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Abstract

We characterize the set of Walrasian allocations of an economy as the set
of allocations which can be supported by abstract equilibria that satisfy a re-

contracting condition which reflects the idea that agents can freely trade with
each other. An alternative (and weaker) recontracting condition characterizes
the core. The results are extended to production economies by extending the
definition of the recontracting condition to include the possibility of agents
to recontract with firms. However, no optimization requirement is imposed
on firms. In pure exchange economies, an abstract equilibrium is a feasible
allocation and a list of choice sets, one for each agent, that satisfy the follow-
ing conditions: an agent’s choice set is a subset of the commodity space that
includes his endowment; and each agent’s equilibrium bundle is a maximal
element in his choice set, with respect to his preferences. The recontracting
condition requires that any agent can buy bundles from any other agent’s choice
set by offering the other agent a bundle he prefers to his equilibrium bundle.



1.INTRODUCTION
The notion of competition is central in economics at least since the publication of Walras
(1874). In the Walrasian framework there exists a price system and agents are assumed to

treat this price system as given.

Walrasian competition. We study a notion of abstract equilibrium that reflects the postulates
that markets clear and agents optimize. No assumption regarding prices is assumed. Instead,
we impose a recontracting condition that resembles the freedom of agents to contract and
recontract. The main result of this paper (Theorem 1) is a characterization of the Walrasian
allocations by means of three postulates: Markets clear, agents optimize, and agents are free
to contract and recontract.

The condition that is interpreted as "agents are free to contract and recontract” can
be modified in several ways. One modification characterizes the core; another characterizes
the set of strongly fair net trades studied by Schmeidler and Vind (1972); a third
characterizes the arbitrage equilibrium of Makowski and O;troy (1995). All these results as
a system provide a unified theory, in which varipus notions of competition fit in to.

A similar concept of abstract equilibrium was studied by Schmeidler and Vind (1972)
and McLennan and Sonnenschein (1991). The main difference is that in their formulation
the choice sets are generated from one additive set of net trades. In contrast, our definition
of choice sets does not require that the choice sets are derived from one set of net trades, not
to mention an additive one. However, it turns out that the recontracting condition that
characterizes the Walrasian allocations implies -that the choice sets of the agents can be
presented as generated from the same additive set of net trades. Thus in our theory the

postulate that all the agents face the same market opportunities is derived rather than



assumed. Moreover the set of abstract equilibria satisfying our conditions is equivalent to
that in McLennan and Sonnenschein (1991, Theorem A). In particular we generalize
McLennan and Sonnenschein (1991, Theorem A) to economies in which agents preferences
satisfy much weaker assumptions, and to production economies.

We exactly characterize the set of allocations supported by abstract equilibria with
practically no restrictions on preferences, endowments, and consumption sets. In general the
recontracting condition characterizes the shrunk core (or Edgeworth equilibria)--the set of all
allocations that remain in the core when the economy is replicated infinitely many times.
Sufficient conditions for the equivalence between this set and the Walrasian allocations are
well known. It is worthwhile to note that convexity or differentiability of preferences are
not needed.

We also study production economies. We consider economies in which the firms are
distinct economic agents from the consumers (as opposed to coalition production economies).
We do not make a'direct assumption concerning the behavior of firms. Itis-assumed, by the
recontracting condition, that each consumer can buy from each firm any feasible production
plan in exchange of the one the firm chose. In addition, each consumer’s endowment is
modified by adding to it his share in the production plans chosen by the-firms. - These
assumptions lead to a characterization of Walrasian allocations similar to:one in exchange
economies.

The approach taken in this paper may be considered as axiomatic. A possible
criticism to this approach is that it is not evident what properties of the actual trading
procedure imply that agents’ choice sets are characterized by the axioms. We believe that
the results presented here are closely related to non-cooperative models of ‘deceitralized

trade, and discuss the possible applicability of our results to these models in the concluding



section.

The paper is organized as follows. Basic definitions are presented in Section 2; the
main result is given in Section 3; Section 4 discuses equilibria generated by additive sets of
net trades; Section 5 provides a characterization of the core; Section 6 compares some of the
results of Makowski and Ostroy (1995) to ours; Section 7 discuses prodution economies: the
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proofs are given in Section 8; and Section 9 concludes.

2. DEFINITIONS
2.1 Notation

We denote the k-dimensional Euclidian space by R; the non negative orthant by R;
and the interior of R§ by RY,. Let A and B be two subsets of R%; define A + B = {x:
3a€ A and bEB, such that a+b=x}. We shall write a + B instead of {a} + B.

2.2 Pure Exchange Economies

Let R* be the commodity space. An (exchange) economy is a list (Xi,R;,w,);en, Where
N is a finite nonempty set of agents; for all agents i€EN X; C R is the consumption set, R,
is a reflexive preference relation on X;, and w;E R* is an endowment.

For each agent i€ N define the strict preference relation P as follows: for all x,x’ € X,
xPx’ if and only if xR’ and not x’Rx. Note that by construction P, is irreflexive. For all
X€X; let Ry(x) = {x’EX;:x'Rx} and Py(x) = {x’EX;:x’Px}.

An allocation is a list (Xdien Where for all IEN x,€X;, and Ticyw;, = Liepny; -

Another possible deﬁﬁition of an allocation is by requiring Icyw;, = I;cpnx;. Our
definition does not exclude the possibility of free disposal, since one may assume'that the
preferences satisfy a free disposal property. On the other hand we do not impose free

disposal.



3. RECONTRACTING AND THE MAIN RESULT
3.1 Abstract Equilibria

Lete = (X;,R;,w);en be an economy. An abstract equilibrium is a list [x;,Clicn where
(x);en is an allocation; for all iEN C;CR" is i’s choice set that satisfies:

(1) w;€C; (possibility not to trade)
(2) x;€C; (feasibility of actual trade) and
(3) C;NPi(x) = I (optimality).

Note that the notion of abstract equilibria is not at all restrictive, since any allocation
(xien, that satisfies w; & Py(x) for all iEN, can be supported by the trivial equilibrium in
which C; = {w,x;} for all iEN. |

The concept of abstract equilibrium is very similar to the notion of generalized
games', in which agents’ strategy sets are not given as a part of the description of the
economy, but are determined in equilibrium. In the next subsection we impose an internal
consistency property on the choice sets.

Walrasian equilibria can be viewed as a private case of an abstract equilibria.
Formally, a Walrasian equilibrium is an abstract equilibrium [x;,CJ;ex in Which there exists
a price vector p€ R\{0} such that for all iEN:

4) C; = (xER":px<pw,}.

3.2 Recontracting
Let e = (X|,R;,w);en be an economy. An abstract equilibrium [x;,Clien satisfies

the recontracting condition if for all i,jEN, i#]j

'This concept was introduced by Debreu (1952) in proving the existence of a Walrasian
equilibrium,



C. O G + C; - R(x). (3.1)
The interpretation of the recontracting condition is as follows. Assume the agents
expect to get their part in an allocation (x),cy. Fix an agent i; if all agents j=i were to

expect to get x;, than they would accept to to take any bundle in Ri(x;). The recontracting

condition states that agent i may offer any other agent i these bundles in R.(x} in exchange

for any bundle in j’s choice set C;. Now, this condition should hold for all agents, and also
in equilibrium. Thus, in equilibrium agents have the possibility to recontract but they do not
want to, as they are maximized on their choice sets.

This condition makes sense, in the case where agents "take their choice sets as given"
as implicitly assumed in the definition of an abstract equilibrium.

Note that when preferences satisfy local-non-satiation all Walrasian equilibria (the
budget sets) satisfy the recontracting condition. This is since any feasible bundle for an agent
is worth no more than his income, and any improving bundle is worth no less than his
income.

Consider economies that satisfy the following assumptions:

(Al) For all iEN, X, is convex and closed.

(A2) For all i€EN, for all xEX,, P,(x) is open relative to X;. (upper hemicontinuity)

(A3) For all iEN, for all xEX;, forall >0, {x’ €X;: |x’-x|| <8} N Pi(x) = & (local non
satiation).

And one of the following:

(A4) For all i€EN, w,€int(X).

(A5) For all i€EN, X; = R¥; for all x and x’ in X x’ =x implies x’ € P(x),

and EiENwi » O.



The main result of this paper is as follows:

Theorem 1: Let ¢ = (X;,R,w)en be an economy that satisfies assumptions Al-A4 (or
Al,A2 and AS) and has at least two agents. An allocation (x)ien Of € is a Walrasian
allocation if and only if the allocation (X);ep may be supported by an equilibrium that

satisfies the recontracting condition.

Theorem 1 gives a new interpretation of Walrasian equilibrium. The key assumption
leading to Walrasian equilibrium is not necessarily that "prices are quoted” and "agents take
prices as given" but "agents take choice sets as given" combined with a recontracting
condition that is natural when "agents take choice sets as given." Anothér way of putting
this interpretation is by providing the following "auctioneer story”. Edgeworth (1881, p18)
assumed that "individuals [are] collected at a point or connected by telephones”. We assume
that agents are collected at a point and connected by telephones; as they are collected at a
point they can contract and recontract; in addition all agents are connected by telephones to

|
the auctioneer who offers each of them a éhoice set. Now, the auctioneer is assumed to be
“complete” in following sense: He must assure that any deal the agents can strike by trading
goods they buy from the auctioneer, the agents can do directly with him. In this case, the
auctioneer is bound to offer the agents choice sets that correspond to an equilibrium that
satisfies the recontracting condition.  Thus, Theorem 1 can be interpreted as a
characterization of the Walrasian Auctioneer: The Walrasian Auctioneer is essentially the
only auctioneer that can outsmart the agents of an economy who always try to outsmart the

auctioneer. The word "essentially" is used since Theorem 1 does not characterize the

equilibria (the choice sets) but only the allocations associated with it.



4. RECONTRACTING AND EQUAL MARKET OPPORTUNITIES

Schmeidler and Vind (1972) and McLennan and Sonnenschein (1991) studied ab;stract
equilibria in which the choice sets are generated from additive sets of net trades.

For an economy e = (X;,R;,w);en, and for a choice set C; of agent i we say that a set
Z.CR* generates the choice set C, if C; = w, + Z,.

The questions considered in this section are whether the recontracting condition
studied in the previous section restricts choice sets to to be generated by additive sets of net
trades, and are the sets of net trades of all agents identical. The answer is that any abstract
equilibrium that satisfies the recontracting condition can be represented by assigning all
agents the same additive set of net trades, and this set satisfies the conditions studied by
McLennan and Sonnenschein (1991).

Consider an economy e = (X;,R;,w);en, and an allocation (x)),en. McLennan and
Sonnenschein (1991) studied the case where there exists a set Z CR* of net trades that
satisfies the following:?

1)) 0€EZ = Z + Z (possibility not to trade and additivity).
For all iEN:
il) x; - w; € Z (feasibility of actual trade)
iii) (w; + Z) N P(x) = < (optimality)
iv)x; - Ri(x) C Z (expost recontracting).
Theorem 2 below establishes t‘he equivalence between McLennan and Sonnenschein

equilibria and equilibria that satisfy the recontracting condition.

2As they considered economies in which agents have C? utility functions their
assumptions were slightly different. The differences are discussed after the statement of
Theorem 2.



Theorem 2 Let e = (X;,R,w)ien be’an economy.

2.1 Let (x):ex be an allocation and Z CR* be a set of net trades that satisfies conditions
i)-iv) above. For alliEN let C; = «; + Z. Then [x;,Cilien isan equilibrium that satisfies
the recontracting condition.

2.2 Let [x;,Clien be an equilibrium that satisfies the recontracting condition. If there are
at least two agents in the economy, then there exists a set Z, such that forall iENC, = o,

+ Z, and Z satisfies conditions i)-iv).

Note that the set Z in Theorem 2.2 can be computed by setting Z = C;-w,, for some
arbitrary 1€EN.

McLennan and Sonnenschein (1991) did not require condition ii). However they have
noted in their footnote 2 that this condition may replace the interiority and smoothness
assumptions they made on the allocation and preferences respectively.

The impliéation of Theorem 2.2 is that "the compieteness of the auctioneer” implies
that all agents have identical market opportunities. These opportunities in addition .are
"simple" as they are represented by an additive set Z. e

McLennan and Sonneschein (1991) interpreted the additivity assumption on Z as a
consequence of an assumption that "agents are not prevented from trading with each other
repeatedly.” Clearly, this interpretation applies to an economy with an infinite number of
agents. However, even in such a situation this interpre;ation is not clear, when the economy
does not have a finite type structure. In a finite agent setting, our definition of -the
recontracting condition is more natural than additivity.

McLennan and Sonnenschein (1991) have noted that the implicit anonymity

assumption (identical sets of net trades to all agents) of their Theorem ‘A is not needed ‘for



the characterization of Walrasian allocations. It turns out that this observation is true only
for the smooth case they considered. The following example shows that the anonymity

assumption is indeed needed.

Example 1 Let e = (X;,R;,w):cy be an economy, and (x)),c;; an allocation, Congider a list
of sets of net trades (Z);ecy that satisfies the following: for all iEN Z, CR* and:
1) 0€Z, = Z, + Z; (possibility not to trade and additivity).
2) x; - w; € Z,; (feasibility of actual trade)
3) (o + Z) N Pi(x) = I (optimality)
4) x; - Ri(x;) C Z for all j # i (expost recontracting).
We now show that allocations that are not Walrasian can be supported by sets of net trades
satisfying the above conditions. Let R? be the commodity space, and let e = (X;,R;,w)ien-
Where N = {1,2,3}; X; = X, = X; = R}; the preferences R, are represented by the utility
functions Min{ x{,x} } (superscripts denote the different goods); w, = (5,0), w, = (0,3), w,
= (0,2). The allocation [x,,%,,x,} = [(3,3),(1,1),(1,1)]is supported by the following "budget
sets": Z; = { zER* pz < 0}, where p, = (3,2), p, = (2,1), p; = (1,1). Preference may
be modified to satisfy strict convexity and strict monotonicity. It is also possible to construct
examples (with more than two goods) where the allocation is not Pareto optimal. One may
suggest that the correct formulation of 1) should be: foralliandj Z = Z; + Z. However
this condition implies that all the Z;’s are identical.

Schmeidler and Vind (1972) considered a notion of "strongly fair net trades." A
stfongly fair net trade can be defined as a net trade that admits a set Z that satisfy the

conditions in Theorem 2 excluding the condition x; - R((x) C Z. Schmeidler and Vind

(1972) showed that for all strongly fair net trades (z));cn One can associate a price vector p



such that for all i pz; = 0. In addition they provided sufficient conditions for a strongly fair
net trade to be associated with a Walrasian allocation. It can be shown that the following
condition on abstract equilibria characterizes the set of strongly fair net trades:
Let e = (X,R;,w)icn be an economy. An abstract equilibrium [x;,CJ;c satisfies the
Schmeidler and Vind recontracting condition if for all i,jEN, 1]
COGC+C-x.
According to the above condition agent i can buy from agent j any bundle in C; in exchange

to x; (as opposed to any bundle in Ry(x)).

5. A CHARACTERIZATION OF THE CORE

In this section we present a characterization of the core by a variant of the
recontracting condition.

Let e = (X;,R;,w);cn be an economy. A nonempty subset S of N is called a coalition.
Let S be a coalition, an S-allocation is a list (x,),cs Where forall i€ES x,€X; and L,cqw;, =
LZiesX; . An N-allocation is called an allocation. An allocation (x);cn iS a core allocation
if there does not exist a coalition S and an S-allocation (x}),cs such that for all i€S
x; €ER(x;) and for some i€S x; EP(x).

An abstract equilibrium [x;,Clien satisfies the weak recontracting condition if for
all iEN for all coalitions S with i€ S

Ci D w + Zjesw; - LiesRi(X)). ¢.1)

There are two differences between the weak recontracting condition and the
recontracting condition. One is that the recontracting condition concentrates on bilateral
trades and the weak recontracting condition on multilateral trades. However it is easy to see

by finite application of the recontracting condition 3.1 that it implies the following

10



multilateral condition. For all i€N for all coalitions S with i¢S
Ci O G + LjesC - LiesRi(xy- (5.2)
The other difference is that in the weak one we have w; and wj; in the right hand side of the

equation instead of C; and C;. The weak recontracting condition for agent i states that if all
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prefere to x in exchange of their endowments. Following the auctioneer story of Section 3,
the weak recontracting condition requires that the auctioneer makes sure that the choice sets
he assigns to the agents include all the deals the agents can strike before they have access to
their choice sets. This is opposed to the stronger condition that assumes that the choice sets
also include all the deals the agents can strike after meeting the auctioneer.

The following theorem characterizes all the allocations associated with the weak

recontracting condition.

Theorem 3 Let e = (X;,R,,w)icn be an economy. An allocation (x));ex may be supported
by an equilibrium that satisfies the weak recontracting condition if and only if (x);en 1S @

core allocation.
Proof: Lete = (X;,R;,w);ey be an economy, and (x);en an allocation. Define for all iEN
the following choice sets :

Ai =wi + Zi

Where Z, =[UsenilZiesw; - z:jest(x,.)]] U {0}.

The following facts and lemmas are easy to verify and together they imply Theorem 3.

11



Fact 1: A system [x,Clicy satisfies the weak recontracting condition if and only if for all

IENGC, D A,.

The following ITA property is a direct consequence of the definition of an abstract
equilibrium:
Fact 2 (IIA): Let e = (X;,R;,w);en be an economy, and [x;,CJ;en an abstract equilibrium.
Let (C})en satisfy forall iEN o, € C} CC; and x,€C’ . Then [x;,C]ien is an abstract

equilibrium.

Lemma 3: (restricted ITA) If [x;,CJicn is an equilibrium that satisfies the weak recontracting
condition and for all i C; D C! D A, , then [x,C]];cy is also an equilibrium that satisfies

the weak recontracting condition.
Proof: follows directly from Facts 1 and 2.

Lemma 4: The system [x;,A];en is an equilibrium if and only if (x;);ey 1S a core allocation.

Proof: Follows from the definition of the core.

Now, if (x;),en is a Core allocation then b~y Lemma 4 [x;,Aien is an equilibrium, and by
Fact 1 it satisfies the weak recontracting condition.

If [(x;,CJien is an equilibrium that satisfies the weak recontracting condition, then by
Fact 1 C; D A, and by Lemma 3 [x;,A]];cn is also an equilibrium that satisfies the weak

recontracting condition. Lemma 4 implies that (x;);en 1S a core allocation. Q.E.D.

12



The characterization of the core (Theorem 3) can be extended to contipuum
economies. Following the approach of Hammond, Kaneno, and Wooders (1989), one can
impose the following condition: there exists a set of full measure in which for all members
of this set, the weak recontracting condition holds (with respect to all finite coalitions in this
sei). 1Ii1s easy io venify that this requirement characterizes the core with respect to finite
coalitions.

As the core with respect to finite coalitions coincides with the set of Walrasian
allocations (Hammond, Kaneko, and Wooders, 1989) there is no need to require the stronger
conditions of Theorems 1 or 2 in order to characterize the Walrasian allocations of a
continuum economy. Mclennan and Sonnenschein (1991, Theorem 1) provide such a

characterization with an additive set of net trades as in Theorem 2.

6.ON MAKOWSKI AND OSTROY’S ARBITRAGE EQUILIBRIA
In this séction we discuss some of the results ‘of Makowski and Ostroy (1995).
Consider an economy e = (X;,R;,w);cn. An abstract equilibrium [x;,Cl;c isan arbitrage
equilibrium if for all i€EN for all coalitions S with i€ S:
Ci D w; + Liesx; - LiesRi(x) et (6.1)
This definition is similar to the one in Makowski and Ostroy (1995). The difference
is that instead of the sets Ri(x;) they have the subsets of R;(x;) visible from x;. (Thus 6.1
characterizes a smaller set of allocations).
The weak recontracting condition that characterizes the core says that if agents ‘expect
to get x, they may recontract before the trade was done. Condition 6.1 is exante with respect
to i, and expost with respect to jE€S. McLennan and Sonnenschein (1991) apply a'similar

idea: they characterize the set of trades available to an agent in a subgame ‘perfect
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equilibrium of a bargaining game by the trades he may do with agents that are about to leave
the market. We believe that without references to a specific proof of a theorem concerning
a specific bargaining game, it is difficult to support the asymmetry between “the arbitrager”
i and the other agents JES. The recontracting condition (in Theorem 1) says that agents may
recontract at any point of the trade procedure, and is symmetric between the abitrager and
the other agents.

Condition 6.1 is implied by the recontracting condition.* Theorem 1 implies then
that the set of allocations associated with Makowski-Ostroy arbitrage equilibria is a superset
of the Walrasian allocations. Makowski and Ostroy (1995) note that their allocations include
all core allocations, in a continuum economy. This observation does not extend to finite
agent economies; here there is no general inclusion relation between the two sets.

Also in continuum economies arbitrage equilibria may be outside the core. With an
additional flatness condition on the choice set Makowski and Ostroy (1995) characterize a
subset of the Walrasian allocations in continuum economies. They claim that in this subset
price taking behavior is more appealing in and out of equilibrium. Our approach, on the
other hand, attempts to characterize Walrasian outcomes as derived from alternative patterns
of behavior, rather than characterize price taking per se.

Makowski and Ostroy (1995) also show that the set of net trades the characterizes
their notion of equilibrium is additive (in a continuum economy). This shows, from a
different point of view of that of Section 5, that McLennan and Sonnenschein’s (1991)

assumptions in characterizing Walrasian outcomes are too strong than necessary.

3This follows from our previous observation that the recontracting condition 3.1 implies
the condition 5.2.

14



7. PRODUCTION ECONOMIES

In this section the results of Sections 3, 4 and 5 are extended to prodﬁction
economies.

7.1 Definitions

Let J be a nonempty finite set (the firms). A production sector (with respect to J and
R") is a list (Y));e; where for all jJEJ Y; C R is a production set.

A share distribution (with respect to J and N) is a matrix (8;);eng Where for all
JENxXJ 6; = 0, and for all jEJ Lie\f; = 1.

A production economy is a triple e = [(X,P;,0);ien,(Y)jen(0y;enal, where
(X;,P;,w);en is an exchange economy; JNN=O; (Y))e, is a production sector; and (6;);enu
is a share distribution.

An allocation is a pair [(X)ien,(¥;)e;] where for all iIEN x,€X, and for all jEJ
Y,E€Y; and Z;c)y; + Tienw; = TienX; -

7.2 Abstract Equilibria

Let e = [(X;,P;,w)ien, (Y)jen(0;);5ena] be a production economy. An abstract equilibrium
is a triple [(X)iens (¥ (Cdien] Where [(x);en,(y))je;] is an allocation; for all iEN C;CR*
is 1’s choice set that satisfies:

(1) w; + Lie)byy; € C;

(2) x,€C;; and

3) CiNP(x) = D.

In the above definition the endowment is modified by adding the agent’s share in the
pfoduction plans chosen by the firms. Note that a consumer does not have access to a
proportion of the production sets of the firms he owns, but only receives the rights (and

obligations) induced by the actual choice of the firms.

15



A Walrasian equilibrium is an abstract equilibrium [(Xdien (¥));e1,(Cdien] in which
there exists a price vector pER"\{0} such that for all iEN C; = {XER“px<p(w, +
Lie 05y} and for all j€J, for all y;EY;, py; = py, .

A quasi Walrasian equilibrium differs from an equilibrium in that the optimization
condition of the consumers C;NP,(x;) = & is replaced with the following weaker condition:

(3) CiNP(x) = G or C;NX, has an empty interior.

7.3 Recontracting

Let e = [(X;,P;,w)ien,(Y))jer(0)ienu] be an economy. An abstract equilibrium
[(XDien; ()1, (Cien] satisfies the recontracting condition with firms if for all i€ N and for
all jEJ

CGDOC+Y-y. (7.1)

The recontracting condition with firms allows each consumer to recontract with each
firm by offering it the plan it is about to produce in exchange to another feasible plan. Note
that nowhere in the definitions it is assumed that firms make optimal choices in any sense.

If we were to define profits somehow, and assume that the firms maximize profits
then a consumer could recontract with the firms by offering them at least as profitable plans
than they choose, an thus have a bigger choice set than in our definition. The definitions
adopted here, both for the endowments and the recontrgcting condition, make the choice sets
as small as possible and therefore the sets of allocations asociated with them are the largest
possible.

We consider economies that satisfy the following assumption instead of A4 or AS:

(A6) For all i€EN, X; = RY and w,€X;; for all jEJ 0€ Y; and there exists an production

16



plan (yj)_'e] that SatlSﬁeS EJEJYJ + EiENwi » 0.

The main result of this section is:

Theorem 4: Let e = [(X;,P;,w)ien,(Y);e1(0y)ienn] be a production economy that satisfies

Af » emav W
A1-A3 and A6, and has at least two agents. If an allocation [{x)ien,(¥)je)] of € may b

[¢]

supported by an equilibrium that satisfies the recontracting condition and the recontracting

condition with firms, then [(X);en,(¥;);e;] is @ quasi Walrasian allocation.

7.4 Recontracting and Equal Market Opportunities
In Section 4 we provided a characterization of Walrasian allocations in terms of a set
of net trades. In this subsection we extend this characterization to production economies.
Consider an economy e = [(X,P,w)ien,(Y)jen(0y);enu], and an allocation
[(x)iens(¥);es] - First we modify the conditions studied in section 4 to the concept of
endowment presented in the previous subsection. Consider a set Z CR* of net trades that
satisfies the following:
i’Y0EZ = Z + Z (possibility not to trade and additivity).
For all iEN:
ii’) x; - (& +Ze,0;y,) € Z (feasibility of actual trade)
iii’) (w; +Ze0y; + Z2) N Py(x) = O (optimality)
iv’) x; - Ry(x)) C Z (expost recontracting in consumption).
Now we introduce a new condition related to production.
v) Y-y, C Z, for all j€J (expost recontracting in production).
The condition v’) may be interpreted as a profit maximizing condition in the following

sense. Any production plan can be bought in exchange of the actual production plan through
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the market presented by Z. Thus, the actual production plan is as valuable at least as the
other plans. Another interpretation is related to the motivation presented by McLennan and
Sonnenschein (1991) for the condition iv). They interpreted Z as a set of trades available
to the agents in a subgame perfect equilibrium of a bargaining game. The idea behind
condition iv) is that if an agent i is about to leave the market with the bundle X;, then any
other agent can buy x; from i in exchange to a bundle in R(x). Now, assume that the
bargaining model is adjusted for production economies, by assuming that each firm produces
after it leaves the market. Now, assume an firm J is about to leave the market and produce
the plan y; . Although we do not know the "preferences" of firms, it makes sense to assume
that they are least reflexive and thus any consumer may sell the plan y; to j by buying another
plan from Y; .

Theorem 5 below establishes the equivalence between the equilibria asociated with

 conditions 1’)-v’) and equilibria that satisfy the recontracting condition.

Theorem 5 Let e = [(Xi, P, @0diens (Y)es, (0;)enn] be an economy.

S.1 Let [(x);en(¥))je;] be an allocation and Z CR* be a set of net trades that satisfies
conditions i’)-v’) above. For all iEN lef G = o + Lebyy, + Z.  Then
[(xDiens(¥)jen(Cien] is an equilibrium that satisfies the recontracting condition.

S.2 Let [(Xdien,(¥jer(Cdien] be an equilibrium that satisfies the recontracting condition.
If there are at least two' agents in the economy, then ;here exists a set Z, such that for all

1IEN C; = w; + Lie,fy; + Z, and Z satisfies conditions i’)-v’).

As noted above condition v’) may be interpreted as a profit maximization condition.

Following this interpretation we may define a relation on production plans: The plan y is
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as least as valuable as the plan y’ with respect to Z if y’-y € Z. Condition v’) requires that
the actual production plan of each firm is as least as valuable as all the other feasible plans.
Note that the relation "as least a§ valuable” is not necessarily a complete relation. Therefore
one may be tempted to weaken condition v’) to:

v”’) For al

ally! € Y;ify. -y € Zthen y; -y € Z.

Condition v’’) requires that the chosen production plan is maximal in the production
set. In words it says that for any feasible plan that is at least as valuable as the chosen plan,
also the converese holds, i.e. the chosen plan is at least as valuable as this other plan.
Unfortunately, this weakening is insufficient to characterize an intersting set of allocations
as shown in the following example.

Example 2 Let e = [(X;,R;,w)ien,(Y)je1(0;);ena]. Where R’ is the commodity space; N
= {1,2}; X, =X, = R2; the preferences R, are represented by the utility functions Min{
x},x? } (again, superscripts denote the different goods); w; = (5,2); w, = (2,5); J={3,4};
Y; = { yYER: y‘._<_0 y<-y/2}; Y, = { yER: yzsolyls-y2/2 }; 60 =0,,=1;0,=
6,; = 0. The allocation x, = (3,3), x, = (3,3), y,= (-2,1), y,= (1,-2) is supported by the
set of net trades Z = -R2. This allocation is Pareto inferior to all Walrasian allocations .of
the economy. Preferences may be modified in a way that they will satisfy strict monotonicity
and strict convexity.

7.5 The Core

Following Theorem 3 we can require a similar condition to the weak recontracting
condition in production economies. This condition provides a new definition for the core of
a production economy. Let e = [(X;,P;,w)ien,(Y);es(6;)ienu] be an economy. An
allocation [(x)ien,(¥)es] is a core allocation if there exists an abstract equilibrium

[(XDiens (¥)je1(Cien] that satisfies the following condition: for all iEN, for all coalitions
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S with i¢S

C O (» +Ej€10inj)+ Lees(oy +Eie)0gy) - TiesRi(x) + Lies(Y;yy-

8. PROOFS

It is clear that Theorem 1 is essentially a private case of Theorem 4, and that
Theorem 2 is a private case of Theorem 5. Thus we do not prove Theorems 1 and 2, but
only 4 and 5. We begin with the proof of Theorem 35.

First we note that from a similar argument mentioned in section S, the recontracting
condition 3.1 and the recontracting condition with firms together are equivalent to: for all
iEN for all coalitions SCN with i&S

C; D C; + LesCy - LiesRi(x) + Lies(Yiy)). 8.1)

In the sequel, whenever we say the recontracting condition we mean condition 8.1.

Proof of Theorem 5: 5.1 Let [(x);en,(Y;);e;] be an allocation and Z CR* be a set of net
trades that satisfies conditions i')-v’) (see Section 7.4). For all iEN let C; = w; +Ic,0;y;
+ Z. The condition O0EZ together with conditions ii’), iii) and v’) implies that
[(XDiens(¥);e15(Cien] is an equilibrium. We have to show that for all i€ N for all coalitions
SCN with i€S
C: O C; + Ll - LiesRi(x) + Zies(Yiyy)-
If #N = 1, the recontracting condition is trivially satisfied.
If #/N > 1 we have :
Ci + LiesCy - TiesRi(x) + Zie(Yjy). =
= w; +5e,0;y; + Z + Lyedlox +Eeibyy; + Z] - DesRi(xo) + Lies(Yj-y)  (8.2)

By ii’) and additivity of Z we have:
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Z + Ekes[xk = Wy - Ejejekjy’] czZ+ Z = Z. (8.3)
Since condition ii) holds for all i, Z is additive, and [(x);en,(¥))e,] is an allocation we have

that:

Liens(Xi - @; - Dielyy) = ~Dyes(®y - o - Eje.lokjyj') €Z (8.4)

Z =7 + Lies(x - ax - Liebyy) 8.5)
Now, from 8.2 and 8.5 we get:
Ci + LiesCi - LeesRi(x) + EjEJ(Yj'Yj) =
= w; +5e)0;y; + Z + Dies(Xe - oy - Lieibyy) + Dieslon +Lieibyy; + Z] - LiesRi(xy) +
Lies(Y;y) (8.6)
or:
C + LiesCi - LiesRu(x) + Zies(Yy) =
= o +Eeibyy; + Z + LiesZ + LieslX - DiesRi(x)] + Lies (YY) 8.7
Applying conditions iv’), v’) and the additivity of Z to 8.7 completes the proof.

5.2 Let [(X)ien>(Y)jes»(Cien] be an equilibrium that satisfies the recontracting
condition. Foralli€NletZ = C;- ;- Lie,0;y; . AsforalliEN w; + Lie)by; € C;, we
get 0EZ, for all iEN. Fix two agents i and m. By the recontracting condition:

Ca D C, +C; -Ri(x) + Liei(Y;y) O C, +C; -Ri(x) (8.8)
and similarly
Ci O G +LiemlCyi -Ri(x))] 8.9)
Substituting 8.8 in 8.9 we get:
C; O C; +LenlCi -Ri(x)] (8.10)
Now substitute for all kKEN C, = w, + Lie)0y; + Z, in 8.10:

w; + Lieybyy; + Zi O o + Lieliy; t Zi +henlox + Ziebygy;+ Zy - Re(xp] (8.11)
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Deduct ; + Zie,04y; from both sides of 8.11:
Zi O Z; +Iyenlon + Zy - R(xy] 8.12)
As [(x)iens(¥jes] is an allocation and for all kEN %, € Ry (%) we get:
Z, O Z; +XIyenty 8.13)
As for all kEN\m 0E€ Z, we receive:
Z D Z +Z, (8.14)
As0€Z, :
Z, D Z +Z, D Z (8.15)
From 8.15 we get that for all i,mEN Z; = Z; +Z, = Z,, := Z, and that Z is additive.
Now by the construction of the Z;’s, for all iEN:
i) x - (w + Liesbyy) € 2, = 2 (feasibility of actual trade).
Substituting C, = Z; + w, + Lje/fyy; for k =i,min 4.7
Zon + 0 + Ligi0ny; O Zo + 0o + Sieiboy; + Zi + o + Lieiblyy; - Ri(x) (8.16)
Noting that x; - w; - Z;e,8;y; € Z; , 0€Z, and deducting w, + Lie By; from both sides of
8.16:
Z, O x; - Rx) 8.17)
By 8.17:
iv’) x; - Ri(x) C Z, = Z (expost recontracting).
As for all iEN x,E C;NR,(x), the recontracting condition implies:
v)Y;-y; C Z, forall JEJ (expost recontracting in _production).
As [(X)ien>(¥)jes» (Cien] is an equilibrium we get for all iEN:

Given an economy e = [(X;,P;,0)ien(Y));er (0)senal, the m-fold replica of e is the
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economy e(m) = [(Xi,Rir, widwenavr (Yidire s Gieirenaa] Where M = {1,2,...,m} and for
all jENxM (X;;,R;,w3) = (X;,R;,wy; for all jr€JxR Y, = Y;; and for all ijr € NxJxM 6,
= 0;. The term 6y, is the share of agent ir in the firm jr; it is assumed that for all q#r the
share of ir in the firm jq is zero.

Tt aae LnT1.1 P

. - Lo ~ L e | J PRV S -1
LIC Injyuviu

iica of an aliocaiion [(X)ien,(Y)jel] of € is an allocaiion
[(Xi)irenavs (Virdice 1l OF €(m) in which for all ir€ NxM x;, = x; and for all jrEJxM y;, = y;.

A nonempty subset S of N is called a coalition. Let [(X);en,(Y;);e,] be an allocation.
A coalition S can improve upon [(X);en,(Y;);e;] if there exists a list (x;);es Where for all iES
xEX; and Liesx; € Liesw; + Liesbyy; + Lies(Y)y), for all iES x] ER(x;) and for some
1€S x;€P(x). An allocation [(x)ien,(¥);ei] is a core allocation if there does not exist a
coalition S that can improve upon [(X)ien,(¥));es]-

An allocation [(X);en,(Y))jei] of e is a shrunk-core allocation if for all m the m-fold

replica of [(x);en,(¥;);e;] is a core allocation in the m-fold replica of e.

Theorem 0 Let e = [(X;,P;,w)ien,(Y));e1,(0;);ena] be an economy in which there are at least
two agents. An allocation [(x)ien,(¥;);e;] may be supported by an equilibrium that satisfies

the recontracting condition if and only if [(x)en,(¥;);e;] is @ shrunk-core allocation.

Proof: Let e = [(X;,P;,w)ien,(Y)jes (05)iena] be an economy and let [(Xdien>(¥jes] an
allocation. Let M={l1,...,m} and:
z =[USCNxM[EkES(wk + Ejejoijj) - DesRu(x) + EerJxM(er'yjr)]]

Z* = Us_ 7" .

Lemma 5: Let e = [(X;,Pi,w)ien,(Y)jen(0p)senal be an economy, and [(x);en,(¥)je;] an
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allocation. Let Z* defined as above. Then Z* satisfies:

) 0€EZ* = Z* + Z* (possibility not to trade and additivity).
For all 1€N:

i) x; - (; +5;e,0;y) € Z* (feasibility of actual trade)

iv’) x; - Ry(x) C Z* (expost recontracting in consumption).

v’) Y; -y; C Z%, for all jET (expost recontracting in production).

Proof: For convinience we will identify agent il with agent i, and firm j1 with j.

1) First note that since for all iEN x;€R(x,) and for all jEJ y;€Y; we have

0 = Lyen(wy + EjEJokjyj) - Deen(xy) + ZjGJ(Yj'Yj) € Lien(wy + Zjelokj)’j) - DeesRi(x) +
zjeJ(Yj‘)’j)-

Let z,2” €Z*. Thus there exist coalitions SC NxM and TC NxM’ such that

2 € T + DoY) - eesRult) + Sieson(Yyeyy), and

2 € Deerlw, + Ejélakjyj) - DyerRu(x) + EerJxM‘(er'yjr)-

As the preferrred sets are determined by the type of the agent, S and T can be assumed to
be disjoint and subsets of NxM’’=Nx{1,...,m+m’}. Now it is clear that

242’ € Lyesur(ar + Ligsbyy) - TresurR(X) + Zien- (YY) C Z%.

ii’) Let S=N\{i}. As [(x)ien,(¥;);e,] is an allocation, x; € R(x,) for all i, and 0E€ Lies(Yry)
we get that

xi - (@ + EjEJoinj) = Lyes(on + Zieisy)) - Exesx, + 0 € Zyes(wy + Ziesbyy) - TiesRu(xy)
+ Lies(Yryy.

iv’) Let zEx; - Ri(x). Now

z = Lien(wx + Liebyy) - TiemiXx - (572) + 0 € Den(wr + Liebyy) - TrenRu(x) +

EjEJ(Yj'Yj)'
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v’)Letz€Y;-y;. Now
z = Lyen(wy + szJoijj) - LenX + EiEJ\j(Yi'yi) +z € Lien(w, + EjEJORjyj) - LeenRi(x)
+ ZieY;Yy)-

T amm

n Ke T at
AA ARLILIEAA U,

Let e = [Xi,Pywiiens (Yjjen{0iena] be an economy, and [(x)ien,(y)je;] an
allocation. Let Z be a set that satisfies:

1’)0 € Z = Z + Z (possibility not to trade and additivity).

For all iEN:

ii’) x; - (w; + Lie)b;y) € Z (feasibility of actual trade)

iv’) x; - Ri(x) C Z (expost recontracting in consumption).

v)Y;-y; C Z, for all j€J (expost recontracting in production).

Then Z*CZ.

Proof: Let zEZ*. Thus there exists a coalition S C NxM for some M, bundles x; € R,(x,)
for all KES, and production plans y;, €Y, for all jr€JxM, such that
z = Lieg(an + Liesbyy) - Tiesti + Lieram(Yiryio)-
Now, for all kES, by 8.4 (in the proof of Theorem 5.1)
w + Liebyw-x, € Z
and by iv’)
X, -Xs €Z
By additivity of Z and the abbve we get that for all kES
W + Dieslbyiw - X + X - X = o T ey - x¢ € Z (8.18)
and by v’)

Yy € Z (8.19)
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By additivity, and summing 8.18 over all k€S and 8.19 over all jr€JxM, we get the

required result.

Lemma 7: Let e = [(X;,P,0dien,(Y)iesr(0)jenn] be an economy, and [(x)iew,(¥))je;] an
allocation.

The set Z* defined above satisfies:

i) (w; + Ljesby; + Z2%) N P(x) = I for all iEN (optimality) if and only if

the allocation [(X);en,(¥;);e;] is @ shrunk-core allocation.

Proof: Follows from the definition of the shrunk-core. (Analogous to Lemma 4, in Section

3).

Now let [(x);en,(¥));e;] be a shrunk-core allocation. Let C; = w; + L 6;y; + Z* for all
i€EN. By Lemmas 5 and 7 and Theorem 5.1 [(x);en,(¥);e(Cien] is an equilibrium that
satisfies the recontracting condition.

Let [(X)iens (¥))ies (Cien] be an equilibrium that satisfies the recontracting condition.
By Theorem 5.2 there exists a set Z that satisfies i)-v) and by Lemma 6 Z*CZ. It follows
from (w; + Z) N P(x) = & that (w; + Z*) N P,(x) = I, thus by Lemma 7 we get that

[(xdiens(¥);es] is a shrunk-core allocation. This concludes the proof of Theorem 0.

It is well known that in large classes of economies all shrunk core allocations are
allocations associated with quasi Walrasian equilibria. The first result concerning this
equivalénce is due to Edgeworth (1881). More general results are due to Debreu and Scarf

(1963) and others. The following result is based on Debreu and Scarf (1963,Theorem 3).
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Proposition A: Let e = [(X;,P;,0)ien,(Y));er,(0;)iena) be an economy that satisfies C1-C3
and CP1. If [(x)ien,(¥)jes] is a shrunk core allocation of e then it is a quasi Walrasian
allocation of e.

The proof of Propesition A is similar to that of Debreu and Scarf (1963, Theorem 3). One
has to replace the sets Pi(x)-w; with Pi(x)-[w; + Zje,0;y; + Lo=1Zemm(Y;-yp]l. The rest of

the proof follows the arguments of Debreu and Scarf.

9. CONCLUSION

The definition of strongly fair net trades of Schmeidler and Vind (1972) does not
include any condition related to recontracting. On the other hand it concentrates on
"geometrical" properties of the set of net trades, such as additivity. As a consequence
Schmeidler and Vind (1972) do not characterize the Walrasian allocations, but able only to
find sufficient conditions that are far from necessary. McLennan and Sonnenschein (1991)
added the expost recontracting condition x; - R(x;) C Z, and derived a characterization of
the Walrasian allocations. Theorem 1 emphasizes the importance of the recontracting
condition, as no "geometrical" requirement is imposed on the choice sets, but is derived as
a result (Theorem 2.2). In addition, it is shown that the recontracting condition is closely
related to the notion of the core, as it is a natural strengthening of the weak recontracting
condition. And thus the Walrasian Theory can be derived from core-like conditions, in a
finite agent setting. This insight is not apparent from Schmeidler and Vind (1972) and
McLennan and Sonnenschein (1991) who concentrated on the Walrasian theory» alone.

McLennan and Sonnenschein (1991) characterized a subgame perfect equilibium of

a non-cooperative model of trade by showing that each agent has access to a set of net trades
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that satisfies certain properties. A natural question would be, given our generalization of the
axiomatic result, whether it is possible to derive more general results in the non-cooperative
medel. The answer to this question is twofold; first, we claim that the derevation of the
properties of the net-trades set in the non-cooperative model is possible due to the peculiar
assumptions that are made on the preferences of agents, and thus there is little hope to
generalize these results; second, the results of the current paper provide us insight concerning
the question what properties of the trade procedure are essential in deriving Walrasian
outcomes; this may enable us to "correct” the non-cooperative model as to derive more
general results, as explained below.

McLennan and Sonnenschein (1991) study a variant of Gale’s (1986a) non-cooperative
model and characterize its subgame perfect equilibria by applying a variant of Theorem 2 for
continuum economies. Although we have shown that differentiability is not needed for
Theorem 2, the results of the non-cooperative model are dependent of differentiability in a
very strong way. Indeed, Gale (1986a,1986b) and McLennan and sonnenschein (1991) use
the fact the "pairwise Pareto efficiency" implies Pareto efficiency. Clearly this is not true
if preferences are not differentiable. Moreover, they conclude that every agent may conduct
any trade with a negative value (evaluated by the efficiency prices) from very strong
requirements on the agents characteristics.® In addition, their proofs are based on trades
with agents that are about to leave the market, and therefore it seems that the characterization

of Makowski and Ostroy (1995) should suffice. Note however that this latter characterization

“Gale (1986a) assumed that there is at most a countable number of utility functions, and
that for each of them the endowments are dispersed. Gale (1986b) assumed that agents
indifference surfaces satisfy a uniform bounded curvature property. McLennan and
Sonnenschein (1991) did not relax these assumptions considerably.
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is applicable to the non-cooperative model only when preferences are differentiable.’

In order to generelize the results of the non-cooperative models to the non-
differentiable case one should think of trade mechanisms that induce the weak recontracting
condition (that characterizes the core) on the subgame perfect equilibria of the game. We
, not resiricied io pairwise meetings but
allows meetings in finite groups may prove to be a promising line of research. The players
in the bargaining models of Gale (1986a,1986b) and McLennan and Sonnenschein (1991) do
not discount the future; therefore they leave the market to consume only when there is no
hope to find an improving deal. Moreover, in a continuum economy, the minimal choice
sets defined by the weak recontracting condition are unbounded if the allocation is not in the
core.® This may imply that non-core allocations cannot be supported by a subgame perfect
equilbrium as the agents will always have some hope to strike an improving deal, and will
never leave the market. )

The results concerning production economies impiy that the notion of profit
maximization can be derived from maximizing behavior of consumers. The concepts
developed in this paper also induce a new definition of the core of production economies.
This definition does not assign each group of individuals an exante possibilities set, but looks
at each group’s possibilities in equilibrium. We feel that this concept is more similar in spirit
to that of Edgeworth.

It follows from the proof of Theorem 1 that it can be generalized to other situations

where the shrunk-core-Walras equivalence hold; for example, various classes of economies

SOtherwise the set of allocations characterized may include non-Walrasian allocations.

These choice sets are defined in the proof of Theorem 3 in Section 5, and denoted by
A .
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with an infinite number of goods (e.g. Aliprantis, Brown, and Burkinshaw, 1987).
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