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ABSTRACT 

In this project we show how European options can be priced by using the Monte Carlo method. 

Since the first results were positive, assuming that market is following Black-Scholes model, we saw 

how the value estimated with the Monte Carlo method was becoming closer to the real value of 

the model. 

Thus, we were asked to design a new option: APE; and estimate its price by implementing the 

Monte Carlo method seen in the procedure used in first section of the project. 

In conclusion, results were becoming closer to real values by increasing the number of observations 

done and the tries made; therefore Monte Carlo Method has been checked and we determine that 

it can be very useful to estimate value of all these new options. 

1. INTRODUCTION

Hello! We are Pablo Bistué Muñoz, Alberto Garvayo Navarro and Eduardo Pérez de Lara y Sánchez 

and we are handing our last project for Markets and Derivatives. 

By following the instructions provided we will try to make an approximation to the real world of 

options pricing by implementing our knowledge in statistic and finance acquired during our uni-

versity experience. 

We want to set up how Monte Carlo method can be a useful tool to forecast options’ prices while 

there is no other alternative. Besides its overwhelming volume of data required, we will do a 

modest testing to proof that variables seen tend to be a sample of the real world. 

That’s why we will make a brief summary on European options, Monte Carlo method and our sug-

gested estimator: APE. 
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2. AIM OF THE ANALYSIS 

We are asked to price a European call1: a financial asset which consists on a bilateral agreement: 

the buyer and the seller; the one sells a right to the other for a premium, the call value. 

This exchange gives the chance (it is not mandatory, but possible) to the buyer to execute the op-

tion at price K, in order to buy a certain amount of assets (called underlying) at a given K price. But 

only at maturity (this is the difference with the American options). 

When the option is executed, the seller must sell the agreed number of underlying at K price. We 

say that buyer goes long and seller goes short. (Check payoffs in the diagram). 

Therefore, bigger is the final price at maturity of the underlying; higher are the profits on the op-

eration, since ST-K (the main profit) becomes higher and higher. 

                       

 

Since this should be a zero-sum game there is a much extended valuation on these assets that help 

investors to hedge risk and stabilize its future outcome. 

For example, we can buy a long call if we predict that this asset will raise its price, therefore we 

will be able to re-sell it in the future for a higher price, without the risk of getting the main asset 

first and the possibility of making profit when we are sure that price is up and we execute the op-

tion. 

By the discounting we know that the present value of a call option (under an arbitrage free sce-

nario) should be the following: 

 

Therefore, there is a parity of call-put2 (without dividends): 

              

                                                           
1
 Since now we assume that a call is a European call if it has no “nationality” before. 

2
 The put is the contrary of a call; it goes the right to sell a certain amount of underlying at a given price, thus, the 

profits increases when price goes down. 
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Since call and put payoffs are: 

                    and                    

Thanks to this maths and the development of Black-Scholes model we could price calls and puts 

without too much effort, but the main effect on the distortion of these prices is given by the 

“noise” on the price, the random probability of an asset to raise or decrease its price. 

These probabilities are linked to the unpredictable nature, and then we should assign random val-

ues, normally distributed, to this error term: 

             
  

 
         

                                      

Black-Scholes is an equation used to price of certain financial assets. It is based on stochastic proc-

ess theory and widely developed by Robert C. Merton. 

The model estimates the value of European options with the following formula: 

But always under certain assumptions, such as: 

 Arbitrage free scenario 

 Constant risk-free interest rate, at we can lend and borrow money 

   is a Brownian motion under risk P*(risk-neutral probability that exists according to Girsa-

nov’s Theorem) 

 There is no payment of dividends 

 There are no fees nor invisible costs 

 We can buy or sell x amount of asset, even fractions of it 

We will not derive them but the main idea is to predict the price of the option with the variables 

we get and compare them with the result extracted with our Monte Carlo method. 
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3. METHOD USED 

We are using Monte Carlo method, an invention of Stanislaw Ulam in 1940 when he was playing 

solitaire while participating in the Manhattan project in Los Álamos, California. His main conclu-

sion was clear: sometimes it is easier to induce the real number of probability by testing (try and 

failure) and extracting the average from the sample, than calculating the probability by using com-

plex mathematic methods. 

One of the easiest ways of getting into the account of its effectiveness it would be how 

to get π by knowing its relationship with the square and the circumference: 

                            

                                 
 

 
 
 

   
  

 
 

Then we should design the square and the circumference, whatever, and “throw” x 

amount of points to it. Thus, we know that the proportion of all points which were on 

the circumference over the square will provide us the following equation: π!  

  
    

  
 

By testing, checking the proportion of all these random “points” will provide us a very 

clear idea of the value of π, by decreasing the error term by increasing the sample, 

since it is decreasing by the square root of the number of the sample: 

                     
 

                     
 

Therefore, since the number of the sample tends to the infinite, we get that our ap-

proximation becomes closer to the reality: 

   
   

                       
   

 

           
   

This is one of the most common methods used to determine: irregular areas or the arrival of cos-

mic rays to the earth3. 

In order to obtain a realistic approximation to the price of a European call we will submit the same 

probabilistic method, by assuming that the market is Black-Scholes and this formula holds: 

             
  

 
         

                                      

                                                           
3
 Date un voltio. 
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We are asked to generate n random numbers (which follow normal distribution) for cases: n=10, 

n=50, n=1,000 and n=10,000. 

In addition, we should remake the simulations 30 times each, in order to extract the mean and the 

standard deviation from it, to compare it with the Black-Scholes formula and check if it holds and if 

it is true that higher the sample is, lower the error of the sample is (as seen before). 

But first we should assign values to each of variables, to get a result: 

 Value given:  

S0 $10.00  

K $10.00  

T 1 year  

r 1.62% Risk-free interest rate in USA for a year at Nov. 30th 2017 

σ 20% It should be a little bit high in order to get a bit of spread. 
 

So, we followed these steps in order to do the problem set: 

 First of all, we generate random values with EXCEL (by using =ALEAT() in column A). 

 Secondly, we applied the formula in column B: =DISTR.NORM.ESTAND.INV(Axxxx); in or-

der to get an standard distribution with mean 0 and standard deviation of 1. 

 Thirdly, we applied the Black-Scholes formula (see below), to get the stock price at option 

maturity (ST), where last term was taken from column B, where ε=N(0,1): 

             
  

 
         

 Fourthly, in column D, since the outcome of an European call is given by: 

            

we subtracted the strike price (K) to the stock price at option maturity (ST) and we just take 

this number if, and only if, it is bigger than 0, because of we will execute the option and 

maturity and get a profit from it. 

 Fifthly, in column E, we should do the mean of the sample of results we got from column D: 

ST-K. 

 And last step is to set call’s price, since it is given by the following formula: 

                                                         

so we should just discount the value at T=1 and this would be the price of the European call 

option by using Monte Carlo method.  
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4. RESULTS OBTAINED 

Here are settled all 30 samples for n=10, n=50, n=1,000 and n=10,000: 

 n=10 n=50 n=1,000 n=10,000 
 0.23261 0.985697 0.963096 0.873524 

 0.401962 0.925231 0.873752 0.851808 

 0.485819 0.966649 0.87461 0.866082 

 0.359723 0.864942 0.938868 0.885358 

 0.658646 0.737084 0.906014 0.875117 

 0.517322 0.696308 0.759264 0.883585 

 0.269329 0.63314 0.852607 0.857765 

 0.517707 0.717109 0.833155 0.857959 

 0.777615 0.591674 0.90632 0.878839 

 0.64472 0.996939 0.900327 0.875016 

 0.448759 0.763312 0.90547 0.867808 

 1.162091 1.518817 0.843864 0.90452 

 0.787438 0.851953 0.851843 0.880781 

 0.608559 1.207105 0.828606 0.86912 

 0.888139 0.805353 0.914723 0.873255 

 1.213798 1.212404 0.868134 0.863192 

 0.767708 0.983524 0.873514 0.865076 

 0.889673 1.168553 0.867366 0.864769 

 0.673757 0.972631 0.958776 0.881791 

 0.576325 1.035092 0.818493 0.886275 

 0.501771 0.860513 0.937375 0.871171 

 0.937763 0.517058 0.86117 0.869598 

 1.219948 0.724178 0.822078 0.881194 

 0.404821 1.129444 0.879449 0.879791 

 0.350683 1.031576 0.919333 0.861754 

 1.809177 0.750829 0.946093 0.87751 

 0.743018 0.801258 0.834841 0.88361 

 0.733218 1.48641 0.964996 0.892391 

 0.605909 1.220505 0.858617 0.854373 

 1.105091 0.72907 0.852869 0.880611 
 

    Mean  $  0.70977   $  0.92948   $  0.88052   $  0.87379  

St. Dev. 0.3403 0.2442 0.0491 0.0117 
 

We can see how the standard deviation tends to 0.00 when n becomes larger, therefore, our error 

is decreasing, and then we can conclude that Monte Carlo method is properly working. 

All in all, maybe it is time to compare Monte Carlo results with Black-Scholes model which predicts 

the real value it should be. For this call pricing method we will use the following formulas we saw 

in the lectures: 
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 First of all, we should get d1 and d2 as following: 

   
   

  
           

    

    

   

  

       

                               

 Then, just complete call formula and we obtain the call value: 

                                     

 We can consult a table, to get the values of the normal distribution for d1 and d2: 

                     

                      

                                                     

Therefore, the real price, according to the Black-Scholes-Merton formulas for options we conclude 

that a call with: S0=10, K=10, T=1, r=1.62% and σ=20%; is $ 0.87309. 

By comparing the frequency bar charts we see that the higher the sample was, the closer the 

mean was to the main price of: $ 0.87309. 

 
                                                           
4
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0 

2 

4 

6 

8 

10 

12 

0,233 0,548 0,863 1,179 1,494 >1,494 

Fr
e

q
u

e
n

cy
 

Class 

n=10 

0 

2 

4 

6 

8 

10 

12 

0,517 0,717 0,918 1,118 1,318 >1,318 

Fr
e

q
u

e
n

cy
 

Class 

n=50 



Markets and derivatives UPF – 2017 Pablo, Alberto and Eduardo 
 

8 

 

We were more creative and we decided to join all frequency bar charts together, but eliminating 

extreme values and focusing in the main relevant range of: (0.825-0.915); where concentration 

among the predicted price, by the formula, is obvious. 

 

In conclusion, Monte Carlo method can be very useful to forecast call price, but it will require a 

significantly big amount of number and calculations. But the higher the number of the sample is,  

the better the approximation is. 
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5. DEVELOPING A NEW       

We suggest the new estimator: APE’s; to follow exercise number two; we design the payoff with a 

confidence’s interval of 95%: 

                   
                                  

  
         

This function defines the payoffs of an option which pays a weighted average made each terms, by 

prioritizing the most recent ones and defining the function as seen, following a geometric series 

divided by the main coefficient. 

We are asked to construct confidence intervals of 95% of confidence for n=50, n=1,000 and 

n=10,000. For this section we used the same system as in first section of this work: replying the 

payoff 30 times for each case. These are the results obtained: 

 
n=50 n=1,000 n=10,000 

1  $ 0.72076   $ 0.80032   $ 0.73394  

2  $ 0.52520   $ 0.73373   $ 0.74066  

3  $ 0.54786   $ 0.77497   $ 0.74141  

4  $ 0.06800   $ 0.67834   $ 0.74517  

5  $ 0.77768   $ 0.80517   $ 0.72369  

6  $ 0.74438   $ 0.67407   $ 0.72257  

7  $ 0.77067   $ 0.75971   $ 0.73469  

8  $ 0.88311   $ 0.73862   $ 0.74407  

9  $ 0.61974   $ 0.68500   $ 0.72747  

10  $ 0.51662   $ 0.74613   $ 0.72707  

11  $ 0.70723   $ 0.67897   $ 0.74577  

12  $ 0.82643   $ 0.64068   $ 0.72150  

13  $ 0.49597   $ 0.75706   $ 0.73856  

14  $ 0.68955   $ 0.79139   $ 0.73243  

15  $ 1.14984   $ 0.70192   $ 0.73294  

16  $ 0.71192   $ 0.68542   $ 0.74252  

17  $ 0.97136   $ 0.69267   $ 0.71847  

18  $ 0.61439   $ 0.72088   $ 0.73079  

19  $ 0.83590   $ 0.74579   $ 0.71988  

20  $ 0.68922   $ 0.74092   $ 0.74048  

21  $ 0.59969   $ 0.75639   $ 0.71282  

22  $ 1.00342   $ 0.73011   $ 0.71416  

23  $ 0.72771   $ 0.73399   $ 0.74101  

24  $ 0.78727   $ 0.75471   $ 0.72010  

25  $ 0.47163   $ 0.77199   $ 0.74870  

26  $ 1.02937   $ 0.79001   $ 0.73041  

27  $ 0.84856   $ 0.74191   $ 0.74927  

28  $ 0.99640   $ 0.68373   $ 0.72302  

29  $ 0.89692   $ 0.72425   $ 0.73423  

30  $ 0.58122   $ 0.75067   $ 0.73374  
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Confidence interval: 

     
 

  
     

 

  
  

 
n=50 n=1,000 n=10,000 

Mean  $ 0.72694   $ 0.73298   $ 0.73239  

SD 21.27% 4.17% 1.04% 

  
  

Low  $ 0.72268   $ 0.73215   $ 0.73218  

High  $ 0.73119   $ 0.73382   $ 0.73259  
 

This estimator should be a better approximation when the main number of observation increases, 

since the spread goes down by the square root of observations made. 

These are the confidence intervals: 

 n=50: (0.72268,0.73119) 

 n=1,000: (0.73215,0.73382) 

 n=10,000: (0.73218,0.73259) 

5 

With this simple frequency bar chart we can see that the observations tend to be more concen-

trated, surrounding the main value, when the number of observations is higher; therefore we can 

“almost” confirm that APE’s option value (with a 95% of confidence level and after testing 30 

times the values of 10,000 observations) is between: $ 0.73218 and $ 0.73259. 

All in all, Monte Carlo method can be one of the worst ones, because of the large number of ob-

servations required, but for these cases it can be the most useful ally we have to price these exotic 

options. Because: “Mathematics is a place where you can do things which you can't do in the real 

world.” - Marcus du Sautoy   

                                                           
5
 The intervals are made up to the number shown, therefore 0.8 means (0.7,0.8]. 
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