]. This is key to handle the large deforma-

tions undergone by the cardiac tissue.

– Second, a generalization of SPH to an arbitrary ge-

ometry was presented. Given any set of points in

the space within a known continuum body, cell vol-
umes and surface areas for each point need to be

determined before starting any SPH simulation.

– Third, a damping Rayleigh-type control was added

to damp possible extra vibrations generated from

the inertial acceleration when dynamic simulations

were performed in continuum mechanics [34].

2 Total Lagrangian formulation in solid

mechanics

Let us consider the 3D deformation of a continuum

isothermal body 1 that moves from a reference config-

uration, defined by the positions X ∈ Ω0 ⊂ R3 and the

boundary surface ∂Ω0 ⊂ R2, to a current configuration

at time t defined by the positions x ∈ Ωt ⊂ R3 and

surface boundary ∂Ωt ⊂ R2. In the total Lagrangian

1 When the difference of temperature is taken into account
a thermal energy equation should be added in Eq. (2)
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formulation, the reference configuration remains un-

changed as the simulation proceeds and it is only used

to compute stresses and accelerations. Current posi-

tions and velocities are updated and points move ac-

cording to the accelerations computed based on the ref-

erence configuration.

The body motion at time t is described as a mapping

φ : Ω0 7→ Ωt between the reference coordinates, and the

current coordinates:

x = φ(X, t) (1)

The displacement between configurations is given by

U = x−X. Since the body is considered to be isother-

mal, and dissipative effects are neglected, the dynamics

of the motion φ satisfy the following set of conservation

laws:

ρJ = ρ0, (2a)

d2U

dt2
=

1

ρ0
div(P) + B =

1

ρ0
∇0 · (P) + B, (2b)

where · is the dot product, ρ and ρ0 are current and

reference densities, respectively, J is the determinant

of the deformation gradient F

J = det(F), F = ∇0x =
∂x

∂X
=
∂U

∂X
+ I (3)

with I ∈ R3,3 the identity matrix. P is the first Piola-

Kirchhoff stress tensor, B is the tensor corresponding

to any extra body forces acting as boundary conditions

and ∇0 is the material gradient operator, defined as

∇0 ≡ ∂
∂X .

2.1 Cardiac mechanics formulation

To define P, the constitutive equation needs to consider

a strain energy density function ψ. This equation aims

to describe the relation between strain and stress for

the given material. Experiments in cardiac tissue sug-

gest that the best mathematical model to characterize

the constitutive material of the heart is with either hy-

perelastic or viscoelastic material [8]. In this paper, the

transversely isotropic constitutive Guccione’s law was

used as a constitutive equation [16]. This hyperelas-

tic law is solely exponential and linear terms are not

present as it can be seen in Equation (4)

ψ =
C

2

(
eQ − 1

)
(4)

with

Q = (b ◦Ef ) : Ef , (5)

where ◦ and : denote the Hadamard and Frobenius in-

ner product, respectively, b and Ef are defined as

b =

 bf bfs bfs
bfs bt bt
bfs bt bt

 , (6)

Ef = RTER = RT 1

2
(FTF− I)R, (7)

where

E =
1

2
(FTF− I) (8)

is the Green-Lagrange strain tensor. Ef is E expressed

in a local orthonormal coordinate system with fibres in

the f -direction, R is the rotation tensor in the refer-

ence configuration given by R = [f0, t0, l0], where f0 is

a normalized column vector with the fibre direction in-

formation, t0 is the transmural direction and l0 is the

long-axis direction. Material properties are character-

ized by the parameters C, bf , bt, bfs and will be defined

for each problem.

By deriving equation (4) with respect to Ef we ob-

tain the first Piola-Kirchhoff tensor P as

P = F
∂ψ

∂Ef
= FR(b ◦Ef )RTCeQ. (9)

A pressure-type Lagrange multiplier p was introduced

in the constitutive equation to handle incompressibil-

ity such that the first Piola-Kirchhoff stress tensor was

written as

P = F
∂ψ

∂Ef
− pF−T (10)

where

p = K(J − 1) (11)

with K the bulk modulus that controls the elasticity of

the material and is related to the Poisson ratio ν by the

following equation:

K =
2µ(1 + ν)

(3(1− 2ν))
(12)

where µ is the shear modulus of the material.The closer

to 0.5 the value of ν is, the stronger the incompressibil-

ity condition will be. A Poisson ratio of 0.495 was used
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by default for all simulations since it was enough to

handle near incompressibility of the cardiac tissue ex-

perimentally.

Finally, for the complete definition of the Initial

Boundary Value Problem (IBVP), initial and boundary

(essential and natural) conditions must also be specified

accordingly. These conditions will be further explained

in Section 4 for each experiment but in general, a trac-

tion boundary condition will be applied on surfaces.

3 SPH formulation

In this section, the SPH method is introduced. Then,

the above total Lagrangian formulation (Equation 2) is

discretized using a corrected version of SPH.

From here onwards, subscript indices i and j de-

note two different particles, which are collocation points

where the numerical solution of the equations of interest

is computed. SPH physical properties are interpolated

over a particle’s immediate neighborhood. Given a real

function f(X) at Xi, its value can be expressed as the

convolution

f(Xi) =

∫
Ω0

f(X)δ(X−Xi)dX. (13)

where δ is the Dirac delta function. The first SPH ap-

proximation is to consider a kernel function W ≈ δ

in Equation (13). Kernel functions W have usually fi-

nite support, controlled by the smoothing length h in

order to better approximate the Dirac delta function,

which has zero support. Therefore, W must be chosen

to satisfy the unity and compact support properties and

should converge to the Dirac delta function for smooth-

ing lengths h → 0. Depending on the equation to be

discretized, the kernel can be defined so that its first or

second derivative are positive everywhere.

The second approximation in the SPH framework

is to estimate the integral expression in Equation (13)

with a finite sum over discrete evaluations of the func-

tion fj = f(Xj) of each particle that lies in the neigh-

borhood Ni of i. These two approximations lead to the

following mathematical definition of a function f for a

given particle i and neighbors j in its neighborhood Ni.

fi =
∑
j∈Ni

fjVjWi(Xi −Xj , h). (14)

where Wi(Xi − Xj , h) is a kernel function depending

only on the scalar distance between particles i and j, V

denotes the particle volume in the initial configuration.

An advantage of the SPH formulation is that the ref-

erential gradient of f(X) at particle i does not depend

on the derivative of fj :

∇Xf(Xi) =
∑
j∈Ni

fjVj∇XWi(Xi −Xj , h), (15)

The disadvantage of this formulation is that gra-

dients of constant or linear functions are not cor-

rect, and they do not ensure conservation of linear

and angular momentum, respectively [7, 6]. To remove

this deficiency, a Corrected Smoothed Particle Method

(CSPM)-correction has been proposed [9]. This is intu-

itively a correction of the integration domain that ac-

counts for the number of neighbours inside the kernel

size thanks to a first order Taylor approximation. At

the beginning of the simulation, the first-order correc-

tion to derive the correcting tensor K for each particle

i is computed:

Ki =
∑
j∈Ni

Vj∇Wi(Xi −Xj , h)⊗ (Xj −Xi), (16)

where ⊗ represents the dyadic product of two vectors.

K is used to correct the gradient operator with respect

to the initial configuration: [9]

∇̃0Wi(Xi −Xj , h) = K−1
i ∇0Wi(Xi −Xj , h). (17)

3.1 Total Lagrangian SPH in solid mechanics

Having the SPH approximations for a function f and

its gradient evaluated in a given particle i, equations

(2) can be expressed as follows:

ρi =
ρ0

Ji
, (18a)

∂2Ui

∂2t
=

1

ρ0

∑
j∈Ni

Vj(Pj −Pi −Π0ij)

∇̃0Wi(Xi −Xj , h) + Bi, (18b)

Fi =
∑
j∈Ni

Vj(xj − xi)∇̃0Wi(Xi −Xj , h), (18c)

where an artificial viscosity term Π0ij was added in

Eq (18b), which is necessary to simulate large defor-

mations. The artificial viscosity term is typically used

in the SPH to stabilize numerical artefacts originated

from the SPH formulation such as the reduction of un-

physical oscillations [33]. The artificial viscosity in the

initial configuration is given by Π0ij = JΠijF
−T with
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Πij =

{−αc̄ijφij+βφ2
ij

ρ̄ij
, φij < 0

0, φij ≥ 0
(19)

with

φij =
h̄ij(vi − vj) · (xi − xj)

|xi − xj |2 + 0.01h̄2
ij

; ρ̄ij =
ρi + ρj

2
; (20a)

c̄ij =
ci + cj

2
; h̄ij =

hi + hj
2

(20b)

where v is the particle velocity, c is the so called wave

speed related to the stiffness of the material. Since the

total Lagrangian formulation overcomes numerical in-

stabilities, the coefficients of artificial viscosity are cho-

sen to be small to reduce its artificial effect. In par-

ticular α = 0.04 and β = 0.08 were chosen following

[26].

The C2-Wendland Kernel will be used for the SPH

formulation.

W (Xij , h) =
21

2π

{
(1− |Xij |)4(1 + 4|Xij |), |Xij | < h

0, otherwise

(21)

where Xij is a variable for evaluation which typically

takes the value (Xi −Xj).

3.2 Temporal discretization

In this study, Runge Kutta (RK4) was used as a tempo-

ral discretization scheme. It has been shown that RK4

provides a good trade-off between speed and accuracy

compared to other time discretization schemes since the

Courant-Friedrichs-Levy (CFL) condition makes the

time step choice less strict [28]. RK4 provides higher

accuracy than the Euler scheme, which is the time dis-

cretization approach employed in the original formula-

tion of SPH.

Due to the dynamic nature of equations (2), inertial

acceleration is taken into account and undesirable vi-

bration might appear. Therefore, a Rayleigh damping

model was used to achieve the quasi-static solution [34].

In the case of SPH, this model imposes a condition on

the time integration step

∆t = γmin

(
h

c

)
, (22)

where c is the speed of sound, h is the smoothing length

and γ is a scale factor that is typically set to a value of

0.9 [34].

3.3 Boundary conditions and fiber definition

The application of boundary conditions within the SPH

framework is typically limited to imposed velocity or

displacement using fictitious ghost particles to compen-

sate for the lack of particles beyond the boundary in-

terface [2, 33]. For solid mechanics there is a clear need

to impose stresses upon boundaries. In order to impose

these conditions in the total Lagrangian framework, the

Nanson’s relation between the reference and current ar-

eas is necessary

dan = JdAF−T ·N (23)

where da and dA are the differential of areas in the

current and reference configuration, respectively [35].

n and N are the surface normal vectors in the current

and reference configurations, respectively. To define the

direction of the applied loads, a binary function was

defined for each particle, equal to 1 for the particles of

the surface where the loads apply and equal to 0 for the

rest of the particles. The gradient of this function was

then calculated using the SPH formulation. In this way,

the normal to the surface was computed [11], and the

fiber orientation was defined as described in the paper

[22].

3.4 Remarks on dynamic model

Static solutions are required for this study, since com-

parisons with FEM are performed in the experiment

section. Two adaptations of our dynamic model were

made for quasi-static problems. First, traction bound-

ary conditions were gradually increased until they

reached the desirable maximum value. This strategy is

commonly used to reduce the influence of inertia on the

results. In particular, the pressure at each time step pt
was increased gradually during t1 = 1s of simulation

until pf was reached. Then pt was set to pf and the

simulation ran until t2 = 1.2s to let enough time for

the simulation to stabilize.{
pt = pf · t

∆t , t < t1

pt = pf , t ≥ t1
(24)

where t is the current time of the simulation and ∆t is

the time step.

Second, incompressible materials cannot be used in

dynamic problems, because the speed of elastic waves

becomes infinite [1]. Thus, nearly incompressible mate-

rials were used in this paper (see Equation (10)).
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4 Experiments

The experiments corresponded to the benchmark prob-

lems proposed by Land et al. [22]. In that benchmark,

11 FEM solvers were compared and results are available

at [21].

The benchmark problems consisted in a defected

bar, an idealized inflated ventricle and an idealized in-

flated ventricle with active stresses and oriented fibres.

All these problems used the Guccione constitutive equa-

tion and were statically solved. Evaluations were purely

numerical since no analytical solution exists.

Qualitative and quantitative evaluations were per-

formed in the same way as presented in the benchmark

[22]. Qualitatively, four stages during deformation are

presented, until the maximum value of the stress bound-

ary condition is reached. Quantitatively, three morpho-

logical descriptors were provided: centerline displace-

ment, strains along the centerline and position of points

of interest in space. Details of strain definition and these

points are provided for each problem.

The simulations of the solver glasgowHeart-IBFE

[15] with the highest number of degrees of freedom

were taken here as reference for qualitative and cen-

terline comparisons. This model was chosen since it

used a high quality hexahedral mesh. The points of the

glasgowHeart-IBFE mesh were used for all SPH sim-

ulations in this section except for the case of the bar,

where a convergence analysis was performed on differ-

ent number of particles (see Table 1). For the rest of

the experiments the SPH solution was compared to the

solutions provided by the 11 solvers of the benchmark.

For each problem, the strain si was calculated track-

ing changes in the distance between pairs of n points

with coordinates Xi
1 and Xi

2 in the reference configu-

ration and xi1, xi2 in the deformed configuration, where

i = 0, 1, . . . , n.

si =

(
‖xi1 − xi2‖
‖Xi

1 −Xi
2‖
− 1

)
× 100%. (25)

For all experiments, the time step was 1e−5.

4.1 Problem 1: Deformation of a beam

First, a deflected rectangular beam in 3D was eval-

uated. Pressure-type follower forces whose directions

and magnitude change with the deformed surface ori-

entation were tested, as well as the correct implemen-

tation of fibre directions. The beam has a length of

10 mm and a rectangular cross-section of 1 mm2. A

pressure of 4 Pa was applied to the entire bottom face

(z = 0). Fibers were oriented along the beam longitudi-

nal axis, i.e. (1, 0, 0). The constitutive parameters were

C = 2 kPa, bf = 8, bt = 2, bfs = 4 [22].

Fig. 1: Dynamic simulation of a hyperelastic bar using

SPH with pressure imposed on surface given by blue

particles. The selected deformed mesh computed using

FEM (in grey) is plotted as a reference solution. Pres-

sure is increased gradually from phase A to phase D

until 4 Pa where the final state is reached. A resolution

of 4544 particles was used for the SPH simulation.

As qualitative results, four stages of deformation

of the beam while increasing pressure are presented in

Fig. 1. There, the blue particles are affected by the ex-

ternal pressure. A layer of particles on the left was fixed

to model the clamped edge of the beam. The steady

state was reached when the maximum pressure value

was imposed and coincides with the deformed solution

of the mesh-based solvers used in the benchmark.

The above observations were confirmed when quan-

tifying deformations on the beam’s centerline (Fig. 2)

Fig. 2: Problem 1. Up: Comparison of the centerline in

the mid of the bar before deformation (in grey) and

after deformation for both FEM and SPH methods. A

resolution of 4544 particles was used for the SPH sim-

ulation. Bottom: Undeformed mesh (in grey) with cen-

terline (in red).
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and highest z position (Fig. 3) with respect to the num-

ber of degrees of freedom. In Fig. 3, the z position of

all FEM solution is provided. The z highest point com-

puted with SPH lies within the range of values obtained

with the finite element simulations. At the same time, a

mesh convergence study was performed by maintaining

to 3 the minimum number of neighbors associated to

the SPH particles while increasing the number of par-

ticles in the point cloud (see Table 1). The value of the

maximum z-deflection 4.16mm was used for the com-

putation of the relative difference in Table 1 since it

is the value to which most of the FEM solutions with

highest degrees of freedom converge (see Fig. 3).

no Particles 1025 1836 4544 9100 15984
Z-deflect. (mm) 4.707 4.404 4.217 4.153 4.152
Rel. diff. (%) 13.15 5.87 1.37 0.17 0.19

Table 1: Convergence analysis on the highest z point of

the deformed beam for five different number of particles

in the SPH point cloud. The third row shows the rel-

ative difference of the highest z-deflection with respect

to the value 4.16mm.

Fig. 3: Highest z point of the deformed beam for various

FEM and SPH solutions depending on the degrees of

freedom.

The strain was computed along the object’s center-

line in all three directions x, y and z (see Fig. 4). The

index of points indicated on the horizontal axis corre-

sponded to the x coordinates in the undeformed config-

uration from left to right, every 1mm, as defined in the

benchmark [22]. The strain curves are similar for both

FEM and SPH methods with differences of up to 0.01%

in the x-axis direction, 0.05% in the y-axis direction and

up to 0.32% in the z-axis direction.

4.2 Problem 2: Inflation of a ventricle

Second, an inflation of an ellipsoidal ventricle with

isotropic material properties was evaluated [22]. This

problem tests the discretization of a geometry described

by an analytical expression and a deformation mimick-

ing cardiac relaxation. The ventricle is given by an el-

lipsoid with a wall width of 10 mm and a length of

25 mm. The analytical expression of the geometry can

be found in [22]. A pressure of 10 kPa was applied on

the endocardial surface and the basal plane (z = 5 mm)

was fixed in all directions. Finally, the constitutive pa-

rameters were set to C = 10 kPa, bf = bt = bfs = 1

following instructions from the benchmark [22].

As qualitative results, four stages of the ventricle in-

flation while increasing pressure are presented in Fig. 5.

The blue particles on the endocardium are affected by

the pressure, which works as the blood pressure act-

ing on a ventricle. The steady state was reached when

the maximum pressure value was equal to the imposed

value.

As it can be seen in Fig. 5 the SPH solution con-

verged to the FEM solution. The model was able to

simulate quasi-incompressibility keeping the same vol-

ume of the tissue, implying therefore, a wall thinning.

This is especially noticeable by comparing Fig. 5A with

Fig. 5D where the thickening of the wall around the

apex is reduced by about 50%.

These qualitative results of the final deformation are

confirmed by the long-axis centerline computation in

Fig. 6 as well as the highest and lowest z values in the

apical region in Fig. 7. Specifically for Fig. 7, the z-

position of all FEM solutions for different degrees of

freedom is provided. The endocardial and epicardial z-

position lies within the range of values obtained with

the finite element simulations.

For the ellipsoidal problems, longitudinal, circum-

ferential and transmural strains were calculated at the

endocardium, epicardium and midwall as done in the

benchmark [22]. Points on the long-axis centerline were

used to compute the strains. For an exact definition of

the points we refer to the benchmark [22]. Fig. 8 shows

that both solutions have similar strain curves in terms

of both behavior and range of values. The strain curve

that showed most similar results with both methods

is the circumferential strain in the epicardium and the

one that obtained higher percentage of differences is the

longitudinal strain curve in the endocardium (with up

to 5% of differences in several points).
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Fig. 4: Comparison of strain curves computed with the difference in positions (p0 . . . p9) between the initial and

end configurations for both FEM and SPH solutions. Solutions from all 11 FE solvers published in [22] are overlaid

with our SPH solution, where a resolution of 4544 particles was used.

Fig. 5: Dynamic simulation of a ventricle inflation us-

ing SPH with the selected FEM solution as a reference

(in grey). Endocardial pressure boundary conditions is

applied on particles in blue. Pressure is increased grad-

ually from phase A to phase D until 10 kPa where the

final state is reached.

4.3 Problem 3: Inflation and active contraction of a

ventricle

The third problem is the inflation and active contrac-

tion of an ellipsoid with transversely isotropic material

properties. The problem tests reproducibility of com-

plex fibre patents and the implementation of active con-

traction, both important aspects of a cardiac mechanics

solver [22]. The reference geometry of this problem is

exactly the same as in Problem 2. The pressure ap-

plied to the endocardium is of 15kPa, the basal plane

Fig. 6: Left: Comparison of the longitudinal centerline

of problem 2 before (in grey) and after deformation for

the SPH (in blue) and for the FEM (in dashed yellow

line) simulations. Right: Undeformed mesh (in grey)

with centerline (in red).

was also fixed and the constitutive parameters were the

same as in Problem 1. Moreover, a system of fiber di-

rections were defined on the myocardium and an active

force was imposed on these fibres. The fibre angles α

range from −90◦ at the epicardial surface to +90◦ at

the endocardial surface. For a complete mathematical

definition of the fibres we refer to [22].

Wall thickening is present at the end of the sim-

ulation of problem 3 due to the contractile forces and

the incompressibility constraint (see Fig. 9 D). Rotation

due to the fibre orientation is also visible when compar-

ing the particle orientation of Fig. 9A against Fig. 9D.
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Fig. 7: Endocardial and Epicardial apex points for FEM

and SPH simulations of problem 2 with different de-

grees of freedom.

These qualitative results of the final deformation are

confirmed by the centerline computation in Fig. 10 as

well as the highest and lowest z values in the apical

region in Fig. 11.

Specifically for Fig. 11, the z-position of all FEM

solutions for different degrees of freedom is provided.

The centerline has a stronger deformation for the SPH

than for FEM.

The third problem is the one with higher differ-

ences between FEM and SPH strain curves, especially

in strains of the midwall (see Fig. 12). But the SPH so-

lution still lies among the median of the FEM solutions.

The SPH solution achieves a slightly higher rotation

than the one obtained using FEM (see Fig. 13).

Finally, three tables of quantitative differences be-

tween two compared models using the same geometry

are shown in Tables 2,3 and 4.

x-axis y-axis z-axis
centerline 0.01% 0.05% 0.32%

Table 2: Maximum absolute differences of strain curves

between SPH and glasgowHeart-IBFE for problem 1.

A resolution of 4544 particles was used for the SPH

simulation.

5 Discussion

The goal of this work was to evaluate the performance

of the SPH method for cardiac mechanics. SPH simula-

Circ Long Trans
Endo 4.793% 2.706% 3.170%
Epi 1.259% 2.879% 2.169%
Mid 5.409% 1.649% 2.142%

Table 3: Maximum absolute differences of strain curves

between SPH and glasgowHeart-IBFE for problem 2.

The nodes of the FE geometry were set as particles for

the SPH simulation with a total of 18486 particles.

Circ Long Trans
Endo 5.038% 8.701% 4.755%
Epi 8.315% 6.407% 2.905%
Mid 16.168% 4.672% 3.814%

Table 4: Maximum absolute differences of strain curves

between SPH and glasgowHeart-IBFE for problem 3.

The nodes of the FE geometry were set as particles for

the SPH simulation with a total of 18486 particles.

tion results were compared against an available bench-

mark, where 11 FEM solvers were used to solve three

mechanical problems. Comparison between SPH and

FEM for these three experiments show that the pro-

posed SPH simulation can be used for cardiac mechan-

ics.

Indeed, it is observed that SPH approaches the

FEM solutions for all problems. Both, the overall struc-

ture of the domains (beam and idealized ventricles in

Fig. 1,5 and 9), as well as the centerlines (Fig. 2,6 and

10) are in good agreement, and deformation patterns

are respected. Regarding strain, patterns and values of

SPH and FEM are similar (see Fig. 4,8 and 12). Quan-

titatively, for Problem 1, Table 2 shows indeed similar-

ities with strain measurements with highest differences

up to 0.32% in the computation of strain in the z-axis

direction. For problem 2, Table 3 shows that differences

between the compared models are in most of the com-

puted strains less than 5% and just in the circumfer-

ential midwall strain there is a maximum difference of

up to 5.4%. Finally, an analysis of the strain differences

between SPH and FEM for problem 3 is shown in Ta-

ble 4. The highest differences between the two meth-

ods are less than 10% for the comparison of all strains

except the circumferential midwall strain with a differ-

ence of up to 16.17%. The three tables show that both

methods are comparable and the worse results are the

circumferential midwall strains, which probably arises

from the fact that particles in SPH tend to get reorga-

nized (without preserving their relative position) inside

the volumetric object to keep the conservation of mass

and the incompressibility constraints. In zones where

particle reorganization gets relatively important, addi-
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Fig. 8: Strain comparison for both FEM and SPH simulations of problem 2 in the three directions (circumferential,

longitudinal and transversal) for each of the three myocardial layers taken into account (endocardial, epicardial

and midwall). Solutions from all 11 FE solvers published in [22] are overlaid with our SPH solution.

tional numerical strategies, such as particle reseeding or

updating neighbors (also known as updated total La-

grangian) might be used [24]. The use of those strategies

was not investigated here.

Even though differences in the results for mesh-

based and meshless methods are present, it is impor-

tant to note that differences were higher among dif-

ferent mesh-based methods as it was reported in the

benchmark [22]. For example, in problem 2 and 3, dif-

ferences up to 20% in the endocardial circumferential

strain were present.

These results were obtained thanks to the combina-

tion of several novelties that are available for SPH:

– A total Lagrangian formulation of the cardiac me-

chanics problem was formulated. We found that the

method lends itself well to the implementation of

exponential constitutive laws, commonly employed

in cardiac tissue mechanics.

– The CSPM correction was implemented because it

accounts for first order completeness and at the

same time there is no need of ghost particles around

the boundaries.

– The RK4 time integration scheme was used since

it was reported to be a suitable time integration

scheme in the context of SPH. [18]. Improvements

of RK4 integration time exist but they are compu-

tationally more expensive [28, 18] and for the prob-

lems taken into account throughout this study, RK4

suffices.

– To deal with high deformations, the term of the ar-

tificial viscosity introduced by Monaghan [33] was

added to the SPH formulation since the hourglass

effect does not account for large deformations [14].

– Moreover, the ability to use a Poisson ratio of 0.495

to impose quasi-incompressibility showed robust-

ness of the method.
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Fig. 9: Dynamic simulation of a ventricle subjected to

dilation and contraction with the selected FEM so-

lution as a reference (in grey). Endocardial pressure

is increased gradually from phase A to phase D until

15 kPa where the final state is reached. An active force

on the fiber orientation is as well gradually increased

from phase A to phase D until 60 kPa.

SPH as a numerical solver for mechanics provides

several advantages, starting from its meshless nature.

In FE analysis, the polynomial bases are limited by

the element structure, which implies that the method

is less adaptive to different geometries. For complicated

geometries like the one of the heart, building the el-

ement structure for high order elements (meshing) is

very complicated and cannot be done automatically, so

meshing and remeshing are very time consuming and

labor-intensive.

By using SPH, the polynomial bases for spatial ap-

proximation are not limited by the element structure,

avoiding the tedious step of meshing and remeshing

[41]. On top of that, releasing the need for a mesh

can certainly suit biophysical problems. In particular

for cardiac mechanics, spatial resolution of images and

image segmentations provide uncertainties on the wall

location. Besides, small structures such as cardiac tra-

beculations can be hard to mesh.

The particle distribution was not evaluated in this

article for all problems, since it was assumed that the

same prior knowledge that is employed to mesh a ge-

ometry for FEM can be used for SPH. This FEM mesh

Fig. 10: Left: Comparison of the longitudinal centerline

in the middle of the wall of problem 3 before (in grey)

and after deformation for the SPH (in blue) and for

the FEM (in dashed yellow line) simulations. Right:

Undeformed mesh (in grey) with centerline (in red).

Fig. 11: Endocardial and Epicardial apex points for

FEM and SPH simulations of problem 3 with different

degrees of freedom.

might not be the optimal for SPH, but it can be used as

a starting point towards an optimal strategy to find the

particle number and distribution using SPH for cardiac

mechanics.

Another advantage of SPH is the easy paralleliza-

tion. The code could be further optimized in a more
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Fig. 12: Strain comparison for both FEM and SPH simulations of problem 3 in the three directions (circumferential,

longitudinal and transversal) for each of the three myocardial layers taken into account (endocardial, epicardial

and midwall). Solutions from all 11 FE solvers published in [22] are overlaid with our SPH solution.

Fig. 13: Up: Circumferential centerlines of problem 3

to observe the difference on rotation between the com-

pared SPH and FEM simulation. Bottom: View of the

circumferential centerline from the base.

efficient framework and parallelized using graphic pro-

cessing units (GPU) that would probably decrease the

computation time getting closer to real-time simula-

tions (see [20] for an example with real time simula-

tions with SPH). In fact, [19] discussed the potential

of meshless total Lagrangian explicit methods such as

SPH for real-time simulations.

A third advantage is the possibility to perform FSI

for cardiac physiology. Indeed, SPH has been used for

cardiac electrophysiology [27] and also used to simu-

late flow through valves [29]. Moreover, pure SPH for

FSI has been shown to nicely perform when compared

with experimental data [2]. The use of a unique nu-

merical technique for cardiac electromechanics and fluid

dynamics opens the possibility to tackle the challeng-

ing problem for cardiac modeling with a sole numerical

technique.

As limitations of this work, without any GPU paral-

lelization, the computation time using the same degrees
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of freedom as the ones using FEM is higher. Another

limitation is that the problems taken into account did

not reflect reality, especially in terms of deformation

and complexity of the geometry. The solver needs to

be evaluated on image-based heart anatomies. More re-

search should be performed to properly characterize the

magnitude of the errors for more complex cases, includ-

ing an analysis of the influence of the choice of the time

step. Finally, the main future direction is to couple the

proposed model with an electrophysiological model, as

well as with fluid particles.

6 Conclusions

In conclusion, the first cardiac mechanics solver based

on SPH is presented in this paper. SPH initially suffered

from a number of challenges that limited its use in solid

mechanics. In this study, we have demonstrated that

the SPH method can now be considered a more use-

ful numerical tool in solid mechanics, and in particular

in cardiac tissue mechanics, especially where complex

geometries and large deformations are present.
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