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Generalized synchronization between coupled dynamical systems is a phenomenon of relevance in

applications that range from secure communications to physiological modelling. Here, we test the

capabilities of reservoir computing and, in particular, echo state networks for the detection of

generalized synchronization. A nonlinear dynamical system consisting of two coupled R€ossler

chaotic attractors is used to generate temporal series consisting of time-locked generalized synchro-

nized sequences interleaved with unsynchronized ones. Correctly tuned, echo state networks are

able to efficiently discriminate between unsynchronized and synchronized sequences even in

the presence of relatively high levels of noise. Compared to other state-of-the-art techniques of

synchronization detection, the online capabilities of the proposed Echo State Network based

methodology make it a promising choice for real-time applications aiming to monitor dynamical

synchronization changes in continuous signals. Published by AIP Publishing.
https://doi.org/10.1063/1.5010285

Synchronization of chaotic systems attracts enormous

interest due to its potential applications in digital trans-

mission, secure communications, and physiological

modelling. In this paper, we propose a novel machine-

learning based approach for the detection of generalized

synchronization in temporal series. Two coupled chaotic

R€ossler attractors have been coupled to construct a series

of generalized synchronized sequences interspersed with

unsynchronized episodes. We show that these events can

be detected by means of recurrent neural networks

(RNNs), which present cyclic connections that allow them

to process information with a temporal context. Within a

reservoir computing (RC) architecture, recurrent neural

networks have proved to be able to detect synchronized

sequences with excellent accuracy even when noisy envi-

ronments were simulated. Unlike other synchronization

detection methodologies that cannot be applied in a con-

tinuous fashion, the approach proposed here exhibits

online capabilities that make it an ideal choice to monitor

generalized synchronization changes in real time.

I. INTRODUCTION

In its everyday use, the concept of synchronization is

commonly chosen to imply identical behavior between two

interacting systems. However, when the affected systems are

chaotic, more sophisticated synchronization forms can exist,

such as phase synchronization (where only the phase but not

the amplitude of two chaotic oscillations agrees with each

other),1 lag synchronization (where one of the chaotic sys-

tems follows the other with a certain delay),2 or generalized

synchronization (where the states of the two systems are

functionally—but not identically—related in a nontrivial,

generally nonlinear manner).3,4 Generalized synchronization,

in particular, has proven to be a relevant feature in the analy-

sis of neurological disorders such as Alzheimer’s disease5

and brain tumors.6

Over the years, several methods have been proposed for

the detection of generalized synchronization, including the

replica method,7 the synchronization likelihood approach,8

and the mutual false nearest neighbor method,4 among

others. These methods are usually computationally costly,

cannot be applied in a continuous manner, and in some cases,

suffer from different biases.9 Here, we propose a machine-

learning-based approach that enables the online detection of

generalized synchronization in an effective manner. The

method relies on a recurrent neural network to provide the

necessary fading memory that allows processing dynamical

signals.

Unlike feedforward neural networks, in which a static

input-output mapping is applied, recurrent neural networks

(RNNs) have cyclic connections that provide memory,

implementing a system with dynamical capabilities.10

Training RNNs has traditionally been computationally more

expensive than training feedforward networks. Echo State

Networks11 (ESNs) and Liquid State Machines12 (LSMs),

which were developed independently and simultaneously,

and the more recent decorrelation learning rule for RNNs,13

are complementary approaches for designing, training and

analyzing RNNs within a methodological framework known

as Reservoir Computing (RC). RC is based on the principle

that if the network possesses certain algebraic properties, the

supervised training of all connections is not necessary. Only

supervised training of readout weights is sufficient to obtain

an optimal classification performance in many tasks.

Here, we examine the capabilities of ESNs in the task of

detecting generalized synchronization changes in synthetic

temporal series based on the coupling of two chaotica)E-mail: david.ibanez@starlab.es
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systems. We will use in particular, the well-known R€ossler

attractors. This paper is structured as follows. In Sec. II, we

explain the methodology followed to construct generalized

synchronized sequences using coupled chaotic R€ossler oscil-

lators. In Sec. III, we provide an overview of the echo state

network architecture and their key training parameters. The

procedure used to study ESN generalized synchronization

detection and results are presented in Sec. IV. We conclude

with a discussion in Sec. V.

II. GENERATION OF IN SILICO TIME SERIES

The main objective of this work is to explore the capabili-

ties of ESNs for discriminating between generalized synchro-

nized time-series and unsynchronized sequences. In this

section, we describe how synchronized chaotic attractors are

constructed. To that end, we follow the unidirectional (master-

slave) coupling of two R€ossler oscillators proposed by Rulkov

et al.4 A R€ossler oscillator is a dynamical system defined by

three non-linear ordinary differential equations that exhibit

chaotic dynamics. The R€ossler oscillator described by the state

variables x presented in (1) has been adopted as the driving

system, while y in (2) constitutes the coupled response system

_x1 ¼ � x2 þ x3ð Þ;
_x2 ¼ x1 þ a x2;

_x3 ¼ aþ x3 x1 � bð Þ;
(1)

_y1 ¼ � y2 þ y3ð Þ � g y1 � x1ð Þ
_y2 ¼ y1 þ 0:2 y2

_y3 ¼ 0:2 þ y3 y1 � 5:7ð Þ:
(2)

The manifold x1 ¼ y1, x2 ¼ y2 and x3 ¼ y3 contains the

trajectories of synchronized oscillations. The conditional

Lyapunov exponents (CLE) of the response system charac-

terize its asymptotic local stability.14 It has been proven that

if all CLEs are negative, the response system is stable and

shows synchronization.15 Reservoir computing has proved

its capabilities for the assessment of positive and negative

Lyapunov exponents in high dimensional spatiotemporal

chaotic systems.16

For a¼ 0.2 and b¼ 5.7, Rulkov et al.4 proved that tra-

jectories of synchronized motions were stable for a coupling

factor of g¼ 0.2, becoming unstable for g¼ 0.15.

Figure 1(a) shows a plot of x2ðtÞ vs y2ðtÞ for g ¼ 0:2, and

Fig. 1(b) for g ¼ 0:15. In A, we observe a straight line that

denotes identical synchronization between driving and

response systems, while in B, unsynchronized oscillations

appear. By correctly tuning the coupling factor g, it is thus

possible to force synchronization between the coupled sys-

tems. To achieve generalized synchronization, Rulkov pro-

poses the nonlinear transformation of the response system

yðtÞ into z tð Þ presented in Eq. (3)

z1 ¼ y1;

z2 ¼ y2 þ 0:4y3 þ 0:03y2
3;

z3 ¼ y3:

(3)

Figure 1(c) plots x2ðtÞ vs z2ðtÞ for g ¼ 0:2, where a

straight line denoting identical synchronization is no longer

observed. Figure 1(d) shows x2ðtÞ vs z2ðtÞ for g ¼ 0:15. In C,

even though a complex relationship between variables is

observed, synchronization is not lost since only a non-linear

transformation was applied. In this case, x2ðtÞ and z2ðtÞ pre-

sent generalized synchronization.4

Using the behavior reported in Fig. 1, a continuous tem-

poral signal consisting of a series of synchronized sequences

interleaved with unsynchronized ones has been constructed.

For this purpose, the time-varying square wave coupling

function g(t) is used

g nð Þ ¼ 0:05
1

2
sign sin

pt

T

� �� �
þ 1

� �
þ 0:15; (4)

where T defines the up or down state duration in time units.

The model has been solved using a 2nd-3rd order Runge-

Kutta method (implemented with the Matlab function ode23)

with a fixed integration step of 0.4 time units. The synchroni-

zation detection performance is evaluated using a time series

of length 106 time units and an up/down state duration T of

105 time units. The resultant signal thus concatenates,

depending on the initial time, at least 5 generalized synchro-

nized sequences followed by 5 unsynchronized ones.

III. ESNs FOR GENERALIZED SYNCHRONIZATION
DETECTION

We now discuss the ESN architectures explored and the

tests to assess generalized synchronization. Artificial Neural

Networks (ANNs) such as the multilayer-perceptron (MLP)

presents a feed-forward structure where the information

flows from the input nodes, through the hidden nodes and to

the output nodes.17 Based on the representation theorem,

ANNs (and in particular, MLPs) are able to approximate any

given arbitrary function. This static input-output architecture

makes them suitable for the analysis of stationary problems

but, in general, is not adequate to deal with dynamical time-

dependent problems. Recurrent neural networks (RNNs)

incorporate cyclic connections that provide memory capabil-

ity to the network, and therefore encode time-dependent

information. This addition transforms the network into a

dynamical system. The network keeps in its internal states

non-linear transformations of the input history (fading mem-

ory) allowing it to process information with a temporal

context.18

In this study, RNNs are applied to a supervised binary

regression machine learning (ML) problem. In this ML task

training, input signals uðn) correspond to the two temporal

series whose generalized synchronization wants to be

assessed: x2ðnÞ and z2ðnÞ, as defined in Sec. II. The network is

trained so that its output y nð Þ is 1 for generalized synchro-

nized samples and �1 for unsynchronized ones. Our RNN,

therefore, consists of an input layer of 2 neurons, a hidden

layer of N neurons and an output layer of 1 neuron. Input

(Win), hidden (W), and output (Wout) connection weights map

input signals into output signals, while back-propagation

033118-2 Ib�a~nez-Soria et al. Chaos 28, 033118 (2018)



weights (Wback) provide memory. The global structure of the

RNN is depicted in Fig. 2.

RNN training has traditionally been computationally

expensive because of their cyclic nature.22 Reservoir

Computing (RC), a methodological framework to under-

stand, train, and apply Recurrent Neural Networks (RNNs),

was proposed independently and simultaneously with the

development of Echo State Networks (ESNs)11 and Liquid

State Machines (LSMs).19 An ESN is a particular form of

RNN whose fundamental principle relies on the hypothesis

that that if the network presents a certain algebraic property

known as the Echo State Property (ESP), only supervised

training of readout connections is needed.20 The echo state

property ensures that the reservoir state does not depend in

FIG. 1. Dynamics of two coupled R€ossler oscillators: (a) x2ðtÞ vs y2ðtÞ for g ¼ 0:2, (b) x2ðtÞ vs y2ðtÞ for g ¼ 0:15, (c) x2ðtÞ vs z2ðtÞ for g ¼ 0:2 and (d)

x2ðtÞ vs z2ðtÞ for g ¼ 0:15.

FIG. 2. Proposed Echo State Network

model for generalized synchronization

detection.
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the long term on the initial conditions, which are thus forgot-

ten as time passes.21

The untrained RNN is called the dynamical reservoir

(DR) and is formed by the tuple consisting of input, hidden

and back-propagation connections. These weight values are

fixed and randomly generated according to some parame-

ters,22 among which worth pointing out is the so-called spec-

tral radius, calculated as the largest absolute eigenvalue of

the internal connection matrix. In practice, if the spectral

radius is smaller than one, the echo state property holds for

most applications.22 Some unlikely exceptions to this rule

have been proposed, however.23 Additionally, in some situa-

tions, the echo state property may also hold for values of the

spectral radius larger than one.21 In this work, the spectral

radius of the DR is always kept below 1.

In machine learning models, good generalization and

noise robustness are crucial elements for their application in

real-world scenarios. According to ESN training best practi-

ces,23 the most recommended way to learn linear output

weights in ESN is ridge regression. Ridge regression regulari-

zation removes the need for noise injection in input training

signals in order to ensure good generalization, obviates expen-

sive search and has proved to provide high-performing reser-

voirs.24 In our binary regression problem, in which the output

is taken to be 1 for generalized synchronized samples and �1

for unsynchronized ones, ridge regression regularization is

used to train output weights. The spectral radius, along with

the reservoir size and the input scaling, are key global parame-

ters of ESN.22 The spectral radius determines the timescale of

the reservoir: a small spectral radius induces a faster response,

while a larger spectral radius is more suitable for tasks requir-

ing a longer fading memory. The input scaling determines the

degree of nonlinearity in the reservoir: while linear tasks

require small input scaling factors, tasks with complex

dynamics demand larger input scaling values. The reservoir

size is determined by the number of internal units. As a gen-

eral rule, the size of echo state networks is bigger compared to

other recurrent neural network approaches.25 The number of

internal units has to be large enough for the system to learn

the complex dynamics associated with generalized synchroni-

zation, but not too large, so that the system is generalized well

enough, as large reservoirs can lead to overfitting and make

the network present poor predictive performance. We perform

a grid search (see Sec. IV below) of best input scaling, spec-

tral radius and reservoir size, in order to achieve an optimal

ESN parameterization.

The Receiver Operating Characteristic (ROC) curve is

commonly used as an effective method to evaluate the per-

formance of binary classification systems. In such two-class

prediction problems, outcomes are labeled as positive and

negative classes. ROC curves show the trade-off between

sensitivity and specificity as a function of a varying decision

threshold. In our case, the output test samples corresponding

to synchronized sequences are labeled as the positive class

and the unsynchronized ones as the negative class. The false

positive rate (specificity) and the true positive rate (sensitiv-

ity) of the ESN output are calculated for all possible values

of the decision threshold. The area under the ROC curve, or

simply the Area Under the Curve (AUC), measures the

probability of the system of right ranking the positive and

negative class samples. An area of 1 means that all samples

were correctly classified, while an area of 0.5 represents ran-

dom classification. AUC is used in this work to evaluate

ESN discrimination performance between synchronized and

unsynchronized samples.

IV. METHODOLOGY AND RESULTS

The optimal parameters of the ESN have been deter-

mined through exhaustive search in a grid evaluating indi-

vidually the performance of each tuple under test.

Concretely, we used the following value grids: number of

internal units - (10, 100, 200), spectral radius - (0.01, 0.1,

0.5, 0.8, 1), input scaling - (0.001, 0.01, 0.05, 0.1, 1, 5, 10,

100) and ridge regularization alpha parameter - (0.1, 1, 10).

The Oger toolbox26 has been used to construct the dynamical

reservoir, and the scikit-learn toolkit has been used for linear

ridge regression regularization.

A R€ossler signal formed by a series of 5 generalized

synchronized sequences followed by unsynchronized

sequences, as described in Sec. II, was used for training. A

different signal of same characteristics and the same number

of samples but starting at different initial times was used for

testing the tuple performance. Hence, we are using for per-

formance evaluation a hold-out validation scheme with 50%

of training samples and 50% of different test ones.

According to the chaotic nature of the R€ossler dynamics, by

starting at different instants, although the two attractors pre-

sent a common pattern in the space state, they will develop

trajectories that exponentially separate in an unsynchronized

manner.27 The ESN test output has been smoothed using a

10 000-sample moving average window before performance

evaluation.

With the objective of reducing the random effect intro-

duced by the reservoir initialization, each tuple performance

evaluation process was repeated 10 times, and its average

AUC was used as a performance measure. The best perfor-

mance achieved a mean AUC of 0.92 with a standard devia-

tion of 0.01 for a spectral radius equal to 0.8, an input

scaling factor of 100 and 200 internal units and unity alpha

ridge regression.

Figure 3(a) depicts an example of the output of the

outperforming ESN parameter tuple before averaging, which

achieves an AUC of 0.58. The output was scaled in the [�1, 1]

range for the sake of visualization. The dotted black line repre-

sents the aimed ESN output, where 1 represents synchronized

sequences and �1 unsynchronized ones. Despite the small

AUC obtained, a substantial difference between synchronized

and unsynchronized intervals is observed. Desynchronized

samples clearly produced an ESN output with a lower higher

frequency response. In Fig. 1(b), where the coupled attractors

are considered to be unsynchronized, we can observe that

many samples lie around the straight line corresponding to

synchronization. The ESN discrimination of these sequences

appears to be more difficult, as within them not all samples

seem to be totally unsynchronized. This behaviour motivates

the use of techniques that smooth the ESN output, in order to

improve the detection performance. To smooth the ESN
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output, we have used a simple moving average approach

implemented as the unweighted mean of the previous W sam-

ples, where W stands for the window length in the number of

samples. Figure 3(b) shows the ESN output after W ¼ 10 000

samples averaging. In this case, we can observe a better dis-

crimination between generalized synchronized and unsynchro-

nized sequences achieving an AUC of 0.89. Figure 3(c) shows

the receivers’ operator curve computed for W ¼ 1, 100, 500,

1000, 5000 and 10 000 samples. As expected, the AUC

increases with the averaging window length.

Echo state networks have been proved capable of detect-

ing generalized synchronization in silico time-series.

However, in real world scenarios, such as in signals mea-

sured by sensors, generalized synchronized signal compo-

nents may be recorded along with unwanted disturbances

and unrelated background activity. In order to simulate real-

world scenarios, this nuisance measured activity has been

modelled as an additive randomly generated interference in

ESN inputs following a normal distribution of zero mean

sigma. The noise level is set by multiplying this randomly

generated signal by the corresponding noise factor.

x2ðnÞ ESN input as defined in Sec. II is characterized to

have a mean of �0.86, a median of �0.75 and a standard

deviation of 4.72. On the other hand, z2ðnÞ is characterized

by a mean of �0.58 a median of �0.55 and a standard devia-

tion of 4.92. Figure 4(a) presents the probability density

function (PDF) of both x2ðnÞ and z2 nð Þ that characterizes the

distribution of the attractors. The following noise levels have

been tested: 0.001, 0.01, 0.1, 1, 5 and 10. Optimal global

ESN parameters for each noise level have been determined

through exhaustive search in a grid as previously described

for 10 iterations and W¼ 10 000. Table I displays the largest

average AUC obtained for each noise level along with its

optimal parameterization. Figure 4(b) displays the average

AUC performance with respect to increasing noise levels. As

expected, the ESN performance decreases along with the

increment of noise; however, ESN networks have proved

their robustness in noisy conditions.

V. DISCUSSION AND CONCLUSIONS

We have presented a reliable, computationally inexpen-

sive training methodology for the detection of generalized

synchronization based on echo state networks. An optimal

parameterization of ESNs was able to discriminate between

time-locked generalized synchronized sequences from

unsynchronized ones delivering an area under the curve of

0.92. An appropriate tuning of ESN global parameters has

proved necessary for achieving a good discrimination

performance.

The use of ESN in real world applications has been sim-

ulated by adding various levels of noise to ESN inputs. Each

noise level simulates a different environmental condition.

According to the presented results, it has been proved neces-

sary to correctly tune ESN global parameters to each work-

ing environment. We could observe a decrease in the input

scaling with increased noise levels, but echo state networks

prove to be robust to relatively high levels of noise. Given

the input signal with approximately zero mean and a stan-

dard deviation of 5, we achieved an average AUC of 0.68

with the noise interference simulated as a random signal

with zero mean and one standard deviation. This fact shows

the feasibility of applying ESN in real world applications.

Unlike other generalized synchronization detection methods

that cannot be applied in an online fashion, artificial neural

networks update their output with every input sample. ESN,

therefore, proves to be an ideal choice to develop

FIG. 3. (a) Unfiltered ESN output for the spectral radius of 0.01, the input scaling of 25, and 500 internal units. (b) ESN output after 10 000 samples’ moving

average for the spectral radius of 0.01, input scaling of 25 and 500 internal units. (c) Receivers’ operator curve calculated for averaging windows of 1, 500,

1000, 5000 and 10 000 samples.
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applications capable of monitoring generalized synchroniza-

tion changes in real-time.

The capability of ESNs for the detection of generalized syn-

chronization has been explored by some of us in two real-world

scenarios within the field of applied neuroscience, specifically

for the analysis of electroencephalographic time series (EEG). In

the first work, in the brain-computer interface (BCI) domain,

ESNs were used for the detection and characterization of Steady

State Visual Evoked Potentials (SSVEPs).28 In the second work,

ESNs were instrumental in the characterization of abnormal

brain patterns in children diagnosed from attention deficit hyper-

activity disorder (ADHD).29 These two examples can be seen as

a demonstration of the applicability of ESNs to real data. All in

all, we expect from the theoretical study presented herein to bet-

ter understand the properties and capabilities of ESN. This can

increase the number of applications of this ANN approach for

the analysis of temporal series in different scenarios.
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FIG. 4. (a) Probability density function of ESN inputs x2ðnÞ and z2ðnÞ. (b) Average AUC performance and standard deviation as a function of increasing addi-

tive noise levels.
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