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Reference Ref QMC Our OSW MIS Our OSWA
RMSE: +18.6% RMSE: +8.6% RMSE: +7.5% RMSE: 0.112

Figure 1: Comparison of rendering results produced by our optimal sample weighting methods (OSW and OSWA) to those of QMC (Quasi
Monte Carlo) and MIS (Multiple Importance Sampling). For the four methods, each shading point uses 50 samples targeted to the diffuse
BRDF lobe and 25 to the glossy lobe. QMC and OSW use separate sampling of the diffuse and glossy components. In MIS and OSWA, sample
sets are combined to provide a better estimate. The value of the root mean square error (RMSE) is given relatively to the RMSE of OSWA.
The raw rendering results, along with a set of images encoding the RMSE value, can be found in additional material.

Abstract
This paper proposes optimal quadrature rules over the hemisphere for the shading integral. We leverage recent work regarding
the theory of quadrature rules over the sphere in order to derive a new theoretical framework for the general case of hemispher-
ical quadrature error analysis. We then apply our framework to the case of the shading integral. We show that our quadrature
error theory can be used to derive optimal sample weights (OSW) which account for both the features of the sampling pat-
tern and the material reflectance function (BRDF). Our method significantly outperforms familiar QMC and stochastic Monte
Carlo techniques. Our results show that the OSW are very effective in compensating for possible irregularities in the sample
distribution. This allows, for example, to significantly exceed the regular O(N−1/2) convergence rate of stochastic Monte Carlo
while keeping the exact same sample sets. Another important benefit of our method is that OSW can be applied whatever the
sampling points distribution: the sample distribution need not follow a probability density function, which makes our technique
much more flexible than QMC or stochastic Monte Carlo solutions. In particular, our theoretical framework allows to easily
combine point sets derived from different sampling strategies (e.g., targeted to diffuse and glossy BRDF). In this context our
rendering results show that our approach overcomes MIS (Multiple Importance Sampling) techniques.

CCS Concepts
•Computing methodologies → Rendering; Ray tracing;
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1. Introduction

The synthesis of photo-realistic images requires computing mil-
lions of shading integrals. Due to its simplicity and integral di-
mension independence, Classic Monte Carlo (CMC) was for a long
time the method of choice to estimate the value of such integrals.
However, even when combined with variance reduction techniques
such as importance sampling, CMC still requires a large amount of
samples to provide good quality estimates. Together with the high
cost for obtaining integrand sample values, this drawback makes
photo-realistic rendering very time consuming. To alleviate this
problem, Quasi-Monte Carlo (QMC) methods replace the stochas-
tic sampling of CMC by “well-distributed” deterministic sampling
patterns, hence achieving faster convergence rates. However, the
sample weights used in QMC are equal no matter the used sam-
ple positions. This can be sub-optimal as shown by our results. Our
goal in this paper is to propose a new theoretical framework which
allows deriving optimal sample weights (OSW) for hemispherical
integral quadratures whatever the sample distribution. To this end,
we leverage the work of Brauchart et al. [BSSW14] and derive a
worst case integration error criterion (wce, i.e., upper bound of in-
tegration error), which is expressed as an explicit function of the
sample weights. Given the quadratic form of the worst case error
criterion expression, the optimal sample weights can then be deter-
mined analytically by solving a simple linear system. The resulting
framework is then applied to the particular case of shading inte-
grals. Our contributions can be summarized as follows:

• A theoretical framework for analyzing the error produced by
quadrature rules applied to shading integrals;

• An optimal sample weighting (OSW) method for hemispherical
integral quadratures with the following features:

– It can take as input any sample distribution, as it does not
impose any constraint on the sample placement.

– It compensates for irregularities in the sample sets through
the use of optimal sample weights.

• An illustration of how the proposed OSW method can outper-
form traditional MC and QMC approaches in rendering.

The paper is organized as follows. After presenting the related work
in Sec. 2, we recall the quadrature error rules in the case of full
sphere integration in a Sobolev space setting (Sec. 3). Then, our
contribution begins in Sec. 4 where we propose a theoretical frame-
work for the analysis of the error of hemispherical quadrature rules.
Unlike the theoretical approaches of Subr et al. [SK13] and Pille-
boue et al. [PSC∗15] for the spectral analysis of Monte Carlo inte-
gration, our framework is not based on a stochastic analysis of sam-
pling patterns and is essentially deterministic. Still in the same sec-
tion, we derive an analytic expression for optimal sample weights.
Sec. 5 details the of OSW to rendering. Experimental results are
presented in Sec. 6, followed by some conclusions and future work.

2. Related work

QMC is a well-known equal-weight quadrature rule technique that
has been extensively used in global illumination rendering [Kel06]
(see also Keller [Kel13] for a complete overview). However, de-
spite the numerous applications, few of them leverage the research

works on quadrature rules over the sphere. As the shading integral
is essentially an integral over the hemisphere, we give in this sec-
tion an overview of various approaches that have been proposed in
the literature to deal with the problem of quadrature over the S2

sphere in general. We give a special focus on kernel-based tech-
niques that we deem more suited to rendering applications.

Quadrature rules are generally characterized by the space of
functions on which the quadrature yields exact results. As regards
the general case of quadrature rules on the sphere, popular meth-
ods use interpolatory quadratures (or, more specifically, polynomial
quadrature rules) which are exact on the spaces of spherical har-
monics expansion [HMS16, SW04, MW11]. In other words, such
quadrature rules are exact for band-limited integrands up to some
degree L of the spherical harmonics and approximate otherwise.
However, these quadrature methods are optimized for the sphere
only and they are not easily adapted to the hemispherical integra-
tion domain we are concerned with in rendering applications. To
solve this problem, Hesse and Womersley [HW11] propose a tensor
product rule that allows adapting familiar quadrature methods orig-
inally designed for the uni-dimensional integration domain [−1,1]
so as to derive quadrature rules with polynomial exactness over a
spherical cap. However, all these quadrature methods lack flexibil-
ity for rendering applications as the weights are optimized for fixed
precomputed point sets and do not factor-in the function that repre-
sents the BRDF in the shading integral.

Most of the recent literature on quadrature methods on the sphere
rely on reproducing kernel Hilbert spaces (RKHS) [Aro50,Hic96].
This framework can be used in many different ways to optimize
point set distributions on the sphere and quadratures on the sphere
in general. Moreover, these approaches are much more flexible in
terms of samples location than the methods mentioned above. For
example, Sloan et al. [SW05] and Fuselier et al. [FHN∗14] propose
quadrature methods that are exact for linear combination of kernels
instead of spherical polynomials. As regards computer graphics ap-
plications, a kernel-based method has been proposed by Lessig et
al. [LDF14]. In their work, the radiance function is assumed to be-
long to an RKHS the basis functions of which are constructed from
the incident radiance samples. The quadrature weights are then de-
rived so as to minimize the error. For the sake of tractability, the
incident radiance function is assumed to be bandlimited.

In this paper, we analyze the problem of deriving spherical
quadratures for shading integral estimation. We resort to RKHS-
based Sobolev space kernels similarly to Fuselier et al. [FHN∗14]
and to the notion of worst case integration error. However, as
opposed to their approach, which addresses the general case of
integrals over a full sphere, our proposed solution is specifically
adapted to the case of shading integrals. To this end, we explicitly
account for a hemispherical integration domain and integrands that
include a product of two functions: an unknown function (typically
the incident radiance function), and an analytically-known function
(i.e., the BRDF for most rendering applications). Our approach al-
lows computing optimal quadrature weights during the rendering
process and does not require any assumption on the bandwidth of
the incident radiance function unlike Lessig et al. [LDF14]. The re-
sulting estimator can handle sample sets with arbitrary sample po-
sitions. It allows to accommodate many of the sampling strategies
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proposed in the computer graphics literature to the extent that they
apply to the hemispheric integration problem we are concerned
with in this paper. In the examples given below, we have used the
classic importance sampling method, i.e., BRDF-based warping of
a uniformly-distributed sample set. However, totally different ap-
proaches can be used such as techniques that combine visibility and
illumination-based sampling (see, e.g., Agarwal et al. [ARBJ03]
and Ostromoukhov et al. [ODJ04]) or which take into account the
temporal coherence [WWL05]. Szirmay-Kalos et al. [SKS09] pro-
pose to implement both BRDF and illumination importance sam-
pling through an error diffusion method in which sample positions
are chosen so as to minimize an error estimate. It is interesting to
note that this error estimate assumes first-order derivability of the
integrand, i.e., C1 continuity. In comparison, the worst case error
criterion used in our method can handle a broader class of func-
tions that can be less smooth than the C1 class. Broadly speak-
ing, one of the benefits of our method is that the sample weights
compensate for possible irregularities in the sampling pattern. One
of the consequences of this feature is to improve the convergence
rate obtained with randomly distributed sample sets, hence reach-
ing performances comparable to those of low discrepancy sample
sets.

3. Sobolev spaces on the S2 sphere

Our goal in this paper is to derive optimal quadrature rules for the
illumination integral. More specifically, we want to design quadra-
ture rules which yield the smallest estimate error possible for a
broad class of incident radiance functions. To this end, we need
a criterion that quantifies the efficiency of a quadrature rule. Such
a criterion must be a function of the samples position and weights
given a set of possible integrands f ∈ H, H being a function space
relevant for our application. In the following (Sec. 3.1), we for-
malize the notion of worst case integration error. Then, we state
the conditions under which the worst case error criterion crite-
rion (wce) is meaningful, and discuss different candidate function
spaces so as to fulfill these conditions. Finally, we conclude that the
Sobolev function space is particularly well-suited for our applica-
tion and then we briefly introduce the basic concepts in Sec. 3.2.

3.1. Motivation

The worst case integration error (wce) is defined as:

wce = sup
f∈H

∣∣∣I [ f
]
− Ĩ

[
f
]∣∣∣ (1)

where I
[
f
]

is an integration functional which takes as input a func-
tion f ∈ H and yields the value of its hemispherical integral; and Ĩ
is a quadrature functional yielding the quadrature rule estimate of
I
[
f
]
. It is given by:

Ĩ
[
f
]
=

N∑
j=1

w(u j) f (u j) (2)

where N is the number of samples, u j is the position of the jth sam-
ple, w(u j) ∈ R is a real number with the weight of the jth sample,
and f (u j) is the value of the jth sample. The wce thus expresses
the supremum of the quadrature error over all functions f ∈ H. For

the wce to be a meaningful criterion which can actually be used to
evaluate the efficiency of a quadrature rule, we need to ensure two
conditions:

•
∣∣∣I [ f

]∣∣∣ <∞. Indeed, if this condition is not met, then either wce =

∞ or wce is an indeterminate form, no matter the quadrature rule.
• f (u) <∞ for any u, otherwise wce =∞ for any quadrature rule

Ĩ
[
f
]
. This would make the quadrature rules indistinguishable

among themselves.

Let us first focus on the problem of bounding I
[
f
]
. It is clear that

we need to restrict the set of functions considered so as to guarantee
that the integral of f exists and has a finite value. The commonly
used space L2 of the square-integrable functions offers a solution
to such a problem. If f is square-integrable (i.e., f ∈ L2), then the
hemispherical integral of f is bounded, given that a hemispherical
integral is a definite integral (i.e., has upper and lower integration
limits). Consequently, considering the function space L2 solves the
problem of bounding I

[
f
]
.

The properties of the function space L2, however, are not suffi-
cient to solve the problem of bounding Ĩ

[
f
]
. This is because there

exist functions f ∈ L2 for which f (u) yields an infinite value, caus-
ing Ĩ

[
f
]

to take an infinite value as well. We thus need to find a
function space for which f (u) is bounded for any function f . A
solution to this problem is provided by the theory of reproducing
kernel Hilbert spaces (RKHS) [Aro50]. RKHS are defined as func-
tion spaces, equipped with a norm and an inner product, in which
f (u) is guaranteed to be bounded. The reproducing kernel allows
reproducing every function f in the function space, and to express
the wce through an inner product with the kernel. As will be shown
in Sec. 4, this property will be of great importance for the deriva-
tions made in this paper.

At this point, a question arises: which RKHS on S2 to choose?
For our application case, we need an RKHS which is appropriate
for representing incident radiance functions. Given that incident ra-
diance functions fit well into the large scope of squared-integrable
spherical functions L2(S2), such a space would be a suitable can-
didate. However, this Hilbert space is not an RKHS as mentioned
above. An answer to our question is provided by Sobolev spaces
over the sphere, which are RKHSs under certain conditions as ex-
plained below. Furthermore, Sobolev spaces have the important
property of being dense in L2(S2), which means that any function
in L2(S2) can be arbitrarily closely approximated by a function in
a Sobolev space. This property is thus useful for representing in-
cident radiance functions and, more generaly, it is also sufficient
to tackle the problem of quadrature rules analysis and design as
explained by Bach et al. [Bac15].

3.2. Definition

In this section, we briefly introduce the theory of Sobolev spaces on
the S2 sphere. More details are given by Brauchart et al. [BSSW14]
and Atkinson et al. [AH09] in section 7.5.5. The wce of a quadra-
ture rule depends on the smoothness of the integrand [MC96].
Therefore, in order to analyze the predicted performances of
quadrature rules on the hemisphere, we need a mathematical frame-
work to characterize the smoothness of the integrand. Such a frame-
work is provided by Sobolev spaces, a theory which is extensively
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Figure 2: Examples of spherical functions f (θ,φ) belonging to
Sobolev spaces of various smoothness s. The plots show the func-
tions value along a parallel on the sphere at θ = 1.4.

used in the literature about QMC on the sphere (e.g. Brauchart et
al. [BSSW14]).

The smoothness of a particular Sobolev space is characterized
by its smoothness coefficient s ∈ R+. The larger the value of s the
smoother the functions belonging to that Sobolev space. This idea
is illustrated in Fig. 2 which shows examples of three functions
from Sobolev spaces with different smoothness coefficients. For-
mally, we will denote the Sobolev space of functions on the unit
sphere S2 ∈ R3 by Hs(S2), s being the smoothness coefficient.

The appropriate properties for Sobolev spaces to be an RKHS
are obtained when s > 1 [HS05]. This assures the existence of a re-
producing kernel parameterized by s. Among the possible kernels,
the generalized distance kernel is particularly interesting as it leads
to a closed-form evaluation. For 1 < s < 2 the generalized distance
kernel can be defined as follows [BSSW14]:

K(s)(u,v) =
22s−1

s
− |u−v|2s−2, (3)

where |u− v| is the 3D Euclidean distance between two points u
and v on the sphere. For s > 2, a more general expression of the
generalized distance kernel is given in Brauchart et al. [BSSW14].
Some useful properties of the chosen kernel and Sobolev spaces
Hs(S2) are stated in Appendix A. They are essential to derive a
quality criterion for quantifying the efficiency of a hemispherical
quadrature rule.

Brauchart et al. have applied the theory of Sobolev spaces to
analyze equal weights quadrature rules in the case of full sphere
integration domain integrals. In their case, the integration func-
tional has a basic form I

[
f
]

=
∫

S 2 f (u) dS (u), with the weights
w(u j) = 1/N,∀ j (see Eq. (2)). In our approach, we use the Sobolev
spaces RKHS properties to analyze a different case, i.e., hemispher-
ical quadrature rules with non-equal weights. Moreover, in our case
the integrand is a product of two functions, f (u) p(u), where f (u)
is assumed to belong to a particular Sobolev space, and p(u) is in-
tegrable and analytically known.

4. Optimal quadrature rules for hemispherical integrals

4.1. Problem set-up

In the following subsections, we derive a general expression of
the wce of quadrature rules for hemispherical integrals in a RKHS
Sobolev space setting. We consider quadrature rules of the form of
Eq. (2), and hemispherical integrals of the form:

I =

∫
Ω2π

f (u)p(u)dS (u), (4)

where Ω2π is the hemispherical integration domain, dS (u) is a
spherical surface element around a sample position u, f (u) ∈
Hs(S2) with s > 1, and p(u) is an analytically known integrable
function. Typically, in rendering applications, Ω2π is the hemi-
sphere around the surface normal, p(u) represents the product be-
tween the BRDF and cos(θ), θ being the incidence angle, and f (u)
is the incident radiance function. Our goal is to approximate the
hemispherical integral I (Eq. (4)) with a quadrature rule of the form
of Eq. (2). Then, we show how to derive optimal weights which
minimize the wce of quadrature rules.

4.2. Worst-case error for hemispherical integrals

In Sec. 3, we have seen that the theory of Sobolev spaces allows
characterizing the integrand smoothness through the smoothness
parameter s. We then assume that f (u) ∈ Hs(S2) with s > 1 where
Hs(S2) is a Sobolev space of smoothness s. Based on this assump-
tion, an analytical expression for the wce in Eq. (1) can be derived
for the case of hemispherical integrals, where I is given by Eq. (4)
and Ĩ by Eq. (2). When f (u) ∈ Hs(S2) with s > 1, the quadrature
error can be written as an inner product on Hs(S2), yielding:

I− Ĩ = 〈 f ,h(s)〉Hs , (5)

where h(s) ∈ Hs(S2) is a function given by:

h(s)(u) =

∫
Ω2π

K(s)(u,v)p(v)dS (v)−
N∑

j=1

w(u j)K(s)(u,u j). (6)

These two equations can be derived using the reproducing prop-
erty (Eq.(20)) and the bilinearity property of the inner product, as
shown in Appendix B. Then, applying the Cauchy-Schwartz in-
equality (i.e., |〈a,b〉| ≤ ‖a‖ ‖b‖) on Eq. (5), the quadrature error is
bounded by:

|I− Ĩ| ≤ ‖ f ‖Hs ‖h(s)‖Hs . (7)

In the above inequality, the effect of the quadrature rule and the
smoothness of f on the error are taken into account through
‖h(s)‖Hs . Indeed, a closer look at Eq. (6) reveals that h(s) depends on
the samples position u j, the sample weights w(u j), and the smooth-
ness of f which is characterized by the Sobolev space coefficient
s (which itself determines the shape of the kernel K(s)). As for the
factor ‖ f ‖Hs , it can be interpreted as a characterization of the mag-
nitude of the values of f over its domain. Given that our goal is
to analyze the impact of the sample weights and positions on the
quadrature error, and that ‖ f ‖Hs only acts as a multiplicative con-
stant, we will consider henceforth that ‖ f ‖Hs = 1, yielding:

wce = ‖h(s)‖Hs = 〈h(s),h(s)〉
1/2
Hs , (8)
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Note that setting ‖ f ‖Hs = 1 does not change the shape of the wce as
a function of the sample positions and weights. Then, using Eq. (6),
Eq. (8) can be expanded as follows:

wce =

Vs +

N∑
i=1

N∑
j=1

w(ui)w(u j)K(s)(ui,u j)

−2
N∑

j=1

w(u j)
∫

Ω2π

K(s)(u,u j)p(u)dS (u)


1/2

. (9)

where Vs is a constant independent of the quadrature rule:

Vs =

∫
Ω2π

∫
Ω2π

K(s)(u,v)p(u)p(v)dS (u)dS (v). (10)

This derivation uses the reproducing property (Eq.(20)) and the bi-
linearity property of the inner product. For a detailed derivation of
Eq. (9), refer to Appendix C. This result significantly differs from
Brauchart et al.’s [BSSW14] wce equation, in which the last two
terms are constant due to the full sphere integration domain. A
closer look at Eqs. (9) and (10) shows Vs as a term which is inde-
pendent of the quadrature rule. Vs can be seen as the highest possi-
ble wce value, obtained with a number of samples N = 0. Informally
speaking, the second term could be seen as a term which accounts
for the overall distribution of the samples, penalizing irregular sam-
ple distributions. In case s = 1.5 and the weights w(u j) = 1/N ∀ j,
then this term becomes a sum of distances between samples. Fi-
nally, the third term accounts for the relevance of each sample
with respect to p(u), the analytically known part of the integrand.
This term does not exist in the case of the full sphere wce equa-
tion [BSSW14].

Eq. (9) forms the core of our theoretical framework and enables
us to analyze the efficiency of quadrature rules as a function of the
smoothness parameter s, the samples position u j, and the sample
weights w(u j). Ideally, a quadrature rule must be designed so as
to have the lowest possible wce for the widest possible range of
smoothness values. It is important to emphasize that Eq. (9) applies
whatever the point set distribution u j and the weights w(u j).

4.3. Deriving optimal weights for hemispherical integrals

Given a hemispherical point set as an initial solution, an optimal
quadrature rule can be derived by finding the point set positions and
weights that minimize the wce as given by Eq. (9). However, such a
method would be prone to many local minima if the search space is
not reduced in some way. Therefore, in the following, we propose
a method in which only the weights are optimized. Even though
this is not the most optimal solution in terms of wce, our results
show that optimizing the weights alone can already yield a signifi-
cant improvement. Besides, this method has the advantage of being
solved analytically as shown below. Optimizing both the weights
and the distribution is an interesting research direction which is left
for future work.

Eq. (9) is indeed quadratic in the weights w(u) and thus can be
minimized with respect to the weights. To make this explicit, we
rewrite Eq. (9) under the following matrix form:

wce =
(
WT Ks(U,U)W−2ZT W + Vs

)1/2
, (11)

where U = (u1, . . . ,uN ) and WT = (w(u1), . . . ,w(uN )) are the point
set and its associated weights, respectively, Ks(U,U) is the matrix
with coefficients K(s)(ui,u j) and ZT = (z1, . . . ,zN ) is a vector whose
components are given by:

z j =

∫
Ω2π

K(s)(u j,u)p(u)dS (u). (12)

Given a QMC point set U, a set of optimum weights Wopt can be

found by solving
∂wce
∂W

= 0 from Eq. (11), which gives:

2WT
opt Ks(U,U)−2ZT = 0, (13)

and thus:

WT
opt = ZT K−1

s (U,U). (14)

Henceforth, this optimization method is tagged OSW (Optimized
Sample Weighting). Note that there is no constraint regarding the
sum of the weights.

Similarly to the wce, the optimal weights Wopt depend on
several parameters which we omit for the sake of clarity. These
parameters are: the Sobolev space smoothness coefficient s, the
analytically-known integrand function p(u) and the sample posi-
tions U. It is worth pointing out that the OSWs factor-in p(u), i.e.,
they account for the considered BRDF in a typical rendering appli-
cation. It is also worth pointing out that there is no pdf involved,
nor there is any condition on the sample positions: any sample dis-
tribution can be used as input. Finally, note that when using OSW,
we can reach a simpler wce expression which does not depend on
the sample weights, by substituting Eq. (14) on Eq. (11), yielding:

wceopt =
(
Vs − ZT K−1

s (U,U) Z
)1/2

. (15)

Choosing the Sobolev smoothness coefficient s. The weights
provided by Eq. (14) depend on the value of the smoothness pa-
rameter s, which raises the question of how to choose s. Ideally,
one would study a large variety of shading integrals (e.g., using
a rich database with many different scenes and illumination con-
ditions) to learn which value of s better fits the incident radiance
functions found. However, developing such an approach is itself a
research topic, and is thus left for future work. Instead, to illustrate
the benefits of our framework, we chose s based on experimental
observations. Our rendering tests show that setting s = 1.5 allows
optimal results in most cases. Moreover, we have also found that
our experimental results are not particularly sensitive to the choice
of s.

4.4. Insights on OSW.

With the value of s fixed to s = 1.5, let us now discuss the influence
of the samples position and of the function p(u) on the optimal
weight assigned to each sample through Eq. (14). Given a samples
set U = (u1, . . . ,uN ), the distance between the samples is taken into
account through the inverse matrix K−1

s (U,U). Each element ki, j of
Ks results from evaluating the kernel in Eq. (3) for the two sample
positions ui and u j. If ui and u j are close to each other, then ki, j
(and k j,i) will have a relatively large value since the right term of
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p(u) = 1 p(u) = (u ·n)

(a) (b)

(c) (d)

Figure 3: Illustration of the mechanics of the OSW for s = 1.5. On
the left, p(u) = 1, so the weights are only influenced by the distance
between the samples. On the right, the use of p(u) = (u · n), with
n being the up-axis of the hemisphere, introduces an extra factor
which increases the influence of samples near the pole (and reduces
the influence of those near the equator). Top images: equidistant
samples example. Bottom images: a new sample is added to the
original point set.

the kernel equation will tend to zero. The matrix inversion makes
k−1

i, j (and k−1
j,i ) have a small value, causing the samples ui and u j

to have a reduced weight in the final quadrature. Conversely, if a
sample ui has no nearby neighbours, its weight in the final quadra-
ture will tend to be higher. As regards the vector Z = [z1, . . . ,zN ]
(see Eq. (12)), it accounts for two factors: p(u), and the position of
the sample in the integration domain. Let us start by analyzing the
latter. If a sample ui is located near the edge of the hemispherical
integration domain then its corresponding zi value will be smaller
than that of a sample located near the pole. This is because the ker-
nel (which is centered in the sample position ui) will be partially
outside the integration domain, causing the integral in Eq. (12) to
have a smaller value. Informally speaking, one can see that a sam-
ple located near the edge is somehow less relevant than one near
the pole, given that it brings information about a smaller zone of
the integration domain. Finally, p(ui) accounts for the relevance of
the sample with respect to the part of the integrand which is an-
alytically known, i.e., in a typical rendering application case, the
product between the BRDF and cos(θ).

Fig. 3 illustrates this mechanism using manually chosen sample
positions. The samples color denotes the assigned weights (see the
color bar on the right). A green color means that the sample has

(a) Diffuse case weights (b) Glossy case weights

Figure 4: Optimal weights for two point sets based on a Sobol low
discrepancy sequence. The original samples have been projected
from the hemisphere to a disk through a Lambert azimuthal equal
area projection. In (a), samples have been warped so as to follow a
cos(θ) distribution, and the OSW have been computed to approxi-
mate the diffuse component of the shading integral (Eq. (17)) using
Eq. (2). In (b) the warped samples following a cos20(θ) distribu-
tion, and the OSW have been computed to approximate the glossy
component (Eq. (18)) using Eq. (2).

a weight of 1/N. Samples with a color ranging from light to dark
blue have a weight w < 1/N (the darker the blue, the smaller the
weight). Samples with a color ranging from yellow to red have a
weight w > 1/N (the redder the color, the larger the weight). Two
integrand cases are considered: on the left, i.e., in Fig. 3 (a) and
(c), p(u) = 1; on the right, i.e., in Fig. 3 (b) and (d), p(u) = (u ·n),
where (u ·n) denotes the inner product between u and v, and n is
the up-axis of the hemisphere. In both cases, the used samples are
exactly the same: five equidistant samples on the top (Fig. 3 (a) and
(b)); and an extra sample near the pole in Fig. 3 (c) and (d). In (a),
the equidistant samples combined with p(u) = 1 results in equal
weights (1/N) for all samples. In (b), despite the samples being ex-
actly the same, using p(u) = (u ·n) makes the sample located on the
pole have a larger weight than the others, since it maximizes the co-
sine term. As for (c) and (d), adding a new sample near the pole has
roughly the same effect: it makes the weight of the nearby samples
decrease compared to (a) and (b), respectively. On the other hand,
the samples which remain more isolated see their final weight in-
crease.

5. Application to the shading integral

5.1. Preliminary considerations

The framework presented in the previous section has different ap-
plications for rendering that we illustrate in this section. Our ap-
proach can be applied to a broad class of BRDFs which need not
be analytically known. For the sake of simplicity, and without loss
of generality, in the following we will illustrate the application of
our framework for the well known case of a Phong BRDF given by
p(u) =

(
kd +

ks (u·ur)m

(u·n)

)
(u ·n) where kd is the diffuse coefficient, ks

is the glossy coefficient, m is the shininess coefficient, ur is the per-
fect reflection direction, and n is the normal at the surface point.
However, our framework can also be used for complex or non-
analytically known BRDFs. To this end, one can simply replace the
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complex or non-analytic term p(u) with a simpler analytical ap-
proximation p′(u). The original function f (u) is then replaced with
g(u) = f (u)p(u)/p′(u) in Eq. (4). This substitution has generally
no significant impact on the efficiency of the optimization methods
described in this paper.

Using the Phong BRDF, the shading integral of Eq. (4) can be
written as a sum of two integrals,

I = I(d) + I(g) , (16)

where:

I(d) =

∫
Ω2π

f (u) p(d)(u)dS (u) (17)

I(g) =

∫
Ω2π

f (u) p(g)(u)dS (u) (18)

with p(d)(u) = kd (u · n) and p(g)(u) = ks (u · ur)m. Under this ap-
proach, two quadrature rules are required to approximate the value
of I: one for the diffuse component (I(d)) and another one for the
glossy component (I(g)). While both quadrature rules have the same
form as given by Eq. (2), their sample positions, sample weights
and the number of used samples usually differ. In the particu-
lar case of using OSW-based quadratures for evaluating I(d) and
I(g), the OSW must be computed specifying p(u) = p(d)(u) and
p(u) = p(g)(u), respectively, independently of the used sampling
pattern (see Eqs. (12) and (14)).

Finally, as mentioned in Sec. 4, our OSW can be computed for
any hemispherical sample distribution. How to chose the sample
location is thus up to the user. To illustrate the benefits of the OSW
while remaining in an application case which is familiar to the ren-
dering community, we chose to distribute our samples using impor-
tance sampling according to p(u). This approach, which henceforth
is referred to as warping, makes the sampling density mimic better
the integrand. In the case of the Phong BRDF presented above, the
warping function yields a hemispherical distribution with a density
proportional to p(d)(u) for the diffuse component (Eq. (17)), and
proportional to p(g)(u) for the glossy component (Eq. (18)).

5.2. Optimal quadrature weights for glossy and diffuse
components

Fig. 4 shows the OSW for two point sets generated with a warped
Sobol [0,2]-sequence [Sob67]. In Fig. 4 (a) the original point set
has been warped so that its sampling density follows the shape of
p(d)(u), while in Fig. 4 (b) the point set density follows p(g)(u) with
a shininess coefficient m = 20. The sample set shown in Fig. 4 (a)
is used to evaluate I(d), the diffuse component of the shading inte-
gral. Therefore, we have specified p(u) = p(d)(u) when computing
its OSW (see Eqs. (12) and (14)). Similarly, we have chosen to use
the sample set in Fig. 4 (b) to evaluate the glossy component I(g).
In this case we must thus specify p(u) = p(g)(u) to determine the
OSW. In both cases, the OSW have been computed using sopt = 1.5.
The number of samples is N = 128 in the diffuse case and N = 64
in the glossy case. The improvement in terms of wce relative to
QMC (equal sample weights) is of 7.0% for the diffuse case and
6.3% for the glossy case. Such an improvement is not negligible
considering that we only changed the sample weights and not their
location. Moreover, given the convergence rates typically obtained

(a) Diffuse case weights (b) Glossy case weights

Figure 5: Optimal weights for a non-uniform samples set. The used
samples set is the union of those shown in Fig. 4 (a) and (b). In
(a) the OSW have been computed to approximate the diffuse com-
ponent of the shading integral (Eq. (17)) using Eq. (2). In (b) the
OSW have been computed to approximate the glossy component
(Eq. (18)) using Eq. (2).

by QMC methods (usually below O(N(−0.7)), such an improvement
represents a gain of at least 8.5% in terms of the number of used
samples. Given that obtaining a sample value is a computer expen-
sive task, this improvement becomes relevant in terms of rendering
time.

5.3. Mixing different sampling strategies

In this section we further explore the possibility offered by our
framework of accepting literally any possible hemispherical sam-
ple distribution. To provide an application example of this feature
let us take a closer look at Eqs. (16) to (18). To compute I, the in-
tegrals I(d) and I(g) are approximated using two distinct quadrature
rules of the form of Eq. (2). Naturally, in a classic QMC approach
(i.e., using Eq. (2) with equal weights), the samples are differently
distributed for each component due to the use of different warping
functions. I(d) and I(g) are then independently evaluated using two
distinct sample sets. Intuitively, one can see that there is an impor-
tant misuse of the information produced by sampling, given that the
information brought by the diffuse samples set is disregarded for
evaluating the glossy component, and vice-versa. Multiple impor-
tance sampling (MIS) [Vea97] can be used to overcome this prob-
lem, yielding an estimator in which all samples can be used. As we
show in the following, our framework can also be used in the same
context. Fig. 5 shows the result of merging into a single set the
samples from Fig. 4 (a) and (b). The sample weights for the result-
ing set have been computed for estimating I(d) (Fig. 5 (a)) and I(g)

(Fig. 5 (b)). Using the full samples set for estimating the value of I
yields a 19.1% decrease in terms of wce compared to using two sep-
arate sets as shown in Sec. 5.2. Compared to classic QMC, the im-
provement is even more significant, achieving a 24.1% gain. In the
following, this method is tagged OSWA (optimal sample weights
with all samples). Finally, note that, for N1 diffuse samples and N2
glossy samples, the complexity of the weights computation using
OSWA is in O(N1 + N2)3 compared to O(N3

1 + N3
2 ) with OSW.
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Figure 6: Rendering results for the Sphere scene using 64+32 samples per shading point for the diffuse and glossy components, respectively.
The images in (a) and (b) represent the quadratic error of the integral estimate for each pixel, using the color bar shown on the right.

6. Rendering experiments

6.1. Experimental set up

In this section we present a set of rendering results using our frame-
work as well as comparisons with relevant related work. We com-
pare our OSW for the application case of Sec. 5.2 to traditional
(Q)MC with equal weights. As for the mixing different sampling
patterns application of Sec. 5.3 (OSWA), it is worth comparing it
to a method which is also capable of combining samples provided
by two (or more) different sampling strategies to compute a sin-
gle estimate. In our case, sampling according to the diffuse and to
the glossy BRDF lobes are the two considered sampling strategies.
This sampling approach is known as Multiple Importance Sampling
with balance heuristics as proposed by Veach in [Vea97].

We have tested two different sample set generators: a random
one, to illustrate the case where samples are potentially irregu-
larly distributed over the integration domain; and a low discrepancy
Sobol sequence to illustrate the opposite case with more regularly
distributed samples. When applying OSW as described in Sec. 5.2,

we use the same samples set per BRDF for all shading points. In
case of glossy surfaces, the sample set is distributed around the
perfect reflection direction ur through warping. In case of samples
possibly lying under the surface, we simply set their value to zero.
To avoid low frequency artifacts in the rendered images due to the
repeated use of the sampling pattern across all pixels we include a
random rotation scrambling method. All results have been gener-
ated using a laptop equipped with an Intel i7 CPU (8 cores at 2.6
GHz) and 16 GB RAM. The different methods have been imple-
mented in the Mitsuba ray-tracer [Jak10].

6.2. Implementation details

Our method can be easily integrated into existing ray-tracers as it
only implies assigning different weights to the samples. However,
a direct implementation would be too computationally intensive. In
the following, we explain how to efficiently implement the method
by minimizing the amount of computations required to determine
the vector Z and the matrix Ks, used to compute the OSW through
Eq. (14).
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(a) Separate sample sets
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Figure 7: RMSE as a function of the number of samples N for the
Sphere scene in log scale. The convergence rate for each method is
given in the legend in-between parentheses. The line for the OSW
Sobol method appears on both plots for an easier comparison.

Computing Z. Each element of the Z vector is given by Eq. (12).
Computing Z thus amounts to computing the value of as many
hemispherical integrals as the number of used samples N. Clearly,
such an approach would scale poorly with the number of samples.
To cope with this problem, we have used a precomputed 2D look-
up table which stores the values of z j as a function of the polar angle
and of the BRDF lobe width (glossiness). During rendering, z j is
computed by interpolating the look-up table values. Given that the
values of z j vary very smoothly, the approximation error entailed
by this method is negligible.

Computing Ks. The matrix Ks has a size N × N. Each element
K(i, j)

s is evaluated using Eq. (3) for the pair of directions ui,u j ∈U,
with U being the samples set. At first sight, the construction of the
Ks matrix has a complexity in O(N2). However, given that Ks is
symmetric (K(i, j)

s = K( j,i)
s ), we only need to explicitly compute its

upper-right triangle (i.e, half of the matrix). Moreover, for a fixed
value of s, Ks only depends on the distance between the samples.
When applying OSW as described in Sec. 5.2 with pre-computed
sample sets, this distance remains constant, as it is not affected by
the scrambling. Consequently, the matrix Ks (and hence the optimal
weights) can be pre-computed as well. As regards the OSWA appli-
cation case (Sec. 5.3), the Ks must be computed during rendering

for each shading point as, unlike the diffuse samples, the position of
the glossy samples depends on the viewing direction. In practice,
this means that the glossy set can be centered around any hemi-
spherical direction, and that the case of Fig. 5 is just one among
multiple possible configurations. However, since we are consider-
ing a Phong BRDF, the distance between samples belonging to the
glossy samples set, as well as the distance between the samples
belonging to the diffuse samples set, do not depend on the view-
ing direction. Instead, only the distance between the glossy and the
diffuse samples varies. This allows to pre-compute a part of the Ks
matrix, hence reducing the number of computations. For more com-
plex BRDFs, we suggest using the importance reweighting trick,
described in Sec. 5.1. This technique resorts to an approximation
of the targeted BRDF. It is used when, due to the complexity of the
BRDF, importance sampling becomes unfeasible. Alternatively, if
an analytic model of the complex BRDF is available, one could also
directly include it in Eq. (12), at the cost of increasing the dimen-
sionality of the precomputed table of z j values mentioned above.

Avoiding numerical instabilities. Eq. (14) can be efficiently
solved as a linear system where Wopt is the unknown. However,
this operation could potentially entail numerical instabilities if two
rows of the Ks matrix are too similar, which may occur when two
samples are very close to each other. Although we did not observe
this problem in our experiments, we provide here a robust solu-
tion to avoid it. To this end, we add a small regularization factor
σ = 0.5 to the diagonal of the matrix Ks, a solution which is com-
monly used in the literature [Bis06]. In our experiments, using the
regularization factor had no impact on the final result.

6.3. Comparisons

Visual comparisons. Fig. 6 shows a comparison between all
tested methods for the case of a sphere using 64 and 32 samples
for the diffuse and glossy BRDF components, respectively. The in-
direct incident radiance was simulated using an environment map.
The effect of the OSW is clearly visible when comparing the er-
ror images shown in Fig. 6 (a), which correspond to the applica-
tion case of Sec. 5.2. In the first column we used CMC (top) and
OSW (bottom) with the same randomly distributed samples. It can
be seen that the size of the red spot, which means a large estimate
error, is reduced when using OSW. In the second column a low
discrepancy Sobol sequence was used instead of the random sam-
ple distribution. It can be observed that blue areas, indicating a low
error level, are larger with OSW compared to QMC. Fig. 6 (b) illus-
trates the results corresponding to the application case of Sec. 5.3.
It shows that OSWA (i.e., OSW with all samples) achieves a higher
accuracy than MIS. Fig. 6 (d) shows a set of close-up views where
the visual improvement due to the use of OSW can be appreciated.
Figs. 1 and 9 show more comparisons for other scenes (Happy Bud-
dha and Cornell Box, respectively). In the former, we have used 50
and 25 samples for the diffuse and glossy BRDF lobes, and indirect
illumination is simulated through an environment map. In the latter,
we have used 40 and 20 samples for the diffuse and glossy BRDF
lobes, and indirect illumination is explicitly computed through fi-
nal gathering for photon mapping. For both scenes the results are
in-line with those for the Sphere scene.
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RMSE analysis. The benefits of OSW and OSWA are confirmed
by the root mean square error (RMSE) curves presented in Fig. 7.
They show that using OSW yields a consistent and significant
error reduction, both when using separate and joint sample sets
(Fig. 7 (a) and (b), respectively). As expected, the error decrease
is more pronounced when using random sampling than when using
a low discrepancy Sobol sequence. Note that OSW(A) improves
the convergence rate achieved by random sample sets: instead of
the regular O(N−0.5) convergence achieved using random sample
sets, the convergence rate reaches O(N−0.7) with OSW(A) and be-
comes comparable to that of low discrepancy sample sets. This is
a remarkable result which shows that non-uniformities of the sam-
pling pattern can be compensated for through optimal weighting.
This feature also explains the improvement of OSW using a Sobol
sequence over QMC (Sobol OSW and Sobol QMC, respectivelly,
in Fig. 7 (a)). However, in this case there is no improvement in
the convergence rate. Instead, the error is reduced by a constant
value. This is because, due to the low-discrepacy property of the
Sobol sequence, the optimal weights have fewer impact. Never-
theless, the improvement is still significant. Given the convergence
rates of both methods, QMC would need 824 samples to reach the
same quality as OSW with 768 samples, i.e., 56 samples more per
shading point (+7.3%). Similarly, if we compare MIS with OSWA
(Sobol MIS and Sobol OSWA, respectively, in Fig. 7 (b)), MIS
would need 811 samples to reach the same quality as OSWA with
768 samples, i.e., 43 samples more per shading point (+5.6%).

Bias and Convergence. When using deterministic low discrep-
ancy point sets our method is biased as any other QMC estima-
tor [Kel13, LL05]. When applying OSW with stochastic sample
sets it is not sure that the unbiasedness property is maintained. Re-
garding consistency, all our experiments are based on consistent
sampling schemes for QMC, hence, OSW applied to such sam-
pling scheme is also consistent since OSW yields lower or at most
equal quadrature error. Consistency is not guaranteed otherwise.
This idea is inline with the results of Fig. 8, which effectively show
convergence of our OSW-based estimator. Note that the RMSE us-
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-15
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Figure 8: RMSE convergence plot for OSW with a very large num-
ber of samples N per shading point. The results have been gener-
ated using the Happy Buddha scene.

ing OSW is always smaller than that of classic Monte Carlo (ran-
dom) even when the latter starts converging.

Timings Finally, Table 1 shows the RMSE and timings for the
Cornell Box scene. Note that all methods perform roughly at the
same speed, even in the case of OSWA for which the weights are
computed during rendering. This is because, in a typical render-
ing context (e.g., final gathering for photon mapping), the cost of
quadrature computation is small when compared to the cost of ob-
taining sample values. Moreover, this result shows the efficiency of
the implementation strategy described in Sec. 6.2.

RMSE
Weighting method

Samples Set OSWA MIS OSW (Q)MC
Random 0.0159 +67.0% +47.0% +84.9%

Sobol 0.0116 +15.4% +43.1% +57.9%

Timings 7m40s 7m39s 7m36s 7m36s

Table 1: RMSE and timings for the Cornell Box scene. The RMSE
is shown in percentage w.r.t. that of OSWA.

7. Conclusion and Future Work

In this paper we have presented a general theoretical framework for
analyzing quadrature rules for approximating any hemispherical in-
tegral, which we have then applied to the specific case of shading
integrals. Our theoretical framework extends the general work of
Brauchart et al. [BSSW14] on quadrature rules over the S2 sphere
by taking into account the specificities of shading integrals, i.e., the
hemispherical integration domain and the BRDF. From this anal-
ysis, we have derived a closed-form mathematical expression to
compute optimal sample weights for any sample distribution. The
results show that our method outperforms Quasi Monte Carlo and
Multiple Importance Sampling when using exactly the same sam-
ples. Our framework can also potentially trigger future research. An
example consists in finding an efficient solution to optimize both
the point set distribution and the weights using the wce equation
for optimized weights (Eq. (15)). A future research direction would
consist in finding a more efficient warping function which takes
into account both the BRDF and the smoothness parameter s. An-
other research line could leverage the fact that the optimal sample
weights support any sample distribution by developing heuristics
for efficient sample placement. These heuristics could account for
information about the incident radiance function obtained in previ-
ous sampling phases; they could also leverage information regard-
ing the most contributive sampling directions previously drawn. Fi-
nally, some improvements may be obtained through a local adap-
tation of the smoothness parameter s: one could, for example, de-
velop an algorithm to learn what is the best value of s for the current
scene.
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Figure 9: Rendering results for the Cornell Box scene using 40 + 20 samples per shading point for the diffuse and glossy components,
respectively. The images in (a) and (b) encode the quadratic error of the integral estimate for each pixel, using the color bar shown on the
right. The raw rendering results can be found in additional material.

Appendix A - Sobolev spaces as RKHS: useful properties for
our application

When s > 1, Hs(S2) Sobolev spaces are then Reproducing Kernel
Hilbert spaces (RKHS) [Aro50]. This assures the existence of a
reproducing kernel characterized by the following properties:

K(s)(·,v) ∈ Hs(S2), v ∈ S2, (19)

and:

〈 f (·),K(s)(·,v)〉Hs = f (v), v ∈ S2, f ∈ Hs(S2), (20)

the latter being known as the reproducing property. As shown in
Appendix B, this property is of great importance for our analysis
as it allows expressing I

[
f
]

and Ĩ
[
f
]

(and hence the quadrature
error I

[
f
]
− Ĩ

[
f
]
) as an inner product. Given that the inner product

is bounded by definition, this guarantees that the wce of Eq. (1) is
itself also bounded (c.f. Sec. 3.1).

The generalized distance kernel in Eq. (3) is real-valued, sym-
metric (K(s)(u,v) = K(s)(v,u)) and isotropic as it only depends on

the distance between u and v and not on the individual directions u
and v. From Eqs. (19) and (20), a symmetric kernel has the follow-
ing property:

〈K(s)(u, ·),K(s)(v, ·)〉Hs = 〈K(s)(·,u),K(s)(·,v)〉Hs = K(s)(u,v), (21)

which will later be used in Appendix C to derive a wce expression
for hemispherical quadrature rules.

Appendix B - Proof of the quadrature error as an inner
product

Using Eqs. (2) and (4) we can express the quadrature error as:

I− Ĩ =

∫
Ω2π

f (v)p(v)dS (v)−
N∑

j=1

w j f (u j) (22)

where Ω2π is a hemispherical integration domain. In application
of the reproducing kernel property of Eq. (20), Eq (22) can be ex-
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pressed based on two inner products as follows:

I− Ĩ =

∫
Ω2π

〈
f (·),K(s)(·,v)

〉
p(v)dS (v)−

N∑
j=1

w j
〈

f (·),K(s)(·,u j)
〉

(23)
Using the linear property of the inner product w.r.t. the integral op-
erator, and the bilinearity property of the inner product, we rewrite
Eq. (23), yielding the difference of inner products:

I− Ĩ =
〈

f (·),
∫

Ω2π

K(s)(·,v)p(v)dS (v)
〉
−

〈
f (·),

N∑
j=1

w jK(s)(·,u j)
〉

Finally, through the additive property of the inner product, we can
easily retrieve the form of Eq. (5):

I− Ĩ =
〈

f (·),
∫

Ω2π

K(s)(·,v)p(v)dS (v)−
N∑

j=1

w jK(s)(·,u j)
〉

,

which can be rewritten as I− Ĩ =
〈

f (·),h(s)(u)
〉

and we can identify
the expression of the function h(s)(u) given by Eq. (6), replacing
the dot variable · by u.

Appendix C - Worst case error for hemispherical quadrature
rules

Using Eqs. (6) and (8), we can write:

wce =

[〈∫
Ω2π

K(s)(u,v)p(v)dS (v)−
N∑

j=1

w jK(s)(u,u j),

∫
Ω2π

K(s)(u,v)p(v)dS (v)−
N∑

j=1

w jK(s)(u,u j)
〉] 1

2

.

Then, using the bilinearity property of the inner product, which
states that 〈a + b,a + b〉 = 〈a,a〉+ 2〈a,b〉+ 〈b,b〉, we have:

wce =

[〈∫
Ω2π

K(s)(u,v)p(v)dS (v),
∫

Ω2π

K(s)(u,v)p(v)dS (v)
〉

−2
〈∫

Ω2π

K(s)(u,v)p(v)dS (v),
N∑

j=1

w jK(s)(u,u j)
〉

+

〈 N∑
j=1

w jK(s)(u,u j),
N∑

j=1

w jK(s)(u,u j)
〉] 1

2

. (24)

We now work on each term of Eq. (24) separately. Using the linear
property of the inner product w.r.t. the integral operator, the inner
product in the first term of Eq. (24) can be re-written as:〈∫

Ω2π

K(s)(u,v)p(v)dS (v),
∫

Ω2π

K(s)(u,v)p(v)dS (v)
〉

=

∫
Ω2π

∫
Ω2π

〈K(s)(u,v)p(v),K(s)(u,v′)p(v′) 〉dS (v)dS (v′)

=

∫
Ω2π

∫
Ω2π

〈K(s)(u,v),K(s)(u,v′) 〉 p(v) p(v′)dS (v)dS (v′) . (25)

Then, using Eq. (21) we can write Eq. (25) as:∫
Ω2π

∫
Ω2π

K(s)(v,v′) p(v) p(v′)dS (v)dS (v′) . (26)

Following a similar strategy, the inner product in the second term
of Eq. (24) can be re-written as:〈∫

Ω2π

K(s)(u,v) p(v)dS (v),
N∑

j=1

w j K(s)(u,u j)
〉

=

N∑
j=1

w j

∫
Ω2π

K(s)(v,u j) p(v)dS (v) , (27)

and the inner product in the third term of Eq. (24) as:〈 N∑
j=1

w j K(s)(u,u j),
N∑

j=1

w j K(s)(u,u j)
〉

=

N∑
i=1

wi

N∑
j=1

w j 〈K(s)(u,ui),K(s)(u,u j) 〉 =
N∑

i=1

wi

N∑
j=1

w j K(s)(ui,u j)

(28)

Finally, substituting Eqs. (26) to (28) in Eq. (24) we obtain Eq. (9).
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