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Spectral Analysis of Quadrature Rules and Fourier
Truncation-based Methods Applied to Shading

Integrals
Ricardo Marques, Christian Bouville and Kadi Bouatouch

Abstract—We propose a theoretical framework, based on the theory of Sobolev spaces, that allows for a comprehensive analysis of
quadrature rules for integration over the sphere. We apply this framework to the case of shading integrals in order to predict and analyze the
performances of quadrature methods. We show that the spectral distribution of the quadrature error depends not only on the samples set size,
distribution and weights, but also on the BRDF and the integrand smoothness. The proposed spectral analysis of quadrature error allows for a
better understanding of how the above different factors interact. We also extend our analysis to the case of Fourier truncation-based
techniques applied to the shading integral, so as to find the smallest spherical/hemispherical harmonics degree L (truncation) that entails a
targeted integration error. This application is very beneficial to global illumination methods such as Precomputed Radiance Transfer and
Radiance Caching. Finally, our proposed framework is the first to allow a direct theoretical comparison between quadrature- and
truncation-based methods applied to the shading integral. This enables, for example, to determine the spherical harmonics degree L which
corresponds to a quadrature-based integration with N samples. Our theoretical findings are validated by a set of rendering experiments.

Index Terms—Rendering Equation, Spectral Analysis, Monte Carlo Methods, Spherical Harmonics Decomposition.

F

1 Introduction

R ecent research works have shown the interest in the Fourier
analysis of rendering algorithms (e.g. Belcour et al. [4]

and Mehta et al. [22]), and especially with regard to sampling
strategies (e.g. Ramamoorthi et al. [25], Subr and Kautz [29],
and Pilleboue et al. [24]). However, most research works are
focused on the general case of Monte Carlo methods and do
not consider a spectral analysis of spherical quasi-Monte Carlo
(QMC) techniques or, more specifically, deterministic hemispher-
ical quadrature rules applied to illumination integrals. This is, in
our opinion, an important gap in the literature as QMC methods
are currently widespread in computer graphics as shown by
Keller [15]. Another integration technique, commonly used in
rendering applications, consists in computing the integral in the
spectral domain. In this case, the integration error results from the
truncation of the theoretically infinite spectrum of the integrand.
Our goal in this paper is thus to propose a theoretical framework
for (i) a spectral analysis of hemispherical quadrature techniques
for evaluating the shading integral, and (ii) an analysis of the error
due to the truncation of the spherical harmonics expansion of the
integrand. In both cases, we use the theory of Sobolev spaces to
model the smoothness characteristics of the integrand as explained
below.

It is well known that the error bounds of QMC techniques
strongly depend on the smoothness of the integrand. Compared
to a classic Monte Carlo method, no useful error bounds can be
found if the integrand is highly discontinuous. For analyzing the
performances of quadrature rules, we have based our approach on
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Sobolev spaces theory. Sobolev spaces are already broadly used
in the theory of quadrature rules on the sphere (e.g., Brauchart
et al. [7]). They provide an elegant mathematical framework to
characterize functions smoothness in the spectral domain.

The main points of our contribution concern: (i) the spectral
analysis of spherical / hemispherical quadrature rules with the
new notions of zonal and anisotropic errors; (ii) the spectral
analysis of the spherical / hemispherical harmonic (SH/HSH,
respectively) expansion of the shading integral, and the effect of
truncating this expansion on the evaluation of shading integrals;
(iii) a mathematical framework for analyzing the performance of
quadrature rules and of the truncation of the SH/HSH expansion
of shading integrals in terms of worst-case error and spectral
distribution of the integration error. We apply the theoretical
framework proposed in this paper to various QMC techniques so
as to analyze and predict their performances. We also apply it
to the case of Fourier truncation-based techniques for computing
the shading integral. This spectral framework allows finding the
smallest SH/HSH degree L that entails a targeted integration error,
which is very beneficial to global illumination methods such as
precomputed radiance transfer (PRT) [27] and radiance caching
(RC) [17], or to quadrature-based techniques such as quasi-Monte
Carlo (QMC).

In the following, after a presentation of related works in
this domain (Sec. 2), we will briefly introduce the necessary
mathematical background on the spectral analysis of spherical
functions and the theory of Sobolev spaces (Sec. 3). Then, our
contribution begins with the spectral analysis of the main types
of illumination integrals (Sec. 4) followed by a spectral analysis
of integration errors produced by quadrature rules (Sec. 5) and by
the truncation of the shading integral in the Fourier domain. Our
theoretical framework is then applied to the theoretical analysis of
currently-used QMC methods (Sec. 7), and of the truncation in the
Fourier domain (Sec. 8). In Sec. 6 we provide formal proofs of the
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most important equations given in the paper. In Sec. 9 we show
that our theoretical analysis is in accordance with experimental
data. Then we conclude in Sec. 10.

2 Related work
The spectral analysis of the shading integral was first studied
in the context of the inverse rendering problem [3], [23], [26].
Although these papers propose a thorough spherical harmonics
analysis of common BRDFs, none of these papers addresses the
issues related to integral approximation and incident radiance
sampling. With regard to spectral analysis of stochastic sampling,
Subr and Kautz [29] give an extensive review of the literature
on this subject and propose new quality measures of sampling
strategies. Pilleboue et al. [24] propose a Fourier analysis of
stochastic Monte-Carlo integration on the sphere. Their approach
is based on a stochastic analysis of the sampling process whereas
our approach is essentially deterministic. The difference between
both methods is analyzed in details at the end of this section.
Most of the literature on quadrature methods on the sphere, and
on spherical QMC methods in particular, resorts to a reproducing
kernel Hilbert spaces (RKHS) approach originally proposed by
Hickernell [14]. Under some restrictions, Sobolev spaces are
RKHSs. Sobolev spaces are function spaces that have particularly
interesting properties to model functions of varying smoothness.
This theory has been extensively used to analyze quadratures on
the sphere (e.g. Brauchart and Dick [5]) and it can be used in
many different ways to optimize point sets distribution on the
sphere (see, e.g., Brauchart and Grabner [6] and Brauchart et
al. [7]). Marques et al. [19] use the theory of Sobolev spaces to
derive optimal sample weights (OSW) for any samples distribution
on the hemisphere. They apply their method to the computation
of shading integrals and show that their method outperforms all
familiar methods used in this context.

In this paper, our approach to integration quadrature error is
essentially deterministic. As opposed to the method of Pilleboue
et al. [24] which is based on a stochastic Monte Carlo analysis,
in our approach the point distribution is not necessarily assumed
to be random which allows a spectral analysis of quadrature error
due to a single (fixed) point set. Moreover, in our approach, the
analyzed sample set need not be homogeneous (according to the
definition given by Pilleboue et al. [24]) as our framework can deal
with any sample distribution. Besides our quadrature analysis is
not limited to simple samples averaging estimate, as in stochastic
Monte Carlo or in basic QMC, but also deals with the most general
form of weighted average estimation. Furthermore, our model
considers integrands as the product of two functions. The first
one represents the incident radiance function which is supposed to
be unknown and the second one represents the BRDF (either in the
exact or in an approximate form). In this way, our approach can
easily factor in the effect of importance sampling which basically
consists in morphing the sample sets so as to adapt to the shape of
the BRDF. This integrand model thus allows a spectral analysis
of quadrature error in application cases that correspond quite
closely to computer graphics practices. Our theoretical framework
directly deals with a hemispheric integration domain without any
use of coordinate transformations and no particular symmetry
property is required for the integrand as in Pilleboue et al. [24].
Finally, our error analysis is not based on particular profiles of
integrand power spectra but on a more general Sobolev space
model of the integrand, which allows a spectral analysis in a wide

range of integrand smoothness. Furthermore, we show that the
Sobolev spaces approach is not limited to the analysis of point
sampling quadrature but can also be extended to frequency domain
integration as explained below. This enables us to compare both
integration methods on the same basis. Indeed, another commonly-
used approach to estimate the shading integral is to perform the
inner product between the incident radiance function and the
BRDF function in the spherical harmonics domain. The integral
approximation is then obtained by computing a truncated SH
expansion of this inner product up to a degree L.

Our objective is to propose a spectral analysis of the error
resulting from the approximation of shading integrals with a
classic quadrature or with an inner product truncation method.
With this analysis it is possible to determine the maximum degree
L of the SH expansion of the incidence radiance function so as to
get an acceptable integration error with an inner product truncation
method. For both classic quadrature and inner product truncation,
we use the same theoretical approach based on Sobolev spaces.

3 Mathematical background on spherical functions
3.1 Spectral analysis of spherical functions

In this subsection and the following one, we briefly introduce
the mathematical background about spectral analysis of spherical
functions by means of Legendre spherical harmonics (SH) and
hemispherical harmonics (HSH). For more information on this
subject, we refer the reader to Freeden and Gervens [10] and to
Atkinson and Han [2]. SH basis functions are defined on the S2

sphere in R3 as follows. Given any integer l ≥ 0 and any integer
m, |m| ≤ l, the SH Yl,m(θ, φ) of degree l and order m is given by:Yl,m(θ, φ) = Nl,m Pm

l (cos θ) eimφ for m ≥ 0,
Yl,m(θ, φ) = (−1)m Y∗l,−m for m < 0,

(1)

where (θ, φ) are the spherical coordinates of a point on S2 and
x∗ denotes the complex conjugate of x. Nl,m is a normalization
coefficient that makes the SH orthonormal:

Nl,m =

√
2l + 1

4π
(l + m)!
(l − m)!

(2)

and Pm
l (cos θ) are the associated Legendre functions which be-

come Legendre polyomials Pl(cos θ) for m = 0. In the following,
we will also make use of the SH addition theorem:

m=l∑
m=−l

Yl,m(u) Y∗l,m(v) =
2l + 1

4π
Pl(u · v), u, v ∈ S2, (3)

where u · v = cos θ. As the shading integral is an integral over
a hemisphere, the rendering applications often use hemispherical
harmonics (HSH) instead of spherical harmonics [11]. HSH are
derived from SH using the shifting property of Legendre poly-
nomials, which leads to the following definition of the shifted
associated Legendre functions P̃m

l :

P̃m
l (x) = Pm

l (2x − 1) with x ∈ [0, 1] . (4)

Based on this definition, the hemispherical harmonics basis func-
tions (HSH) can be defined as follows:

Ỹl,m(θ, φ) = Ñl,m P̃m
l (cos θ) eimφ , (5)

with θ ∈ [0, π/2], φ ∈ [0, 2π] and the normalization coefficient:

Ñl,m =

√
2l + 1

2π
(l + m)!
(l − m)!

. (6)
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HSH coefficients can be converted to SH coefficients and vice
versa as explained by Gautron et al. [11]. However, when convert-
ing from HSH to SH, the reconstructed spherical function will be
zero-valued in the lower hemisphere. Note that SH have to be used
when considering participatiing media and environments maps.

3.2 Sobolev spaces on the S2 sphere

As quadrature error depends on the integrand smoothness, it is
necessary to characterize this factor in a way that can be easily
handled in both original and spectral domains. Sobolev spaces for
spherical functions are well-suited to this requirement [2], [10].
They are function spaces, denoted by Hs(S2), whose smoothness
is characterized by a parameter s ∈ R+. The larger the value
of s, the smoother the spherical functions belonging to Hs(S2).
Furthermore, as we show below, Sobolev spaces also have the
advantage of allowing a characterization of the function space in
the spectral domain, which will be very useful for the spectral
analysis of integration error addressed in this paper.

When the Sobolev space coefficient s = 0, then we have
H0(S2) = L2(S2), i.e., the space of square integrable functions.
When s > 1, all functions f ∈ Hs(S2) are bounded. As explained
by Marques et al. [19], it is an essential property to have a bounded
quadrature evaluation, which is strictly required for the error
analysis performed in the remainder of this paper. Therefore, only
the Sobolev spaces with s > 1 are considered in the following. In
this case, Sobolev spaces are reproducing kernel Hilbert spaces
(RKHS) [13], which means that given a Sobolev space Hs(S2),
there exists a kernel K(s)(u, v) such that K(s)(·, v) ∈ Hs(S2) and:

〈 f (·),K(s)(·, v)〉Hs = f (v), v ∈ S2, f ∈ Hs(S2), (7)

the latter being known as the reproducing property. Note that
this equation holds because f (v) is always bounded. In the
following, we assume that the kernel K(s)(u, v) is isotropic, i.e.
K(s)(u, v) = K(s)(v,u) and K(s)(u, v) only depends on the difference
u − v. Thus K(s)(u, v) can be expanded in terms of Legendre
polynomials yielding:

K(s)(u, v) =

∞∑
l=0

a(s)
l

2l + 1
4π

Pl(u · v). (8)

Eq. (8) leads to the following expression of the a(s)
l coefficients:

a(s)
l =

∫
S 2

K(s)(u, v)Pl(u · v) dS (u) , (9)

where the integral has the same value for any point v ∈ S2 because
K(s)(u, v) is isotropic. The kernel in Eq. (8) is thus real-valued,
symmetric (K(s)(u, v) = K(s)(v,u)) and isotropic. It is also a radial
function as the distance |u − v| and the inner product (u · v) are
related by the equation:

|u − v|2 = 2 − 2(u · v), with u, v ∈ S2. (10)

Eq. (8) can be rewritten in terms of SH basis functions as follows
[16], by application of the SH addition theorem (Eq. (3)):

K(s)(u, v) =

∞∑
l=0

a(s)
l

m=l∑
m=−l

Yl,m(u)Y∗l,m(v), u, v ∈ S2, (11)

hence allowing to have an explicit SH expansion of the frequency
of the Sobolev space kernel K(s)(u, v). Note that the spectral
features of the function space are controlled by the a(s)

l coefficients
which, as noted by Brauchart et al. [7] exhibit a rate of decay in

O(l−2s), with s being the smoothness parameter. As Sobolev spaces
are Hilbert spaces then, given any functions f , g ∈ Hs(S2), there
exists an inner product 〈 f , g〉Hs defined by:

〈 f , g〉Hs :=
∞∑

l=0

m=l∑
m=−l

1

a(s)
l

fl,mg∗l,m, (12)

where fl,m and gl,m are the SH coefficients of f and g respectively.
The inner product in Eq. (12) induces the norm ‖ f ‖Hs such that:

‖ f ‖Hs :=

 ∞∑
l=0

m=l∑
m=−l

1

a(s)
l

| fl,m|2


1
2

. (13)

As explained by Brauchart et al. [7], there exists some degree of
freedom in choosing the kernel K(s)(u, v) since all positive definite
isotropic kernels (i.e. a(s)

l > 0) have equivalent Sobolev space
norms as long as the rate of decay of their a(s)

l coefficients is in
O(l−2s). In the following, we use the generalized distance kernel
[7] because it has the advantage of having an analytic form. When
1 < s < 2, this kernel is defined as follows:

K(s)
gd (u, v) =

22s−1

s
− |u − v|2s−2, (14)

and the a(s)
l coefficients are given by:

a(s)
0 = 4π

22s−2

s
, (15)

a(s)
l = −4π

22s−2

s
Γ(1 − s + l) Γ(1 + s)
Γ(1 + s + l) Γ(1 − s)

, l ≥ 1. (16)

where Γ(.) represents the extended factorial Gamma function. Note
that the kernel K(s)(u, v) as defined by Eq. (11) has an infinite
spectral bandwidth and consequently kernel-based approximation
with this kernel also generates functions with infinite spectral
bandwidth. This property enables to approximate any function
in L2(S2) with arbitrary precision (i.e. Sobolev spaces are dense
in L2(S2)). This property is not met with classic band-limited
approximation methods, hence making it more appropriate to
represent the potentially sharp variations of the incident radiance
functions. Furthermore, as shown later by our experimental results
(Sec. 9.1), we have observed that many incident radiance functions
are optimally modeled by functions with a smoothness close to
s = 1.5.

4 A spectral analysis framework for shading integrals
4.1 General case

In shading integrals, the integrand is basically the product of
two spherical functions: the incident radiance f (u) and a weight
function p(u) which corresponds to the product BRDF × cos(θ),
θ being the incidence angle. In the following, we consider that
p(u) ∈ L2 is an analytically known function which is non-zero
only over the upper hemisphere Hz+ aligned with the z axis, which
means that p(u) = 0 if u ∈ Hz− (i.e., when u · z = cos θ < 0).
The incident radiance function f (u) is assumed to belong to some
Sobolev space Hs(S2). So as to facilitate the connection with QMC
theory, we normalize the shading integral as follows:

I f =
1

2πrs

∫
S 2

f (u)p(u) dS (u), (17)

where the normalization coefficient rs is:

rs =
1

2π

∫
S 2

p(u) dS (u), (18)
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taking into account that p(u) = 0 in the lower hemisphere Hz−. In
the cases studied hereafter, the BRDF is a zonal function (i.e. its
value depends only on the polar angle of the incident direction),
that is, p(u) := p(u·z) = p(cos θ), in which case its SH coefficients
pl,m = 0 if m , 0. If the BRDF is not analytically known or is
anisotropic, it can be substituted with an analytical approximation
by replacing f (u) with f ′(u) = f (u)p(u)/p′(u) where p′(u) is
a zonal approximation of p(u). Thus, in application of the inner
product property (Eq. (12)), we have:

I f =
1

2πrs

∫
S 2

f (u)p(u) dS (u) =

∞∑
l=0

fl,0b(p)
l , (19)

with:

b(p)
l =

〈p,Yl,0〉L2

2πrs
=

1
2πrs

∫
S 2

p(u)Yl,0(u) dS (u), (20)

where the b(p)
l coefficients are the zonal harmonics coefficients

of the normalized weight function p(u). In the above equations,
recall that the hemispherical nature of the integration domain is
conditioned by the weight function p(u) whose value is set to
zero in the lower hemisphere Hz−. In the case HSH are used
instead of SH, equivalent equations to Eq. (19) and (20) are
obtained by simply replacing SH Yl,0 basis functions by HSH Ỹl,0

basis functions and b(p)
l , fl,0 SH coefficients by HSH coefficients

b̃(p)
l , f̃l,0. In the following, two basic cases of shading integrals are

analyzed, i.e. diffuse and glossy reflections.

4.2 Diffuse reflection case

In the case of diffuse reflection, the weight function p(u) = (u ·z),
∀u ∈ Hz+ and p(u) = 0 elsewhere. Then rs = 1/2 and using
Eq. (20), the SH coefficients of the normalized weight function
for the diffuse reflection case b(p)

l = b(d)
l are:

b(d)
l =

√
(2l + 1)

π

∫ π
2

0
Pl(cos θ) cos θ sin θ dθ. (21)

This equation can be expressed analytically as follows (cf. Basri
and Jacobs [3] or Ramamoorthi and Hanrahan [26]):

b(d)
l =


(−1)

l
2 +1

√
(2l+1)
π

1
2l(l−1)(l+2)

l!
[( l

2 )!]2 if l > 1 even,

0 if l > 1 odd,
1
√

3π
if l = 1,

1
2
√
π

if l = 0.

(22)

As for the HSH case, Eq. (21) becomes:

b̃(d)
l =

√
2(2l + 1)

π

∫ π
2

0
P̃l(cos θ) cos θ sin θ dθ. (23)

As P̃l(z) = Pl(2z − 1), we can use the variable substitution z′ =

2z − 1 = 2 cos θ − 1 to get:

b̃(d)
l =

√
2(2l + 1)

π

1
4

∫ 1

−1
(z′ + 1) Pl(z′) dz′. (24)

The integral in Eq. (24) can be interpreted as the projection of the
first degree z′+1 polynomial on the basis of Legendre polynomials
that are orthogonal on the [−1, 1] interval with respect to the L2

norm. Then, only the first two coefficients b̃(d)
0 = 1/

√
2π and b̃(d)

1 =

1/
√

6π are non-zero.

4.3 Glossy reflection case

For the glossy reflection case, we use the Gaussian weight func-
tion:

p(u) = en [(u·ur)−1], (25)

where ur is the perfect mirror reflection direction and n is the
glossiness parameter. Then θr = (u,ur) is the angle between the
ray incidence direction u ∈ Hz+ and ur for a given observation
direction. Gaussian weight functions of this type have been an-
alyzed in [20] and it is shown that the normalization coefficient
is rs = (1 − e−n) /n. This weight function closely approximates
the well-known Phong’s weight function cosn θr but the analytical
expression of the b(p)

l coefficients is much simpler (details are
given in the next subsections). The exact values of b(p)

l coefficients
for the Phong’s weight function can be found in Ramamoorthi and
Hanrahan [26]. For the sake of simplicity, we assume that n is large
enough so that p(u) ≈ 0 outside the integration domain i.e. the
upper hemisphere. This implies that our analysis is not applicable
to grazing angle configurations, which can be considered marginal
for high values of n. Given this assumption, we can take the
hemisphere centered about ur as the integration domain instead
of the hemisphere centered about the surface normal. The z
axis orientation is then aligned with ur (hence u · ur = z) and
hence θr = θ, which makes the function p(u) = p(u · z) zonal
with axis z. Then, from Eq. (20) and Eq. (25), and using the
variable substitution z = cos θ, the normalized weight function
SH coefficients called b(g)

l (since in the glossy case b(p)
l = b(g)

l ) are
given by:

b(g)
l =

1
rs

√
(2l + 1)

4π

∫ 1

0
en (z−1)Pl(z) dz. (26)

If n is large enough, p(u) ≈ 0 for θ > π/2. Therefore, extending
the boundaries of the integral in Eq. (26) to [−1, 1] does not
change the integral value but allows considering this integral as the
coefficient of a Legendre polynomial expansion of the Gaussian
function. As mentioned above, the Legendre polynomial forms
an orthogonal functions basis, and the integral in Eq. (26) can
then be interpreted as the projection of the Gaussian function
onto a Legendre polynomial basis function. This allows using the
Legendre polynomial expansion of the spherical Gaussian function
such as given by Eq. 10.2.37 in [1]. Based on this equation,
we have derived the following analytical approximation of the
normalized SH coefficients of the weight function:

b(g)
l ≈

e−n

1 − e−n

√
nν Iν(n), with ν = l +

1
2
, (27)

Iν(x) being the modified Bessel function of the first kind. In the
HSH expansion case, we have:

b̃(g)
l =

1
rs

√
(2l + 1)

2π

∫ 1

0
en (z−1)Pl(2z − 1) dz, (28)

which after the z′ = 2z − 1 variable substitution gives:

b̃(g)
l =

1
2rs

√
(2l + 1)

2π

∫ 1

−1
e

n
2 (z′−1)Pl(z′) dz′. (29)

We can then proceed the same way as for Eq. (26) to get:

b̃(g)
l ≈

e
−n
2

1 − e−n

√
nν Iν

(n
2

)
, with ν = l +

1
2

(30)

Note however, that unlike Eq. (27), we do not need to extend the
integration domain to develop the integral in Eq. (30) and this
expression is thus exact at normal incidence.
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Fig. 1. Power spectrum of quadrature rules using different point sets as a function of the expansion degree l. A single point set realization containing 256
samples was used for each considered point set generator. The top and bottom rows depict the diffuse and glossy reflection cases, respectively. The
shininess coefficient for the glossy reflection case is n = 30. The left column shows the zonal power spectrum coefficients (PSC) d2

l for equal-weights
quadrature rules. The center column shows the anisotropic PSCs C2

l for equal-weights quadrature rules. The right column shows the anisotropic PSCs
C2

l for optimal-weights quadrature rules (Marques et al. [19]). Note that the zonal coefficients d2
l are roughly two orders of magnitude smaller than the

anisotropic C2
l coefficients, making the worst-case error E(s) in Eq. (42) be dominated by the anisotropic error E(s)

Z (see Eqs. (46) and (47)). Note also that
the effect of the optimal sample weights (OSW) in reducing the value of the C2

l power spectrum coefficients (PSCs) at low frequencies, which is particularly
visible for random point sets. Refer to Fig. 2 for a clearer comparison of the low frequency spectra in the diffuse case.

4.4 Conversions from HSH to SH

As the SH and HSH expansion of p(u) and p′(u) only involves
zonal harmonics, only conversions between zonal coefficients are
relevant. Thus, given a truncated set of L′ coefficients b̃(p)

l′ taken
from the full HSH expansion of p(u), the converted SH coefficients
b′(p)

l of p′(u) can be expressed by [11]:

b′(p)
l =

L′∑
l′=0

b̃(p)
l′ Ml′l, (31)

where the Ml′l are the conversion matrix coefficients:

Ml′l =

∫
S 2

Ỹl′,0(u) Yl,0(u) dS (u), (32)

which can be developed as follows using Eqs. (4) and (5), and
applying the z = cos θ variable substitution:

Ml′l =

√
(2l + 1)(2l′ + 1)

2

∫ 1

0
Pl′ (2z − 1) Pl(z) dz, (33)

where Pl(x) is the Legendre polynomial of degree l. Note that
although the number of b̃(p)

l′ HSH coefficients is truncated to l′ =

L′, there is still a theoretically infinite number of converted b′(p)
l

SH coefficients. In our implementation, the expansion of the b′(p)
l

coefficients has been limited to L = 170, which has proven to be
sufficient for the applications presented in this paper.

5 Error analysis for the shading integral
5.1 Worst-case error in Sobolev spaces setting

Our goal in this section is to study the behavior of the approxi-
mation error I f − Ĩ f that results from approximating the shading
integral of Eq. (17) by Ĩ f with some estimation method. In the
following, we consider two approximation methods. The first one
is the quadrature:

Ĩ f =

N∑
j=1

w j f (uj), (34)

where {u j} ⊂ Hz+ is a set of sampling points and {w j} is the
set of associated weights. The set of sampling points {u j} can
be distributed using whatever method is appropriate and partic-
ularly the well-known importance sampling method. Typically,
in information-based complexity theory [30], the information
brought by the samples in Eq. (34) is classified as standard
information. The second method is based on Eq. (19) and consists
in truncating the SH/HSH expansion of the inner product to give:

Ĩ f =

L∑
l=0

fl,0b(p)
l , (35)

where L is the maximum degree of the SH/HSH expansion. As
opposed to Eq. (34), Eq. (35) is said to use linear information,
i.e., linear functionals (in this case an inner product functional).

In section 3.2, we have seen that the theory of Sobolev
spaces allows characterizing the integrand smoothness under the
form of a smoothness parameter s. We have then assumed that
f (u) ∈ Hs(S2) where Hs(S2) is a Sobolev space of smoothness
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Fig. 2. Close-up views of Figs. 1 (b) and (c) showing the effect of the optimal
sample weights [19] on the first 10 anisotropic power spectrum coefficients
(PSC) C2

l . Note the significant reduction of the C2
l values in (b).

s > 1. Under this assumption, we have seen that Hs(S2) is a
RKHS and consequently f (u) is bounded whatever f ∈ Hs(S2).
Then, examining equations (17), (34) and (35), I f and Ĩ f can be
considered as bounded linear functionals of f . The approximation
error I f − Ĩ f is thus also a bounded linear functional of f . Thus, in
application of the Riesz representation theorem [2], there exists a
function h(s) ∈ Hs(S2) called the representer such that:

I f − Ĩ f = 〈 f , h(s)〉Hs , (36)

where Ĩ f is an approximation of I f using either a quadrature or a
truncation. We can then apply the Cauchy-Schwartz inequality to
obtain the following error bound:

|I f − Ĩ f | ≤ ‖ f ‖Hs ‖h(s)‖Hs . (37)

In the literature (cf. e.g. [7]), the quadrature error is usually
characterized by the worst case error defined by:

E(s) = sup
f∈Hs(S2), ‖ f ‖≤1

|Ĩ f − I f | . (38)

This definition can also be applied to the approximation method
of Eq. (35). Then, using Eq. (37), we can write:

E(s) = ‖h(s)‖Hs = 〈h(s), h(s)〉
1/2
Hs (39)

Note that if ‖ f ‖ > 1, the worst-case error is simply obtained by
multiplying E(s) by ‖ f ‖ in application of Eq. (37), which does not
change the theoretical analysis presented hereafter. An interesting
consequence of this formulation is that it allows to characterize
the approximation error as a function of the integrand smoothness
s. In the following, we provide an expression of the worst-case
error for both aforementioned approximation methods.

5.2 The quadrature case

In the case of a quadrature of the form of Eq. (34), the representer
of the error as defined by Eq. (36) is given by [19]:

h(s)(u) =
1

2πrs

∫
S 2

K(s)(u, v)p(v) dS (v)

−

N∑
j=1

w jK(s)(u,uj).
(40)

Then, Eq. (39) can be expanded as follows:

E(s) =

 N∑
i=1

N∑
j=1

wiw jK(s)(ui,uj)

−
1
πrs

N∑
j=1

w j

∫
S 2

K(s)(uj,u)p(u) dS (u)

+
1

4π2r2
s

∫
S 2

∫
S 2

K(s)(u, v)p(u)p(v)dS (u)dS (v)
)1/2

.

(41)

As noted by Marques et al. [19], some intuition can be given
regarding the role of each of the above three terms in the final
worst-case error E(s). The first term consists of a double weighted
sum of evaluations of the generalized distance kernel K(s) for all
sample pairs. Recall that the weights wi are the quadrature sample
weights used in Eq. (34). Informally speaking, this first term pe-
nalizes irregular sample distributions, and yields a lower value to
sample sets maximizing the spherical inter-samples distance. The
second term is a weighted sum of integrals, where each integral
accounts for the relevance of the current sample u j with regard to
the analytically-known part of the integrand p(u). Finally, the last
term is the single one which is independent of the quadrature rule
and can be interpreted as highest possible worst-case error value
obtained when the number of samples is N = 0. Using the SH
expansion of K(s)(u, v) given by Eq. (11) we show in Sec. 6.1 that
the worst-case error E(s) in Eq. (41) can be spectrally expanded as
follows:

E(s) =

a0 d2
0 +

∞∑
l=1

a(s)
l (d2

l + C2
l )


1
2

. (42)

The above equation forms the core of our theoretical contribution
to the spectral analysis of the error of quadrature rules. It makes
the worst-case error E(s) emerge as a product, in the spectral
domain, between two sets of coefficients: a(s)

l , the spectral coeffi-
cients characterizing the assumed smoothness of the unknown part
of the integrand f (u); and d2

l +C2
l , the power spectrum coefficients

characterizing the quadrature, with:

dl = b(p)
l − cl,0 , (43)

and

C2
l =

(2l + 1)
4π

N∑
i=1

N∑
j=1

wiw jPl(ui · u j) − c2
l,0 , (44)

with:

cl,0 =

√
(2l + 1)

4π

N∑
j=1

w jPl(u j · z) . (45)

Recall that the b(p)
l are the SH coefficients of the normalized

weight function (Eq. (20)) representing the BRDF. A closer look
at Eq. (42) shows that the ‘ideal’ quadrature rule is the one which
has the lowest possible values of the (d2

l + C2
l ) coefficients where

the a(s)
l coefficients have a higher value. Since the a(s)

l coefficients
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Fig. 3. Spectral distribution of the quadrature error (Eq. (42)) as a function of the expansion degree l, considering that the incident radiance function f (u)
(see Eq. (17)) belongs to a Sobolev space setting with s = 1.5. A single point set realization containing 256 samples was used for each point set generator
considered. The top and bottom rows depict the diffuse and glossy reflection cases, respectively. The shininess coefficient for the glossy reflection case is
n = 30. The left column shows the spectral decomposition of the estimation error when using equal-weights QMC, while the right column shows the same
when using optimal sample weights.

D
iff

us
e

ca
se

 64 128 256 512
-2.2

-2

-1.8

-1.6

-1.4

-1.2

-1

Fibonacci (N -0.77 )

LP (N-0.77 )

BNOT (N -0.76 )

Sobol (N -0.75 )

0.45  Random (N -0.52 )

Stratified Jitter (N -0.75 )

(a) Standard QMC (equal weights)

 64 128 256 512
-2.2

-2.1

-2

-1.9

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

Fibonacci (N -0.75 )

LP (N-0.75 )

BNOT (N -0.76 )

Sobol (N -0.74 )

Random (N -0.73 )

Stratified Jitter (N -0.74 )

(b) With optimal sample weights

G
lo

ss
y

ca
se

(n
=

30
)

 64 128 256 512
-2.4

-2.2

-2

-1.8

-1.6

-1.4

-1.2

Fibonacci (N -0.76 )

LP (N-0.85 )

BNOT (N -0.76 )

Sobol (N -0.81 )

0.5  Random (N -0.52 )

Stratified Jitter (N -0.75 )

(c) Standard QMC (equal weights)

 64 128 256 512
-2.4

-2.3

-2.2

-2.1

-2

-1.9

-1.8

-1.7

-1.6

-1.5

Fibonacci (N -0.74 )

LP (N-0.75 )

BNOT (N -0.75 )

Sobol (N -0.73 )

Random (N -0.71 )

Stratified Jitter (N -0.74 )

(d) With optimal sample weights
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and optimal weights (right column) quadrature rules using different point set generators. The top row shows the results for the diffuse reflection case, while
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the top left plot (respectively bottom left), yielding log10(wce) = log10 (Random)− 0.3 (respectively log10(wce) = log10(Random)− 0.35). The original raw data
can be found in the additional material.
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Fig. 5. Worst case error analysis for the inner product truncation method in the diffuse and glossy reflection cases, considering that the incident radiance
function f (u) (see Eq. 17) belongs to a Sobolev space setting with s = 1.5. The shininess coefficient for the glossy reflection case is n = 30. In each plot, the
scale for the red and blue lines is given by the left and right y-axis, respectively. The red lines depict the logarithm of the worst-case error wce as a function
of the cutoff frequency L. For example, in (a), the worst-case error for L = 3 is ≈ 4.4× 10−3. The blue lines represent the number of points required by QMC
(using equal weights and a spherical Fibonacci point set) to achieve the same worst-case error as the inner product truncation method. For example, in (a),
QMC requires ≈ 930 samples to reach the same worst-case error as the truncated inner product method for L = 3. (a) and (b) assume spherical harmonics
(SH) representation of f (u) while in (c) f (u) is represented by hemispherical harmonics (HSH).

have a rate of decay in O
(
l−2s

)
, the ‘ideal’ quadrature rule should

thus have low values of (d2
l + C2

l ) coefficients at low frequencies,
so as to yield the lowest possible approximation error. A more
detailed analysis on this issue is provided in Sec. 7.2. Finally,
noting that the dl coefficients are zonal (i.e., invariant to rotation
about the z-axis and only dependent on the degree l of the SH)
and that the Cl coefficients are anisotropic, the worst-case error
as defined by Eq. (42) can be split into zonal error E(s)

Z and

anisotropic error E(s)
A , such that E(s) =

(
E(s)

Z + E(s)
A

)1/2
, where:

(
E(s)

Z

)2
=

∞∑
l=0

a(s)
l d2

l , (46)
(
E(s)

A

)2
=

∞∑
l=1

a(s)
l C2

l . (47)

This formulation of the worst-case error is useful for the analysis
made in Sec. 7.2 since, as we will show later, the error of QMC
quadratures is essentially dominated by the anisotropic component
E(s)

A .

5.3 Fourier domain inner product truncation

Comparing Eq. (19) with Eq. (35), we can interpret Eq. (35) as the
inner product on L2 of f (u) with an approximate weight function
p′(u) obtained by truncating the SH expansion of p(u):

p′(u) = 2πrs

L∑
l=0

b(p)
l Yl,0(u), (48)

The same equation applies to the HSH expansion case by replacing
b(p)

l and Yl,0 with b̃(p)
l and Ỹl,0 respectively. However, f (u) is still

defined on the whole sphere S2 and so are the Sobolev spaces
Hs(S2). Therefore, in the Fourier domain, the inner product of
Eq. (39) is basically expanded in SH basis functions as defined by
Eq. (12). So as to make use of Eq. (12) in the case of truncation in
the HSH expansion, the set of HSH coefficients {b̃(p)

l }, l ∈ [0, L] has
to be converted in SH coefficients b′(p)

l as explained in section 4.4.
Note that in this case, the converted SH expansion is then no
longer limited to L coefficients.

In Sec. 6.2 we show that, for the inner product truncation
method, the representer of the approximation error as defined by
Eq. (36) is given by:

h(s)(u) =
1

2πrs

∫
S 2

K(s)(u, v) [p(v) − p′(v)] dS (v) (49)

and that the worst-case error can be expressed as follows:

E(s) =

(∫
S 2

h(s)(u)[p(u) − p′(u)] dS (u)
)1/2

(50)

which can be expanded in terms of SH coefficients with:

E(s) =

 ∞∑
l=0

a(s)
l

[
b(p)

l − b′(p)
l

]2
1/2

(51)

where the b′(p)
l are the SH coefficients of p′(u). When the trunca-

tion is performed on the SH expansion of the inner product (cf.
Eq. (35)), b′(p)

l = b(p)
l for l ∈ [0, L] and b′(p)

l = 0 otherwise and the
worst-case error is then:

E(s) =

 ∞∑
l=L

a(s)
l

[
b(p)

l

]2
1/2

(52)

The above equation forms the core of our contribution to the
spectral analysis of the error of inner product truncation methods.
When the truncation is performed on the HSH expansion, the b′(p)

l
are obtained by converting the L HSH coefficients b̃(p)

l into SH
coefficients as indicated above.

6 Proofs of the spectral distribution of the error

6.1 Proof for the quadrature case

The goal of this section is to prove Eq. (42), which expresses the
worst case error E(s) as a product between two sets of coefficients,
i.e., the a(s)

l coefficients which characterize the smoothness of
the integrand f (u); and d2

l + C2
l , the power spectrum coefficients

which characterize the quadrature rule. The starting point is the
worst-case error expression for hemispherical quadratures given
by Eq. (41). Using the spherical harmonics (SH) expansion of
the Sobolev kernel K(s)(u, v) (Eq. (11)), the first term of the sum
in brackets in Eq. (41) can be expanded in terms of spherical
harmonics as follows:

N∑
i=1

N∑
j=1

wiw jK(s)(ui,uj) =

∞∑
l=0

a(s)
l

m=l∑
m=−l

∣∣∣∣∣∣∣∣
N∑

j=1

w jYl,m(u j)

∣∣∣∣∣∣∣∣
2

. (53)
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Let {cl,m} be the set of spectral coefficients defined by:

cl,m =

N∑
j=1

w jYl,m(uj) . (54)

We can then re-write Eq. (53) as:

N∑
i=1

N∑
j=1

wiw jK(s)(ui,uj) =

∞∑
l=0

a(s)
l

m=l∑
m=−l

|cl,m|
2 . (55)

Similarly, the second term of the sum in Eq. (41) can be expanded
in terms of SH. After changing the order of the sums, this yields:

1
πrs

N∑
j=1

w j

∫
S 2

K(s)(uj,u)p(u) dS (u)

=2
∞∑

l=0

a(s)
l

m=l∑
m=−l

1
2πrs

∫
S 2

Y∗l,m(u)p(u) dS (u)
N∑

j=1

w jYl,m(u j)

=2
∞∑

l=0

a(s)
l b(p)

l cl,0 . (56)

In the last line of the development, we use Eq. (20) and the
fact that p(u) is a zonal function. Consequently, only the zonal
SH coefficients are non-zero. As for the last term of the sum in
Eq. (41), Eq. (11) can be used again to expand the kernel in the
same way as for the second term, which gives:

1
4π2r2

s

∫
S 2

∫
S 2

K(s)(u, v)p(u)p(v)dS (u)dS (v) =

∞∑
l=0

a(s)
l

(
b(p)

l

)2
.

(57)
Using the Eqs. (55), (56) and (57), we can re-write Eq. (41) as:

E(s) =

 ∞∑
l=0

a(s)
l

 m=l∑
m=−l

|cl,m|
2 − 2b(p)

l cl,0 +
(
b(p)

l

)2



1/2

=

 ∞∑
l=1

2a(s)
l

m=l∑
m=1

|cl,m|
2 +

∞∑
l=0

a(s)
l

(
c2

l,0 − 2b(p)
l cl,0 +

(
b(p)

l

)2
)

1/2

=

2 ∞∑
l=1

a(s)
l

m=l∑
m=1

|cl,m|
2 +

∞∑
l=0

a(s)
l

(
b(p)

l − cl,0

)2


1/2

. (58)

Let us now define {C2
l } as the set of power spectrum coefficients

such that:

C2
l = 2

m=l∑
m=1

|cl,m|
2, (59)

with cl,m being given by Eq. (54). Then, we can use Eqs. (59) and
(43) to rewrite Eq. (58) as:

E(s) =

 ∞∑
l=1

a(s)
l C2

l +

∞∑
l=0

a(s)
l d2

l


1
2

=

a(s)
0 d2

0 +

∞∑
l=1

(
C2

l + d2
l

)
1
2

,

which proves Eq. (42). Finally, let us note that the cl,0 and C2
l

coefficients can alternatively be expressed in terms of Legendre
polynomials only. The SH of order m = 0 are then reduced to:

Yl,0(θ, φ) =

√
(2l + 1)

4π
Pl(cos θ) , (60)

from which Eq. (45) is easily derived. As for the C2
l coefficients,

the SH addition theorem (Eq. (3)) is used to derive Eq. (44) from
Eqs. (54) and (59).

6.2 Proofs for the inner product truncation case

In the inner product truncation case, given the approximated
weight function p′(u) resulting from the truncation of the Fourier
expansion of p(u), the approximated integral value is then:

Ĩ f =
1

2πrs

∫
S 2

f (v)p′(v) dS (v) . (61)

The approximation error can then be expressed by:

I f − Ĩ f =
1

2πrs

∫
S 2

f (v) [p(v) − p′(v)] dS (v) , (62)

Using Eq. (7), f (v) can be replaced by its inner product formula-
tion, which gives:

I f − Ĩ f =
1

2πrs

∫
S 2
〈 f (·),K(s)(·, v) 〉Hs [p(v) − p′(v)] dS (v) . (63)

As the inner product is a symmetric bilinear operator, we can
rewrite the above equation as follows:

I f − Ĩ f =
1

2πrs

〈
f (·),

∫
S 2

K(s)(·, v) [p(v) − p′(v)] dS (v)
〉
Hs

. (64)

Noting that Eq. (64) has the same form as Eq. (36), we can easily
identify h(s)(u) as stated in Eq. (49). Then, using Eq. (39), we can
write the worst-case error E(s) for the inner product truncation case
as:

E(s) =

( 1
4π2r2

s

∫
S 2

∫
S 2
〈K(s)(u, .),K(s)(v, .)〉Hs

[p(u) − p′(u)] [p(v) − p′(v)] dS (u) dS (v)
)1/2

. (65)

Using the symmetry property of the kernel, the inner product in
the integral can be reduced to K(s)(u, v), which gives:

E(s) =

( 1
4π2r2

s

∫
S 2

∫
S 2

K(s)(u, v)

[p(u) − p′(u)] [p(v) − p′(v)] dS (u) dS (v)
)1/2

. (66)

At this point, we can reuse the result given by Eq. (57) above.
Indeed, by substituting p(u) − p′(u) for p(u) and p(v) − p′(v)
for p(v) in Eq. (57) above, we obtain the same expression as
in Eq. (66). We can thus use Eq. (57) in which we substitute(
b(p)

l − b′(p)
l

)
for b(p)

l to get Eq. (51).

7 Analysis of commonly-used QMC methods
7.1 Our QMC test set

In this subsection, we apply the theoretical framework presented
above to analyze the spectral characteristics of the quadrature error
produced by the QMC method. Two sample weighting methods
are tested: (i) the typical QMC case where the w j weights are
equal to 1/N, with N being the number of samples; and the optimal
sample weights (OSW) of Marques et al. [19], where the sample
weights are determined by explicitly minimizing the worst case
integration error of Eq. (41). Six sample sets are analyzed:

• Sobol (0, 2)-sequence [28];
• Periodic blue noise though optimal transport (BNOT) [8];
• Larcher-Pillichshammer (LP) point set [18];
• Spherical Fibonacci (SF) [12], [20];
• A Random point set;
• A Stratified Jitter (SJ) point set.
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The SF point set is directly defined on the hemisphere while the
other point sets are generated on the unit square and lifted to the
unit hemisphere using a Lambert cylindrical equal-area projection.
In the following subsections, the spectral characteristics of the
selected QMC methods are analyzed for the diffuse and glossy
weight function presented in section 4. Our goal in this analysis is
not to carry out an exhaustive comparison of the performances
of the selected QMC methods but to show how to use our
framework to analyze the spectral distribution of error and to
improve their efficiency. For this purpose, we have chosen six
point set generators: three of them are deterministic (Sobol, LP and
SF) while the other three (BNOT, Random and SJ) are stochastic.

7.2 Spectral analysis of the selected QMC methods

In Sec. 5.1, we have expressed the spectral distribution of the
worst-case error in a Sobolev setting under the form of Eq. (42).
In the following, this equation is used to analyze the spectral
distribution of error for various combinations of QMC sequences
and integrand weight functions. For the sake of argument, it is
interesting to first examine the power spectrum of the quadrature
rule alone, as expressed by the zonal and anisotropic power
spectrum coefficients coefficients d2

l and C2
l . These power spectra

are shown in Fig. 1. Let us first focus on the equal-weights quadra-
ture for the diffuse case (Figs. 1(a) and 1(b)). When comparing
both spectra it clearly appears that, in general, the zonal power
spectrum coefficients d2

l are much smaller than the anisotropic
power spectrum coefficients C2

l , which means that the contribution
of the zonal error E(s)

Z (Eq. (46)) to the total error is very small.
In Fig. 1(c), one can appreciate the effect of the optimal sample
weights (OSW [19]) which act by reducing the coefficients at the
lower frequencies (see also Fig. 2 for a more detailed comparison).
As explained in Sec. 5.2, it is in the lower frequencies that the
a(s)

l coefficients characterizing the incident radiance function have
a larger value. Therefore, to minimize the worst-case error, it is
optimal to reduce the quadrature power spectrum coefficients at
the lower frequencies, so as to minimize the product in Eq. (42).
Figs. 1(d) to 1(f) show that the power spectrum coefficients in the
glossy case exhibit the same characteristics.

The power spectrum of the quadrature rule alone is not
sufficient to characterize the spectral distribution of the quadrature
error. Information on the integrand spectrum is necessary for a
more complete analysis of the quadrature error. As we have seen
in section 5.1, this information can be accounted for by choosing
an appropriate Sobolev space setting, hence the weights sequence
a(s)

l used to weight the quadrature rule power spectrum coefficients
in Eq. (42). In the following, we analyze the spectral distribution of
error as given by the power spectrum coefficients e2

l = a(s)
l (d2

l +C2
l ).

In all cases the used smoothness parameter is s = 1.5 which proves
to be an appropriate function space to model incident radiance
functions (c.f. Sec. 9). We have chosen to distribute our samples
using importance sampling according to BRDFs (p(u)) as it is the
common practice in rendering. This approach, which henceforth
is referred to as morphing, makes the sampling density mimic
better the integrand and can be applied to deterministic as well as
stochastic samples sets.

In the diffuse reflection case, all tested point sets are morphed
with the classic z =

√
z′ function to implement importance sam-

pling. The resulting spectral distributions are shown in Figs 3(a)
and 3(b) for equal-weights and optimal-weights quadratures,
respectively. As expected, the contribution of high frequency
components is strongly reduced by the decay in O(l−2s) of the

a(s)
l coefficients. On the contrary, some low frequency components

that are undetectable in Figs. 1(b) and 1(c) appear to have a much
higher contribution when multiplied by the a(s)

l coefficients. Note
also the strong effect of the OSW technique [19], which drastically
reduces the power spectrum of the error at low frequencies.

The spectral distribution of error in the glossy reflection case is
shown in Figs. 3(c) and 3(d). To implement importance sampling,
the morphing function for the Gaussian weight function is [21]:

z =
1
n

ln[1 + z′(en − 1)], (67)

where n is the glossiness (Eq. (25)). The spectral extent of
the anisotropic error component covers a much wider frequency
range than for the diffuse case. This illustrates quite well why
the shading integral for the glossy reflection case is much more
sensitive to high-frequencies content than for the diffuse case. The
effect of the OSW is also well noticeable in the glossy case, as the
low frequency components of the error are reduced whereas the
high frequency components are left unchanged. This explains why
the OSW are more effective on smooth integrands for which the
spectrum tends to concentrate on low frequency components.

Finally, Fig. 4 shows the theoretical worst-case error as a
function of the number of samples. It shows that the point
sets which exhibit higher power spectra coefficients in Fig. 3
consistently yield a larger worst-case error value. It also confirms
that, in theory, a good sampling pattern must have the lowest
possible power spectrum in the low frequencies. Indeed, the point
sets exhibiting these features in Figs. 1 and 2 are those with the
best performance in terms of worst-case error values in Fig. 4. The
effect of error reduction provided by the use of the OSW is also
clearly visible in Fig. 4, especially for the Random (and thus less
evenly distributed) point sets. In particular, let us point out that
the use of the OSW improves the convergence rate of the Random
point set, from the typical N−0.5 to N−0.75, N being the number of
samples. This theoretical result is in-line with previous evidence
from Marques et al. [19] and will be further confirmed by our
experimental results.

8 Error analysis of inner product truncation method
In this section, we analyze the integration error, cf. Sec. 5.3, result-
ing from the inner product truncation. We consider a diffuse and
a glossy reflectance function p(u), and the Sobolev smoothness
parameter is set to s = 1.5. Moreover, we compare this inner
product truncation method to the classic QMC quadrature by
considering the number of QMC sample points required to achieve
the same worst-case error for both methods. For this comparison,
we have used spherical Fibonacci point sets for the QMC method.
For the inner product truncation method, we consider SH as well
as HSH expansion cases. In the case of HSH, we suppose that the
HSH coefficients of the integrand f (u) are known precisely and
the HSH rotation process is assumed error-free [11].

8.1 Diffuse reflection case

Fig. 5(a) shows the worst-case error results for the diffuse reflec-
tion case when the truncation is performed on the SH expansion.
The red line shows that the worst-case error curve exhibits a bend
at about L = 2 beyond which the rate of decrease of the error is
much slower. We can thus conclude that a sensible choice for the
cutoff frequency is L = 3. Still in Fig. 5(a), the blue line shows
the number of QMC points required to reach the same worst-case
error as with the inner product truncation method, for a given
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TABLE 1
Cutoff frequency L and equivalent number of QMC points N required to

reach a worst-case error E(1.5) = 2.5 × 10−3, with an integrand smoothness
s = 1.5.

Diffuse SH Glossy SH Glossy HSH

Cutoff Frequency L = 4 L = 13 L = 9

Equivalent QMC points 2000 1000 1000

cutoff frequency L. It can be seen that QMC quickly requires a
large number of samples to achieve a similar error value, even
when L is kept at relative small values such as 3 or 4. This is
because, for this BRDF case, the low frequency SH coefficients
carry most of the information required to perform a good quality
integral estimate. However, as we show below, the SH Fourier
truncation method becomes less efficient in the glossy case. In
the HSH expansion case, exact integration is obtained with L = 2
since, as shown in Sec. 4.2, the HSH coefficients of the diffuse
reflectance function have a value b̃(d)

l = 0 for l > 2 (see also
Eq (51)).

8.2 Glossy reflection case

In the glossy reflection case, the error decrease is almost linear
in log scale as shown in Fig. 5(b). For an equal worst-case error
value, the cutoff frequency must be significantly higher in the
glossy reflection case than for the diffuse case. For example, using
L = 4 is sufficient to reach a worst-case error of 0.0025 in the
diffuse reflection case whereas L = 13 is necessary to reach
the same worst-case error in the glossy reflection case with a
glossiness n = 30. Moreover, comparing Fig. 5(a) with Fig. 5(b),
we can see that the same number of QMC samples is equivalent to
a much larger number of SH coefficients in the glossy case. Our
theoretical results also show the benefits of the use of HSH instead
of SH, as shown in Fig. 5(c). Note the higher rate of decrease of
the error with HSH compared to SH. For the same worst-case
error value E(1.5) = 10−2, the cutoff frequency reaches L ≈ 11 for
SH and L ≈ 7 for HSH, hence saving an important number of
coefficients. The above results are summarized in Table 1.

9 Experimental results
In this section we present a set of experimental results related to
real evaluations of the rendering integral. The section is divided
in two subsections: the first one aims at validating the choice of
the used Sobolev space parameter s = 1.5 and its appropriateness
to model incident radiance functions; the second shows that the
experimental error found in our experiments is in accordance with
the theoretical results presented in Secs. 7 and 8.

9.1 Sobolev space coefficient

Fig. 6 shows the result of reconstructing the original environ-
ment map using three different values of shininess parameter
s and 20000 samples through kernel-based interpolation (see
e.g. Fasshauer and McCourt [9]). The kernel used for the inter-
polation is given by Eq. (14). By examining each of the Figs. 6(a)
to 6(c), and comparing with the original environment map in
Fig. 6(d), one can observe that the reconstruction which better
preserves the image details is the one with s = 1.5. This subjective
superior quality is confirmed by the last column of Tab. 2, which
shows that the root mean squared error (RMSE) of the regression
performed using s = 1.5 is 18% lower than that of s = 1.1 and
20% than that of s = 1.1. Similar observations can be made for

(a) s = 1.1

(b) s = 1.5

(c) s = 1.9

(d) Original

Fig. 6. Reconstruction an the original environment map (d) using a kernel
regression with three different values for the Sobolev coefficient s. 20000
samples were used in each of the cases. Note that using s = 1.5 yields
the results which are visually closer to the original environment map. These
visual clues supporting the appropriateness of the choice of s = 1.5 are con-
firmed by the quantitative results in Tab. 2. Results for another environment
map can be found in additional material.

lower sample counts. Results for another environment map can be
seen in additional material.

We have observed that, in most cases of lighting environments,
the smoothness parameter that yields the minimal approximation
RMSE is quite close to s = 1.5, hence our choice to focus on the
s = 1.5 case in the error analysis considered in Secs. 7 and 8.

9.2 Experimental error analysis

In the following, we give numerical evidence for the theory devel-
oped in this paper. To this end, we have evaluated a large quantity
of rendering integrals using the QMC method of Eq. (34) and
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Fig. 7. Experimental root mean squared error (RMSE) values for QMC method as a function of the number of samples N, for the different tested point sets.
The incident radiance function is given by the Pisa environment map. For each point set type of size N, the RMSE has been computed by considering a very
large number of randomly generated spherical directions. Each of these directions is used as the vertical axis of a hemisphere over which the rendering
integral is evaluated. To this end, we sample the incident radiance function by tracing N rays, the directions of which are given by the current point set. We
then use these samples to compute the QMC estimate (c.f. Eq. (34)), and compare it to the reference solution. The top and bottom rows depict the diffuse
and glossy reflection cases, respectively. The shininess coefficient for the glossy reflection case is n = 30. The left column shows the results obtained using
an equal-weights quadrature, while the right column shows the results for the optimal sample weights (OSW) case. For the sake of readability the results
for the Random point set have been multiplied by a factor of 0.7 in the left column, yielding log10(RMSE) = log10(Random) − 0.15. The original raw results
can be found in additional material.

TABLE 2
RMSE of the interpolated PISA environment maps.

# Samples
s 100 500 1000 2500 5000 10000 20000

1.1 0.255 0.174 0.156 0.130 0.114 0.098 0.085
1.5 0.234 0.152 0.138 0.114 0.098 0.083 0.070
1.9 0.241 0.153 0.139 0.120 0.107 0.097 0.089

the Fourier truncation method of Eq. (35). The incident radiance
function f (u) in Eq. (17) is given by an environment map. For
the QMC method, both the equal-weights and the OSW variants
have been tested. Fig. 7 shows the error plots for the quadrature
rule method using the Pisa environment map of Fig. 6(d). The
results are in accordance with the theoretical worst-case error
plots of Fig. 4 up to a multiplicative factor which has to do with
the norm of f (u) (recall that this was assumed to be ‖ f (u)‖ = 1
in our theoretical developments). This shows that our theoretical
framework can be used to evaluate the relative performance
of different quadrature rule configurations (i.e., the quality of
the samples distribution and of the associated sample weights).
Moreover, Fig. 7 also shows that our framework succeeded in
predicting that the convergence rate of the random point set when
using OSW is ≈ N−0.7 as opposed to ≈ N−0.5 with equal weights.
These results are inline with evidence from Marques et al. [19],

and are also an indication that a Sobolev space with a smoothness
parameter s = 1.5 is, in general, an appropriate function space
to represent incident radiance functions. The experimental results
for the Fourier domain inner product truncation method, shown in
Fig. 8, also confirm the theoretical error prediction made by our
framework. Indeed, for all three cases analyzed, the experimental
error results are roughly similar to those predicted in Fig. 5. It is
interesting to note that our framework rather well predicts the
equivalence (as defined in Sec. 8), in terms of approximation
error, between the QMC method and the inner product truncation
method.

10 Conclusion

We have shown that the theoretical framework proposed in this
paper allows analyzing the spectral characteristics and predicting
the performances of quadrature rules applied to shading integrals.
Our theoretical approach is based on the theory of Sobolev spaces,
which enables us to model the smoothness of integrands. This ap-
proach allows analyzing the spectral characteristics of quadrature
rules in a more comprehensive manner than simply considering
the sampling patterns spectrum as it is usually done in the
current QMC literature. Furthermore, we have taken into account
the specificities of shading integrals by considering hemispheric
integration domains and integrands that include a BRDF model
under the form of an analytically-known weight function. We
have clearly shown that our approach is advantageous compared
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Fig. 8. Experimental root mean squared error (RMSE) for the inner product truncation method in the diffuse and glossy reflection cases. The incident
radiance function is given by the Pisa environment map. For each point set type of size N, the RMSE has been computed by considering a very large
number of randomly generated spherical directions. Each of these directions is used as the vertical axis of a hemisphere over which the rendering integral
is evaluated. So as to compute the shading integral for each of these directions, we determine the incident radiance function SH/HSH coefficients fl,m
taking as vertical axis the current direction. We then compute the integral estimate using Eq. (35), and compare it to the reference solution. The shininess
coefficient for the glossy reflection case is n = 30. The scale for the red and blue lines are given by the left and right y-axis, respectively. The red lines
depict the logarithm of the RMSE as a function of the cutoff frequency L. The blue lines represent the number of points required by QMC (using equal
weights and a spherical Fibonacci point set) to achieve the same RMSE as the inner product truncation method. (a) and (b) assume spherical harmonics
(SH) representation of f (u) while in (c) f (u) is represented by hemispherical harmonics (HSH).

to previous work. More specifically: (1) our approach takes into
account the BRDF and importance sampling (morphing), and
we show that these two factors have a strong effect on the
spectral analysis of the worst-case error; (2) taking into account
the samples weights enables us to clearly explain the effect on
the spectral distribution analysis of the optimal sample weight
technique; (3) we have also extended our analysis to the important
case of inner product truncation technique in the spectral domain,
which is crucial for global illumination methods such as Radiance
Caching and Precomputed Radiance Transfer; (4) our theoretical
framework is rather general regarding the smoothness assumption
of the incident radiance, which allows the analysis a wide range of
integrand smoothness. Lastly, the comparison of our theoretically-
based results with experimental rendering results shows that our
theoretical model is valid and applicable to 3D scene rendering.
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