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ABSTRACT

Synthetic biology seeks to envision living cells as a
matter of engineering. However, increasing evidence
suggests that the genetic load imposed by the in-
corporation of synthetic devices in a living organism
introduces a sort of unpredictability in the design
process. As a result, individual part characterization
is not enough to predict the behavior of designed
circuits and thus, a costly trial-error process is even-
tually required. In this work, we provide a new theo-
retical framework for the predictive treatment of the
genetic load. We mathematically and experimentally
demonstrate that dependences among genes follow
a quantitatively predictable behavior. Our theory pre-
dicts the observed reduction of the expression of a
given synthetic gene when an extra genetic load is
introduced in the circuit. The theory also explains
that such dependence qualitatively differs when the
extra load is added either by transcriptional or trans-
lational modifications. We finally show that the limi-
tation of the cellular resources for gene expression
leads to a mathematical formulation that converges
to an expression analogous to the Ohm’s law for elec-
tric circuits. Similitudes and divergences with this
law are outlined. Our work provides a suitable frame-
work with predictive character for the design process
of complex genetic devices in synthetic biology.

INTRODUCTION

The construction of genetic devices able to perform complex
tasks and decision-making processes is a major challenge of
synthetic biology. In a building-up approach, synthetic de-
vices are composed of several interconnected modules that
must be designed in order to work coherently with the rest
of the system. Following an engineering perspective, syn-

thetic biology pursues the implementation of complex ge-
netic behaviors by means of a rational design according to
principles of abstraction, standardization and modularity
(1). Based on these principles, the behavior of a genetic de-
vice should be predictable from the individual characteriza-
tions of their composing parts (2–7). However, increasing
evidence suggests that knowledge of the whole system can-
not be inferred only from the sum of their parts. This fact
makes it difficult to achieve the desired predictability in the
engineering process (8,9) giving rise to one of the major lim-
itations that hinders the advance of synthetic biology.

Among the possible causes limiting the development of
synthetic and biotechnological applications, the so-called
metabolic burden is a usual suspect (9–12). Mounting ev-
idence shows that the expression of a foreign gene causes
a cellular stress that negatively affects the expression of the
other genes, as well as the growth rate of the cell (12–17). Ac-
cording to this, by increasing the genetic load the expected
behavior of a given genetic part would be affected by the
addition of other parts, even when there are no direct inter-
actions among them.

Gene expression depends on a common pool of cellular
resources that must be shared with all of the cell’s genetic
demands (15,18). Recent experimental and theoretical evi-
dence (13,17,19,20) indicates that this constraint introduces
a higher order of dependencies in gene expression. In conse-
quence, the design of reliable genetic devices must take into
account this effect in the characterization of the composing
parts. However, a general theoretical framework accounting
for the effects of limited cellular resources in gene expres-
sion is still lacking.

Our work presents a new mathematical formalization
of gene expression constrained by cellular resources. Our
results demonstrate that when the demand of cellular re-
sources grows due to an increasing number of modules in-
volved in a genetic device, the reduction in the response lev-
els of these modules is governed by equations similar to
those of the so-called Ohm’s law. In electric circuits, this
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law describes the dependence between electric loads (i.e. re-
sistances) and voltage. Analogously, we show that the de-
pendence between genetic loads and gene expression is gov-
erned by the same principle in genetic systems. For an ex-
perimental validation of our theoretical results, we built a
library of genetic circuits using the parts registry repository
(http://parts.igem.org/Main Page) (21–23). In order to di-
rectly monitor the expression levels, our circuits are com-
posed of different modules expressing fluorescent proteins.
Even though circuits were designed to be orthologous, our
results reveal that they are linked by the effect of the genetic
load as predicted by the theoretical framework presented
here.

MATERIALS AND METHODS

Bacterial strains and growth conditions

Cloning and expression experiments were performed
in Escherichia coli Top10 (F- mcrA �(mrr-hsdRMS-
mcrBC) �80lacZ�M15 �lacX74 nupG recA1 araD139
�(ara-leu)7697 galE15 galK16 rpsL(StrR) endA1 �−;
from Invitrogen, USA) except the experiment of Fig-
ure 3C that was performed in E. coli ZN1 (LacIq

PN25-tetR SpR F− endA1 glnV44 thi-1 recA1 relA1
gyrA96 (NacR) deoR nupG �80dlacZ�M15 �(lacZYA-
argF)U169, hsdR17(rK

− mK
+), �−; from Espressys, Ger-

many) due to its constitutive expression of Tet receptor.
Bacterial strains containing the constructs were preserved
in Lysogeny Broth (LB) glycerol 20% (v/v) at −80◦C. Plates
with the colonies used in the experiments were obtained
from the growth of the glycerol stocks on LB agar plates
at 37◦C overnight and selected with appropriate antibiotics
(chloramphenicol 340 �g/ml; kanamycin 250 �g/ml; or
ampicilin 100 �g/ml; Sigma, USA) (7).

Building of the genetic constructs

Cloning was carried out using the Biobrick assembly
method and the parts from the Spring 2010 iGEM distri-
bution. The Biobrick parts used in this study and its char-
acteristics are shown in Supplementary Table S2. All the
constructs analyzed in this paper were built by combin-
ing these parts. Biobrick cloning was performed using an
assembly kit (Ginkgo Bioworks, USA) (22,23). Constructs
used in Figure 2 were built by adding an increasing number
of copies of a red fluorescent protein (RFP) reporter gene
(see Supplementary Table S3, constructs cp1–8). The rest of
constructs used in this paper are comprised of two reporters,
the green fluorescent protein (GFP) and the red fluorescent
one. On one hand, the gfp expression is kept constant under
a constitutive promoter (pm100) expressing a GFP modu-
lated by a medium RBS (R32), and this part is shared for all
the constructs. Thus, GFP expression is the control variable
that we monitor in order to see how changes in RFP expres-
sion (the tuneable reporter) affect this a priori independent
part of the circuit. On the other hand, we have several types
of the other tuneable reporter (RFP) depending on the way
in which we want to tune the expression of the rfp gene (see
the rest of the constructs in Supplementary Table S3 and the
different approaches to tune RFP expression in Figures 2–
4). Among these tuning mechanisms, a library of promoters

and RBSs from the PartsRegistry repository (23) was used,
as well as metabolite-inducible systems such as the Lux and
the Tet-ON.

All constructs were included in the Biobricks high copy
number plasmids (7) (pSB1AK3 and pSB1AC3) and trans-
formed by chemical method. The pSB1AK3 was the plas-
mid used for virtually all the experiments, with the sole ex-
ception of the experiments tuning RBS (Figure 4A), which
were done using a pSB1AC3. In all the experiments, cells
bearing either pSB1AK3 or pSB1AC3 plasmids were used
as negative controls for fluorescence measurements. All the
constructs were verified by analytical gel digestion and con-
firmed by Sanger sequencing. In the case of the constructs
with many copies of rfp, the single copy was sequenced and
the other constructs with more than one copy were con-
firmed by analytical gel digestion (see Supplementary Fig-
ure S2). Further information regarding the constructs and
its main characteristics is also included in Supplementary
Table S3.

Fluorescence assays for gene expression determination

Experiments started from colonies grown in LB agar
plates. A high dilution (106-fold) of the colony was grown
overnight in LB ampicillin in a 200 �l well, at 37◦C and
with continuous shaking. In the experiments with sig-
nal induction, LB ampicillin was supplemented with the
desired inducer concentrations, either lactone 3OC6HSL
(N-[�-ketocaproyl]-L-homoserine lactone; Cayman Chem-
ical Company, USA) or Anhydrotetracycline hydrochloride
(aTc: C22H22N2O7-HCl; Sigma-Aldrich, USA). Then, a
50-fold dilution from the overnight culture was grown until
exponential phase (OD660 ≈ 0.3–0.6) in the same condi-
tions but with the other antibiotic to which cells were re-
sistant, either chloramphenicol or kanamycin, in order to
avoid any possible contamination. Finally, incubation for
in vivo measures was carried out by transferring 50 �l of
the diluted cultures and 150 �l of fresh LB ampicillin into a
flat bottom 96-well microplate (Nunc, Thermo Fisher Sci-
entific, USA). In the induction experiments this fresh LB
ampicillin was supplemented again with the appropriate in-
duction signal concentrations: 3OC6HSL for the Lux tran-
scriptional induction and aTc for the Tet-ON induction sys-
tem. LB without cells was included in the incubation as a
background control for both fluorescence and absorbance.

Gene expression was monitored over time by measuring
the two reporters (fluorescent proteins) used in this study.
Incubation and measures of bacterial cultures during char-
acterization were performed on a Synergy MX microplate
reader (BioTek Instruments, USA) every 10 min for 14 h.
Fluorescence measures for RFP (ex: 578 ± 9 nm, em: 616 ±
9 nm) and GFP (ex: 478 ± 9 nm, em: 516 ± 9 nm) with gain
75 were carried out, as well as optical density (OD at 660
nm) measures. Incubation was done at 37◦C with contin-
uous orbital shaking. 3OC6HSL concentration conditions
were prepared from an initial stock at 10−2 M (3:1, phos-
phate buffered saline (PBS):ethanol). Serial dilutions in LB
ampicillin (or kanamycin or chloramphenicol when needed)
ranging from 10−4 to 10−10 M were prepared for every step
of the protocol just before the experiment. aTc concentra-
tions were also prepared from an initial stock at 10−2 M in
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PBS and dilutions from this stock were prepared the same
way as in the case of 3OC6HSL.

Data transformation

Sample absorbance and fluorescence readings (OD660
(S), f(S)) were corrected using signal background control
(OD660(B), f(B)). The output signal (Fi) was calculated ac-
cording to

Fi = F(S) − F(B)
OD(S) − OD(B)

where Fi corresponds, with a factor of proportionality, to
the concentration of the fluorescent protein i (GFP or RFP)
per cell. Mean values and the standard deviation were de-
termined from the results obtained from different single
colonies.

Time series and signal variation computation

Linear regression of the correlation between GFP and RFP
was calculated at every time step. Its evolution converges
toward a steady state point at ∼600 min. In this work, in
accordance to what has been done in previous works (22)
and considering that a stabilization of R2 is observed (see
Supplementary Figure S3a), the window for the final exper-
iments acquisition was chosen at 600 min, although the be-
havior remained stable for several hours. Furthermore, the
evolution of the slope and the intercept were also monitored
over time and, as it can be seen in Supplementary Figures
S3b and c, both also stabilized at a similar time step, thus
reinforcing the 600 min as the more appropriate choice.

RESULTS

In our theoretical formalism––detailed in the ‘Mathemati-
cal appendix’ section––genes are represented as loads in the
cell, defined by their genetic traits and also conditioned by
the limited cellular resources (Figure 1A). For the sake of
simplicity, we assume that genes are transcribed into mR-
NAs, which in turn are translated into proteins (Figure 1B).
The demand for resources is reflected by the occupation of
transcriptional and translational machineries. This demand
is defined by the gene sequence, in terms of its promoter
strength, the number of gene copies and the ribosome bind-
ing site (RBS), among other factors. According to these
premises, our mathematical model and its experimental val-
idation are presented below.

A genetic circuit in response to an increasing number of ge-
netic loads behaves analogously to an electric circuit with re-
sistances in a series connected to a real power supply

Our first goal was to develop an analytically tractable model
describing gene expression at steady state, based on the
competition for the limiting cellular resources. In a general
scenario, we consider an organism that has a pool of avail-
able transcriptional and translational resources (QT and ST
respectively) dedicated to express its M cellular genes and
N foreign genes (see ‘Mathematical appendix’ section for

Figure 1. The biology of the mathematical model and its connections
with the electric circuit theory. (A) A cellular system with limited num-
ber of transcriptional and translational resources, Q and S, respectively.
Cell genes represent a cellular genetic load that competes for the transcrip-
tional and translational machinery. A tunable synthetic gene (rfp) is used
to introduce a new genetic load monitored by fluorescence protein (FRFP).
Genetic loads are represented by �. (B) Reactions considered in this model
and its respective equilibrium constants defined at the steady state. Nota-
tion: concentration of gene i (gi), mRNA concentration (mi), protein con-
centration (pi). Definition of � and � parameters in terms of kinetic con-
stants (see ‘Mathematical appendix’ section for derivation details). In red,
those parameters experimentally changed in this study. (C) The diagram
representing an electric circuit with a variable resistor Ri and real power
supply with internal resistance R0 in a series. The difference of potential
between the ends of Ri, i.e. Vi, behaves according to the Ohm’s law. (D)
Equivalent genetic circuit expressing a tunable rfp gene, represented with
electric symbology. Protein concentration at the steady state (i.e. FRFP) de-
pends on the total genetic load of the cell.

derivation details). As a result of our mathematical formal-
ization, given a gene of interest (gi), its expression (Fi) is
described by:

Fi = γi

⎛
⎜⎜⎜⎝ βi

βC +
N∑

j=1
β j

⎞
⎟⎟⎟⎠ (1)

Here, � i is a constant that depends on several aspects, such
as the total amount of cellular resources and the gene (gi)
structure and other non-biological parameters such as flu-
orescence reader efficiency and gain. The term �i is the ge-
netic load imposed by the gene gi on the cell, as determined
by the promoter strength, the RBS and the coding sequence

 at B
iblioteca de la U

niversitat Pom
peu Fabra on January 20, 2016

http://nar.oxfordjournals.org/
D

ow
nloaded from

 

http://nar.oxfordjournals.org/


Nucleic Acids Research, 2016, Vol. 44, No. 1 499

Figure 2. Experimental evidences of genetic loads behaving as electric
loads do when connected in a series in electric circuits. (A) Schematic repre-
sentation of the experimental setup. (B) Top: Analysis of plasmid and insert
sizes done by gel electrophoresis after restriction digestion corresponding
to the synthetic constructs involving an increasing number of rfp genes (i.e.
identical units of constitutive promoter + RBS + ORF codifying RFP) up
to eight copies. Band at 3.1 Kbp corresponds to the linearized pSB1AK3
plasmid of all constructs. The second band corresponds to the insert sizes
according to the increasing number of rfp copies (see ‘Mathematical ap-
pendix’ section, Supplementary Table S3 and Supplementary Figure S2 for
further details). Bottom: Experimental RFP fluorescence measurements
(open circles) at the steady state fairly agrees (R2 = 0.9926) with the model
(solid line). (C) Analogous electric circuit involving an increasing number
of identical resistances connected in a series. (D) Response of an equivalent
electric circuit and its general mathematical expression.

of the gene. Moreover, �C represents the genetic load asso-
ciated with the M cellular genes of the host cell, which, for
simplicity, can be considered invariant given a physiolog-
ical state. Interestingly, Fi is proportional to the ratio be-
tween the genetic load of the gene of interest (�i) and the
sum of the genetic loads of the M cellular genes (�C) and
the N foreign genes (

∑N
j=1 β j ), including gi (see Figure 1B

and ‘Mathematical appendix’ section).
As we shall demonstrate, Equation (1) is fairly similar to

the Ohm’s law expression applied to electric circuits, when
electric loads are connected in a series to a real power supply
(24). In electric circuits, the most commonly used formaliza-
tion of the Ohm’s law is:

Vi = I · Ri (2)

This equation describes the relationship between Vi, i.e.
the potential difference between the two ends of an electric
load with resistance Ri, and the electric intensity, I. It should
be noted that Ohm’s law, when applied to a circuit in a series,

can be rewritten as:

Vi = I · Ri = VT

⎛
⎜⎜⎜⎝ Ri

R0 +
N∑

j=1
Rj

⎞
⎟⎟⎟⎠ (3)

(see Figure 1C and ‘Mathematical appendix’ section). Here,
Vi is a fraction of the maximum potential difference VT, de-
fined by the relative contribution of the resistance Ri with
respect to the total load of the circuit. In this equation, R0
represents the internal electric load of the real power supply
(24) (see Figure 1A).

A desirable feature in the design of electric circuits is the
existence of a linear dependence between Vi and Ri. How-
ever, carefully looking at Equation (3) it is easy to observe
that for large Ri values the linear dependence is not satisfied,
giving rise to a sub-linear behavior (see Figure 1C). Com-
paring the genetic Equation (1) and the electric Equation
(3), notable similarities can be easily appreciated.

According to our model, and inspired by Ohm’s law when
applied to circuits in a series, we claim that the total genetic
load of a given circuit should be the sum of the loads of
each individual gene. In order to experimentally validate
our claim, particularly formalized in the Equation (1), we
shall consider a circuit comprising multiple copies of a re-
porter gene (rfp) with identical genetic loads. In this partic-
ular scenario, the expected response is given by:

F
Ncopies

RFP = γRFP · βRFP · N
βC + βRFP · N

(4)

(detailed derivation of Equation (4) is presented in the
‘Mathematical appendix’ section). Here, F

Ncopies

RFP refers to
the total amount of RFP fluorescence, N is the number of
copies and βRFP is the genetic load associated with a single
rfp gene (see Figure 2A).

The experimental results in Figure 2B show a sub-linear
dependence of gene expression when the number of copies is
increased, as predicted by Equation (4). The same behavior
is observed in electric circuits with N identical resistances
in a series, connected to a real power supply (see Figure
2C and D and ‘Mathematical appendix’ section). Our re-
sults demonstrate that genetic load is an additive property
that allows the predictability of the whole system’s behavior.
Furthermore, and according to Equation (3), in electric cir-
cuits the internal resistance of the real voltage source (R0)
is a factor that determines the range on which the linear
dependence between the potential difference (Vi) and resis-
tance (Ri) is valid. Interestingly, �C plays the same role in
genetic circuits according to Equation (4).

Our mathematical model predicts the dependence in the ex-
pression of orthologous genes similar to Ohm’s law for elec-
tric loads

Going beyond the previous case, we shall now study a
new scenario involving different genes with different genetic
loads. Let us now consider how the expression level of a
given gene is affected by the genetic load associated with
other genes. As a proof of principle, we will consider a mini-
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mal scenario involving two different genes. However, a gen-
eral formalization of the model that accounts for an arbi-
trary number of different genes is detailed in the ‘Mathe-
matical appendix’ section. According to Ohm’s law, in a cir-
cuit containing two different electric loads, R1 and R2, the
potential difference between the ends of R1 depends on the
potential difference between the ends of R2, following a lin-
ear relation (see ‘Mathematical appendix’ section). There-
fore,

V1 = m − n · V2 (5)

where m = VT and n = 1 in electric circuits. Remarkably,
a linear relationship can also be derived from Equation (1)
for the genetic counterpart when we consider a genetic cir-
cuit expressing two independent gene reporters, in our case
the fluorescent proteins GFP (FGFP) and RFP (FRFP) (see
‘Mathematical appendix’ section), i.e.

FGFP = a − b · FRFP (6)

where,

a = γGFP · βGFP

βC + βGFP
and b = γGFP · βGFP

γRFP · (βC + βGFP)
(7)

Equation (6) describes the relationship between the ex-
pressions of two genes that are not genetically connected. In
order to assess whether changes in the genetic load of one
of the genes affect the other, we shall consider a scenario in
which one genetic load is kept fixed (FGFP, constitutively ex-
pressed) while the other is tuneable (FRFP). This tuning can
be achieved through different transcriptional and transla-
tional mechanisms. It should be noted that the parameter
a is invariant, regardless of the type of mechanisms used to
tune the rfp expression. However, the slope b can be tuned
via changes in translation (Equation (7)). More specifically,
it depends on �RFP, which only relies on translational mech-
anisms (see Figure 1B). Hence, it is only when translational
changes are used to tune rfp expression (e.g. modifying RBS
strength) that changes in the slope can be expected.

The model predicts that transcriptional tuning of the genetic
load of one gene affects in a linear way the expression of a
second gene

Focusing on transcription, we tuned the rfp expression lev-
els (FRFP) using different experimental genetic implementa-
tions. In particular, four types of circuits were constructed
and characterized, namely: (i) constructs with increasing
number of rfp gene copies from one up to eight, (ii) con-
structs with an increasing promoter strength expressing
rfp, (iii) a Lux-inducible system (6,7) expressing rfp upon
lactone (3OC6HSL) addition and (iv) a Tet-On inducible
system (25) that also expresses rfp upon Anhydrotetracy-
cline (aTc) addition. These different genetic implementa-
tions have a direct mapping with some key model param-
eters. The first one, (i), corresponds to variations in gRFP,
whereas the others (ii–iv) modify �RFP (see Figure 1B).

The experimental results for transcriptional tuning (Fig-
ure 3) reveal a strong linear correlation between FGFP and
FRFP (R2 > 0.9) for all of the analyzed cases, according to
Equation (6). Furthermore, the temporal evolution of R2

(Supplementary Figure S3) demonstrates that this behav-
ior is consistent over time, up to 14 h of incubation. These
results confirm that the linear correlation does not depend
on the specific genetic implementation, thus suggesting the
existence of a subjacent common regulatory principle.

According to Equation (6) our model predicts a linear
relationship between RFP and GFP fluorescence that does
not depend on the transcriptional genetic features of the
tuneable gene (rfp). This prediction is confirmed by the ex-
perimental results shown in Figure 3A where two different
genetic systems, namely increasing the gene copy number
and different promoter strengths, exhibit the same linear
behavior with the same slope and intercept. The other two
inducible systems (by lactone and aTc) cannot be directly
compared with the previous results due to the fact that they
have a different genetic background. This is because they
are either hosted by a different strain (i.e. ZN1 in the Tet-
On system instead of Top10) or because of the presence of
an additional gene (i.e. luxR in the lactone-inducible sys-
tem) introducing a new genetic load included in the βC pa-
rameter. These genetic background differences, which in our
model are translated into different �C, result in different
slope and intercept values (see Figure 3B and C).

Finally, regarding the values of �RFP it is worth mention-
ing that these values are a function that depends on the tun-
ing mechanism used. For instance, in the lactone inducible
system, each lactone concentration corresponds to a differ-
ent βRFP value. The same reasoning also applies to the aTc
inducible system and to the different promoter strength sys-
tem, where for each promoter sequence there is a different
βRFP value. The only case where βRFP value remains con-
stant despite the tuning on the RFP fluorescence levels is the
gene copy number system, where an increase on the num-
ber of copies allows increasing the RFP fluorescence levels
without modification on the �RFP.

In this scenario, our model allows the quantification of
several parameters from the experimental data. This quan-
tification does not provide the βRFP, βGFP and βRFP values
but the ratios between them, i.e. βC/βRFP and βRFP/βGFP.
Furthermore, parameters �RFP and �GFP can also be esti-
mated. Nevertheless, it is important to consider that �RFP
and �GFP are constant parameters involving biological as-
pects but also non-biological ones such as the detection ef-
ficiency of the reader or the gain used, as mentioned be-
fore. In ‘Parameters estimation and data fitting’ section in
the ‘Mathematical appendix’ section, a detailed explanation
about the methodology used for the quantification of these
parameters is presented, as well as the parameter values.

The model predicts that translational tuning of the genetic
load of one gene has a non-linear effect on the expression of
a second gene

Next, we explored the effect of modifying the genetic load of
the tuneable reporter rfp at the translational level by chang-
ing the RBS sequence, thus modifying translation efficiency.
Our model accounts for these modifications in the expres-
sions (6) and (7) at two different levels: (i) through changes
on RFP fluorescence levels (FRFP, experimentally measur-
able) and (ii) by changing �RFP parameter that affects the
slope. Here, it is worth noting that upon transcriptional
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Figure 3. Linear dependence between two genetic loads at the transcriptional level. Three scenarios that were explored: (A) increasing gene copy number
from one up to eight copies of rfp gene together with increasing promoter strength using a library of promoters; (B) Lux-inducible system; and (C) Tet-
On-inducible system. Correlations between RFP and GFP (GFP/RFP charts) are shown in the larger plots, together with a schematic representation of
the transcriptional tuning scenario implemented. Transfer functions (e.g. expression levels for different number of gene copies, promoter strengths and
inducer concentrations) for both fluorescent proteins are presented in the smaller rectangular plots of each scenario. In GFP/RFP charts, mean values are
represented in black circles with s.d. bars. Individual replicates are depicted by either white circles (B and C) or in brown and yellow ones (A, for different
gene copy number and promoter strength respectively). Linear correlations calculated with the least squares method are shown and correlation coefficients
(R2) are included, as well as the linear equation in (A).

changes only FRFP is affected trough changes on βRFP, and
so the slope remains unaltered. On the contrary, transla-
tional modifications imply both changes in the FRFP fluo-
rescence and the slope. As a consequence, the dependence
between FGFP and FRFP exhibits a non-linear relationship,
shown in Figure 4A. In this non-linear relationship each
point corresponds to a different RBS sequence that is as-
sociated to a different �RFP value. According to our model,
using the experimental data it is possible to calculate the ra-
tio

γ Rel
RFP = γRFP

γ MAX
RFP

(8)

for each RBS sequence. Here γ MAX
RFP corresponds to the

strongest RBS sequence, and hence γ Rel
RFP = 1. A notable fit

between the model and the experimental data (R2 > 0.99)
is shown in Figure 4A (see ‘Parameters estimation and data
fitting’ section in the ‘Mathematical appendix’ section for
details about the fitting).

Finally, to study the effect of combining transcriptional
and translational tuning, we built two variants of the Lux
inducible system, which was previously described (Figure
3B). The two variants differed only in the RBS modulat-
ing rfp translation. Our model indicates that �RFP increases
with RBS strength due to its dependence on the parameter
μRFP (as noted in Figure 1B), that is: the stronger the RBS,
the flatter the slope. The results in Figure 4B are in accor-
dance with model’s predictions.

DISCUSSION

In this work, we provide a mathematical formalization and
experimental validation of how gene expression of orthol-
ogous genes in bacteria is affected by the genetic load. Our
formalization considers gene expression as a process con-
ditioned by the availability of the cell machinery and re-
sources required for transcription and translation (RNA
polymerase, ribosomes and related factors, among others).
The consequence of such a limitation is therefore the emer-
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Figure 4. Dependence between two genetic loads at the translational level.
Two different scenarios were implemented: (A) Library of circuits with
RBSs with different strengths. Larger plot depicts the GFP-RFP non-
linear correlation together with the fitting obtained according to model
equation (5) and a schematic representation of the scenario implemented.
Smaller plots depict levels of RFP and GFP expression for each of the
five constructs tested. (B) Transcriptional–translational combined scenario
based on two versions of a lactone-inducible systems differing in their RBS
modulating the RFP (Lux(32) and Lux(33)). Linear correlations for the
two lactone-inducible systems studied are presented, exhibiting different
slope (larger plot). Transfer functions for the two reporters of each con-
struct are shown. Mean values are represented in filled circles with s.d.
bars and individual replicates in open circles. Linear correlations calcu-
lated with the least squares method are shown and correlation coefficients
(R2) are included.

gence of a process of competition among the different ge-
netic requirements of the cell, namely, the genetic loads.
This results in interdependence in the expression of the par-
ticipant genes even when they are assumed to be orthogo-
nal. Despite our model is focused on the competition for cel-
lular resources, the dependences between orthologous gene
expressions could also be affected by other potential inter-
actions, for example those derived from high gene expres-
sion levels or other unknown effects. However, the predic-
tive capability of the model with respect to the experimen-
tal results reinforces competition for cellular resources as a
dominant mechanism driving gene expression.

Such a scenario of competition is not unique in cells ex-
pressing genes. Interestingly, it has also seen in electric cir-
cuits with different resistors. In our work, we show that
there are strong similarities between electric circuits, gov-
erned by Ohm’s law and genetic circuits. Looking at the
mathematical formalization, electric systems show a sub-
linear dependence between difference of potential and elec-

tric load (Equation (3)). Our formalization reveals an anal-
ogous behavior between gene expression and genetic load
(Equation (1)) in genetic systems. Moreover, another shared
characteristic is the existence of dependences in the response
of one load, either genetic or electric, whit respect to the
other ones, despite the fact that these loads are indepen-
dent (Figures 3 and 4). Furthermore, an analogy between
the internal resistance (R0) in electric circuits and the inter-
nal genetic load (βC) of bacterial cells can be established.
In electric circuits the internal resistance of the power sup-
ply play an important role in the dependence between dif-
ference of potential and resistance. In genetic devices, our
model indicates that the interdependence in the expression
of orthologous genes is modulated by βC. This result sug-
gests that these dependences can be affected (enhanced or
reduced) depending on the internal genetic background of
the specific strain used. Future research should be focused
on the analysis of the role of the internal genetic load βC on
the behavior of a given device.

However, looking closely at our model we have to note
that competition in the genetic system takes place at two
different levels, transcription and translation, and therefore
the resulting equation is more complex than the one de-
rived in electricity. In fact, this is reflected in the parame-
ter γ i that should correspond to VT for electric circuits. It is
worth noting that in electric circuits VT can be assumed con-
stant and independent from the characteristics of the elec-
tric loads connected, while this is not the case for γ i in the
genetic counterpart. The difference relies on the fact that
γ i depends on genetic parameters such as the copy number
of plasmids or the translational parameters. This represents
a significant difference with respect to Ohm’s law in elec-
tric circuits. We can speculate that these limits on the anal-
ogy between electric and genetic systems are related with
the circumstance that in genetic systems there are two levels
of process, transcription and translation, instead of a single
one as happens in electric systems. Future work should be
devoted to address this issue in detail.

Our results suggest the existence of a more fundamental
principle that may emerge in systems where there is com-
petition for shared limited resources needed to perform dif-
ferent activities of regulation. Such systems may include the
electric and the genetic one, as we have showed, but could
also comprise, for instance, very different transportation
systems, such as hydraulic systems (26), blood circulatory
system (27) and body heat dissipation (28) that have also
been described according to Ohm’s law. Bearing all of this
in mind, we suggest that Ohm’s law could be a more general
principle that goes beyond the electric metaphor.

It is worth stressing that the model has been experimen-
tally tested in different genetic (inducible and constitutive)
implementations. In all of them, despite the simplicity of
the model, the agreement with the experimental data is re-
markable. In consequence, our model provides a qualitative
understanding of the genetic behavior, but also for a quanti-
tative estimation of the relation between the genetic load of
the different genetic parts present in the host cell. However,
a word of caution must be taken into account for the com-
parability of results obtained in different days for parame-
ter estimation. Future work should be devoted to develop
a quantitative methodology that allows measuring the ge-
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netic load of each genetic component, in order to predict
the impact of the genetic load of the whole device on the
host cell.

Finally, previous evidence regarding the genetic load in
eukaryotic systems (29–31) suggests that gene expression
being affected by genetic load may not be exclusive to
bacteria. Further experimental and mathematical research
should be devoted to clarifying this issue. In this context, the
development of predictive mathematical models to improve
the design of genetic circuits should account for the effects
related to the load, especially when large load is expected.

SUPPLEMENTARY DATA

Supplementary Data are available at NAR Online.
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20. Gyorgy,A., Jiménez,J.I., Yazbek,J., Huang,H., Chung,H., Weiss,R.
and Del Vecchio,D. (2015) Isocost lines describe the cellular economy
of genetic circuits. Biophys. J. 109, 639–646.

21. Registry of Standard Biological Parts. (2015)
http://parts.igem.org/Main Page.

22. Shetty,R.P., Endy,D. and Knight,T.F. (2008) Engineering BioBrick
vectors from BioBrick parts. J. Biol. Eng., 2,
doi:10.1186/1754-1611-2-5.

23. Pasotti,L., Politi,N., Zucca,S., Cusella De Angelis,M.G. and Magni,P.
(2012) Bottom-up engineering of biological systems through standard
bricks: a modularity study on basic parts and devices. PLoS One, 7,
e39407.

24. Nilsson,J.W. and Riedel,S.A. (2011) Electric Circuits. 9th edn.
Prentice Hall, New Jersey.

25. Bertram,R. and Hillen,W. (2008) The application of Tet repressor in
prokaryotic gene regulation and expression. Microb. Biotechnol., 1,
2–16.

26. Akers,A., Gassman,M. and Smith,R. (2006) Hydraulic Power System
Analysis. Taylor & Francis, Boca Raton, FL.

27. Guyton,A. and Hall,J. (2006) Textbook of Medical Physiology. 11th
edn. Elsevier Inc., Philadelphia, Pennsylvania.

28. Sarpeshkar,R. (2010) Ultra Low Power Bioelectronics. Cambridge
University Press, Cambridge.

29. Yallop,C.A. and Svendsen,I. (2001) Recombinant Protein Production
with Prokaryotic and Eukaryotic Cells. A Comparative View on Host
Physiology. Springer, Netherlands.

30. Yallop,C.A. and Svendsen,I. (2001) The effects of G418 on the
growth and metabolism of recombinant mammalian cell lines.
Cytotechnology, 35, 101–114.

31. Van Rensburg,E., Den Haan,R., Smith,J., Van Zyl,W.H. and
Görgens,J.F. (2012) The metabolic burden of cellulase expression by
recombinant Saccharomyces cerevisiae Y294 in aerobic batch culture.
Appl. Microbiol. Biotechnol., 96, 197–209.

32. Glisson,T.H. (2011) Introduction to Circuit Analysis and Design.
Springer Scicence+Bussines Media B.V. NY.

33. Hughes,E. (1969) Electrical Technology, 7th edn. Longman, London.

 at B
iblioteca de la U

niversitat Pom
peu Fabra on January 20, 2016

http://nar.oxfordjournals.org/
D

ow
nloaded from

 

http://nar.oxfordjournals.org/lookup/suppl/doi:10.1093/nar/gkv1280/-/DC1
http://www.parts.igem.org/Main_Page
http://nar.oxfordjournals.org/


504 Nucleic Acids Research, 2016, Vol. 44, No. 1

MATHEMATICAL APPENDIX

Mathematical Model of gene expression dependences based
on competition for cellular resources

Let us consider a gen i, noted as gi, as a transcriptional
unit able to be transcribed into a messenger RNA mi that
is translated into a protein pi. The processes of transcrip-
tion and translation are balanced by the degradation mech-
anisms of the cell, giving rise a constant population of mi
and pi species at the steady state. The transcription and
translation processes can be described as a set of biochemi-
cal reactions.
Transcription reactions:

gi + Q
ki

1←→
ki
−1

Qi (S.1)

Qi

αmi−−−→ gi + Q + mi (S.2)

mi

δmi−−−→ ∅ (S.3)

Here, Q represents the total amount of free translational
resources, e.g. RNA polymerase (RNAP), whereas Qi de-
notes the fraction of translational resources temporary in-
volved in the transcription of gene gi, and mi is the messen-
ger RNA produced (mRNA). It is worth mentioning that
ki

1is a function that depends on the RNAP affinity, which
in turns depends on the promoter sequence and, eventually,
on the presence of other external effectors. Moreover, ki

−1,
αmi and δmi are kinetic constants.Translation reactions:

mi + S
ki

2←→
ki
−2

Si (S.4)

Si

αpi−−−→ pi + S + mi (S.5)

pi

δpi−−−→ ∅ (S.6)

Similarly, S represents the total amount of free transcrip-
tional resources, e.g. ribosomes, whereas Si is the fraction
of resources temporary compromised in protein synthesis.
Here, kinetic parameter ki

2depends on the specific riboso-
mal binding site (RBS) sequence and the rest are kinetic
constants. Applying the law of mass action, the resulting
Ordinary Differential Equations are:

dmi

dt
= αmi Qi − δmi mi − ki

2mi S + ki
−2Si + αpi Si (S.7)

d Qi

dt
= ki

1gi Q − ki
−1 Qi − αmi Qi (S.8)

dpi
dt

= αpi Ri − δpi pi (S.9)

d Si

dt
= ki

2mi S − ki
−2Si − αpi Si (S.10)

at the steady state,

Qi = ωi · gi · Q with ωi = ki
1

ki
−1 + αmi

(S.11)

Si = μi · mi · S with μi = ki
2

ki
−2 + αpi

(S.12)

mi = υi · Qi with υi ≡ αmi

δmi

(S.13)

pi = ξi · Qi with ξi ≡ αpi

δpi

(S.14)

we get,

mi = υi · ωi · gi · Q (S.15)

pi = ξi · μi · mi · S = ξi · μi · υi · ωi · gi · Q · S (S.16)

Parameters and variables are defined in Supplementary Ta-
ble S1.We assume that the total amount of transcriptional
(QT) and translational (ST) resources remain constant dur-
ing time, i.e.

QT = Q + Qi + QC (S.17)

ST = S + Si + SC (S.18)

here, QC and SC are the transcriptional and translational
resources devoted to the expression of the rest of the cellular
genes (except for a gene of interest gi) i.e.

QC =
∑
j 
=i

Q j (S.19)

SC =
∑
j 
=i

Sj (S.20)

Combining Equations (S.11) and (S.12) with (S.17) and
(S.18) we obtain:

Q = QT

1 + ∑
j

ω j · g j
(S.21)

S = ST

1 + ∑
j

μ j · m j
= ST

1 + Q
∑

j
μ j · υ j · ω j

(S.22)

By using (S.22), the protein concentration pi can be ex-
pressed as:

pi = ξiμiυiωi gi

⎛
⎜⎝ ST

1 + Q · ∑
j

(
μ j · υ j · ω j

)
⎞
⎟⎠ (S.23)

Introducing Equation (S.21) and after some algebra we get:

pi =
(

ξi μi υi QT ST

1 + μi υi QT

)⎛
⎜⎝ ωi gi (1 + μi υi QT)

1 + ∑
j

ω j g j
(
1 + μ j υ j QT

)
⎞
⎟⎠ (S.24)
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Now, we can define,

β j = ω j g j
(
1 + μ jυ j QT

)
(S.25)

and Equation (S.24) can be rewritten as:

pi = ϕi

⎛
⎜⎝ βi

1 + ∑
j

β j

⎞
⎟⎠ with ϕi =

(
ξiμiυi QT ST

1 + μiυi QT

)
(S.26)

Defining Fi as the levels of gene expression measured exper-
imentally, e.g. fluorescence if gene gi encodes a fluorescent
protein, we assume that Fi depends linearly with the total
amount of proteins pi, i.e. Fi ∝ pi . Hence, we get

Fi = γi

⎛
⎜⎝ βi

1 + ∑
j

β j

⎞
⎟⎠ with γi = τi · ϕi (S.27)

being � i a constant.

Gene expression dependences behave analogously to Ohm’s
law

Expression of a gene demands for a different amount of cel-
lular resources (energy and raw materials) depending on the
gene sequence but also on the transcriptional regulations.
For a given gene gi, β i characterizes this gene in terms of
the required cellular resources for its expression. Changes
in gene transcription rates, for instance due to the existence
of a protein that represses or enhances the expression of the
gene, are translated into changes on β i values, which in turn
are translated into changes in the final gene expression, ac-
cording to Equation (S.27). In this sense, β i can be inter-
preted as an indicator of the genetic load associated to a
gene gi. In consequence, the expression level Fi depends on
the gene requirements characterized by β i and on the re-
quirements of the rest of the genes β j. Considering a syn-
thetic genetic circuit formed by N different genes embed-
ded in a host cell containing M genes in its genome, we can
rewrite expression (S.27) as:

Fi = γi

⎛
⎜⎜⎜⎝ βi

βC +
N∑

j=1
β j

⎞
⎟⎟⎟⎠ (S.28)

where,

βC = 1 +
M∑

k=1

βk (S.29)

Here, the sum is extended over all (M) genes of the host cell.
Assuming that the cellular conditions are stable in terms of
temperature, pH, nutrients, etc., we can consider that βC is
constant under a physiological state.

Electric and genetic dependence for circuits in a series

Interestingly, the relationship between expression of Fi and
�’s in Equation (S.28) is similar to the relation between the

difference of potential and the electric load in an electric cir-
cuit where all electric loads are connected in a series. Ohm’s
Law defines this dependence. More specifically, considering
an electric circuit formed by a real voltage source and N
electric loads connected in a series (see Figure 1A), the en-
ergy provided by the power supply is devoted to move elec-
tric charges through the different electric loads connected.
Each electric load could require a different amount of en-
ergy to allow moving electric charges through it. The differ-
ence of potential Vi between the ends of the i-st electric load
is a measure of this energy required, described by Ohm’s
Law as:

Vi = I · Ri (S.30)

where Ri is the electric resistance of the i-st electric load. A
real voltage source can be considered as the combination
of an ideal voltage source VT (with internal resistance zero)
with an internal resistance R0 connected in a series. Consid-
ering a circuit formed by a real voltage source and N load
resistances connected in a series, this circuit is equivalent to
a circuit with a single resistor Req connected to the same
ideal source (32), where,

Req = R0 +
N∑

j=1

Rj (S.31)

In consequence, the difference of voltage VT between the
ends of Req is

VT = I · Req (S.32)

and hence,

I = VT

Req
= VT

R0 +
N∑

j=1
Rj

(S.33)

According to previous expressions, Ohm’s Law of electric
circuits with resistors connected in a series can be rewritten
as

Vi = VT

⎛
⎜⎜⎜⎝ Ri

R0 +
N∑

j=1
Rj

⎞
⎟⎟⎟⎠ (S.34)

Equation (S.34) indicates that the energy devoted to move
electric charges Vi through a resistor Ri is a fraction of the
total energy available VT. This fraction is calculated as the
ratio between the resistance Ri and the total resistance of
the circuit.
Interestingly, the counterpart in genetic circuits behaves in
a similar manner. The host cell can be envisioned as a re-
sources supply for gene expression. These resources must be
devoted to cell maintenance as well as to expression of the
foreign genes introduced. In this context, we can interpret
�i in the same terms as Ri. In this scenario, the metabolic
load associated to the expression of gene gi, i.e. the amount
of cellular resources that are withdrawn from the host cell
for maintenance and expression of the foreign gene (11), is
a fraction of the total cellular resources available. This frac-
tion is determined by the ratio between the gene load �i and
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the total gene load hosted by the cell in a similar way than
the ratio between resistances determines the fraction of elec-
tric resources (energy) devoted to move charges. It is worth
mentioning that �C plays the same role than the internal
resistance R0 in a power supply.

Gene expression of multiple copies circuit

In order to demonstrate that genetic load is an additive
property we consider a genetic circuit formed by N copies
of the same reporter gene rfp with genetic load �RFP. Our
model considers that the RFP fluorescence level of the
whole circuit (F

Ncopies

RFP ) is the sum of the expression levels of
each single copy (FRFP), i.e.

F
Ncopies

RFP =
N∑

i=1

FRFP (S.35)

In consequence, applying Equation (S.28) we obtain,

F
Ncopies

RFP =
N∑

i=1
FRFP =

N∑
i=1

γRFP

⎛
⎝ βRFP

βC+
N∑

j=1
βRFP

⎞
⎠ = γRFP·βRFP·N

βC+βRFP·N
(S.36)

Equation (S.36) is equivalent to the expression obtained
considering a circuit formed by a single gene with an equiv-
alent genetic load βeq = βRFP·N. These results indicate that
the total genetic load of a circuit is the sum of the genetic
load associated to each gene involved.

Linear dependence between genes expression

Applying Equation (S.28) it is possible to determine how
the introduction of a foreign gene or how changes in the
expression of a given gene quantitatively affect the expres-
sion of the rest of the genes due to the indirect interaction
associated with the so-called metabolic burden. In general,
considering a host cell containing a synthetic genetic circuit
formed by N foreign genes, the expression levels of two ar-
bitrary genes gi and gk are

Fi = γi

⎛
⎜⎜⎜⎝ βi

βC +
N∑

j=1
β j

⎞
⎟⎟⎟⎠ (S.37)

Fk = γk

⎛
⎜⎜⎜⎝ βk

βC +
N∑

j=1
β j

⎞
⎟⎟⎟⎠ (S.38)

The ratio between the expression of both genes is:

Fi

Fk
= γi

γk

βi

βk
and hence βk = γi

γk
βi

Fk

Fi
(S.39)

Introducing (S.39) in expression (S.37) we obtain,

Fi = γi

⎛
⎜⎜⎜⎜⎜⎝

βi

βC+
N∑

j=1
j 
=i
j 
=k

β j +βi +βk

⎞
⎟⎟⎟⎟⎟⎠

=γi

⎛
⎜⎜⎜⎜⎜⎝

βi

βC+
N∑

j=1
j 
=i
j 
=k

β j +βi + γi
γk

βi
Fk
Fi

⎞
⎟⎟⎟⎟⎟⎠

(S.40)

Manipulating this expression

1
Fi

= 1
γiβi

⎛
⎝βC +

N∑
j 
=i,k

β j

⎞
⎠ + 1

γi
+ 1

γk

Fk

Fi
(S.41)

After some algebra we get,

Fi = a − b · Fk (S.42)

where,

a = γi · βi

βC+βi

(
1+

N∑
j 
=i,k

β j

) and b= γi

γk
· βi

βC+βi

(
1+

N∑
j 
=i,k

β j

)

In the case analyzed, where only two foreign genes have been
introduced, Equations (S.43) are reduced to

a = γi · βi

βC + βi
and b = γi · βi

γk (βC + βi )
(S.44)

Again Equation (S.42) is equivalent to the well-known rela-
tionship between electric potentials Vi and Vk between the
ends of two resistances Ri and Rk (33) (see Supplementary
Figure S1a), i.e.

Vi = m − n · Vk (S.45)

Supplementary Figure S1b shows the linear dependence be-
tween the electric potentials existent between the ends of
two resistances R1 and R2 for different values of R2 (R2 is a
potentiometer whereas R1 remains constant). Now we con-
sider the equivalent scenario in a genetic circuit. Equiva-
lent dependences are observed in genetic circuits (see Figure
3) suggesting that the same mathematical laws that govern
other systems such as electric circuits govern genetic circuits
as well.

Parameters estimation and data fitting

In the model presented there are several key parameters
that determine the effect of genetic load on gene expres-
sion. More specifically these parameters are �C, �RFP and
�GFP that account for the genetic load associated to the host
cell, the rfp gene and the gfp gene respectively. Additionally,
there are two other parameters, �RFP and �GFP that involve
biological and non-biological aspects such as the efficiency
on the fluorescence measurement, which depends on the ex-
perimental equipment employed.
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Analyzing the model equations it is possible to determine
�RFP and �GFP and the ratios �C/�RFP, �C/�GFP and
�GFP/�RFP, from the experimental data shown in Figures
2, 3A and Supplementary Figure S5.
Considering the constructs involving N copies of rfp (Fig-
ure 2 and Supplementary Figure S5), the relation between
the RFP fluorescence (FRFP) and the number of copies N
is given by Equation (1). This equation can be rewritten ac-
cording to

FRFP = γRFP

(
N

βC
βRFP

+ N

)
(S.46)

Parameter �RFP and the ratio �C/�RFP can be obtained
form a standard nonlinear least squares regression. Values
obtained were

γRFP = 35900
βC

βRFP
= 4.6

For a correct interpretation of these results it is necessary to
take into account that foreign genes, e.g. rfp, are introduced
in a high copy number plasmid. Therefore, the host cell does
not contain a single additional gene but from 100 to 300
copies of the same gene.
When a constitutive GFP gene is introduced in the con-
structs involving different number of rfp gene copies there
are significant changes on RFP fluorescence levels (F’RFP)
as Supplementary Figure S5 shows. In this new systems
Equation (1) can be expressed as:

F ′
RFP = γRFP

(
N

βC
βRFP

+ βGFP
βRFP

+ N

)
(S.47)

The reduction on the fluorescence values is determined
by the ratio �GFP/�RFP. Fitting the experimental results
shown in Supplementary Figure S5 and considering the val-
ues of �RFP and �C/�RFP previously obtained, the ratio
�GFP/�RFP can be determined. The resulting value was

βGFP

βRFP
= 2.7

Supplementary Figure S5 shows the experimental data and
the fittings according to equations (S.46) and (S.47) using
this parameter values.
Finally, using the expression of the intercept a of the linear
relation (Figure 3a) described by equation (7), parameter

�GFP can be calculated according to

γGFP = a ·
(

1 + βC

βGFP

)
(S.48)

The resulting value was,

γGFP = 115085

Data fitting for gene expression with different Ribosome
Binding Site strengths

Data presented in Figure 4A was used to assess how ex-
perimental changes on the translational part associated
to changes on RBS strengths are correlated with changes
on the model parameters, and more specifically, on �RFP.
Equation (6) describes the dependence of the gene expres-
sion of a constitutive reporter gene gfp with fixed genetic
load versus changes on the expression of the tuneable one,
rfp. When this tune takes place by changing the RBS se-
quence, it affects the slope b on equation (6). It is possible
to calculate the relative value of �RFP, i.e. the �RFP normal-
ized to the value of the strongst RBS γ MAX

RFP

γ Rel
RFP = γRFP

γ MAX
RFP

(S.49)

Rewriting the slope expression from Equation (7) as

b =
(

γGFP

γ MAX
RFP

)
βGFP(

γRFP

γ MAX
RFP

)
(βC + βGFP)

(S.50)

Equation (6) can be expressed as

FGFP = a −
(



γ Rel
RFP

)
FRFP (S.51)

with

 =
(

γGFP

γ MAX
RFP

)
βGFP

(βC + βGFP)
(S.52)

An optimal fitting (R2 > 0.99) applying a standard non-
linear least squares regression method was obtained with
a = 72 000 and  = 1.9. The γ Rel

MAX values associated to
each RBS sequence used to optimize this fitting are shown
in Supplementary Table S4.
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