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ABSTRACT II. SYSTEM MODEL

We examine a multiple-access communication system in whieh[2, 7], Random-Set Theory (RST) was proved to be a nat-
multiuser detection is performed without knowledge of theral, flexible, and mathematically sound framework for the
number of active interferers. Using a statistical-physips multiuser-detection problem under study. In fact, RSTvedlo
proach, we compute the single-user channel capacity amd sme to account for the randomness present not only in the data

tral efficiency in the large-system limit. to be detected, but also in the set of users that are activeyat a
time. This new perspective can be used to derive novel, more
I. INTRODUCTION robust multiuser detectors.

. . . A random sef8] is a map from a sample spaf=o a family
In mobile multiple-access communications, the number of 3% subsets of a given spa€e In the model we are concerned
tive users, their location, and other channel-state parsie with, S contains the unknown data and parameters of the active

ar el yanable \?”th t||_met._ Estimating thelse Far?meFegﬂls CiHterferers. The information carried by the interferertrae ¢
cial in several applications, e.g., user localization imeléss . - 'vo odeled as a random set:

networks, neighbor discovery in ad hoc networks, and power-

control strategy optimization. X, = {X§1)7 o 7X§k)} 1)
The classic approach to multiuser detection theory [1] is

based on the assumption that the number of active users4s Cnﬁb elements OKt are random vectors whose Components are

stant, known at the receiver, and equal to the maximum nufRe unknown user parameters, whilethe number of active

ber of users entitled to access the system. However, thi#mogterferers, is itself a random integer taking values inithe

is unrealistic in an environment where there is a considerakerval [0, K — 1], with K the maximum number of users that

number of users that remain inactive at any given time. Fan access the channel. If everything about the interfésers

thermore, the assumption of a number of users larger thanbwn except their number and identities, thern’jlare sub-

actually is leads to a considerable performance loss f@raev sets of the power sef, K 2 {1, ..., K'}. Similarly, if we aim

families of detectors. In [2], a new class of detectors wa®in at detecting the (binary) data that the interferers trahgten

duced accounting for the dearth of information on the numbgr, takes values in a set witt¥ elements, denoted a%. Our

of active users. In particular, the problem of jointly esdt goal here is the detection of the number and identities dfect

ing the number, the identities, and the data of active usass Vinterferers as well as the data they carry, under the assompt

solved in [2], whereas in [3] the extension to the estimatibn that their remaining parameters remain constant. For s r

the continuous parameters of the active users was addresseghn we shall not deal with the evolution X, with time (the
The object of interest in this paper is the large-systemehastatic-channel” assumption).

ior of code-division multiple-access (CDMA) systems withi  gpecifically, we examine here a direct-sequence CDMA

the framework of [2]. Our analysis uses tools recently devgbs-CDMA) system, whose received signal at titris
oped from statistical physics (see, e.g., [4] and the rafere

therein). Specifically, here we aim at analyzing the muétius y: = RAby(X¢) + 2, t=1,...,T (2)
and spectral efficiency of a CDMA system when its natural di-

mensions (number of usefs, and spreading gaitV) grow where

to infinity while their ratio3 £ K/N (the system loajire-

mains constant. Of particular interest is the large-systguiv- e X, is the random set of active users.
alent single-user channel introduced in [5] for randomhesg . . . .
CDMA. e R is the correlation matrix of the signature sequences.

In [6], by applying a large-system analysis to the staticeha
nel model described in [2], asymptotic multiuser efficienoy
bit error probablllty of a jOint detector of data and usemde e The vectorb, (Xt) contains the user data, and has zero

tities were derived. The results in [6] show the degradation entries in the locations corresponding to inactive user.
of multiuser efficiency and bit error probability caused hg t

uncertainty on the activity of the users. Our goal hereisdto d e z, is a Gaussian noise vector N(0, (Ny/2)) or ~
rive single-user capacity and spectral efficiency of a maér N(0,02), with No/2 = o2 the power spectral density of
channel using the detector of [2]. the received noise.

e A is the diagonal matrix of the users’ signal amplitudes.
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Under our static-channel assumption, the a posterioriggrob At thermodynamic equilibrium, the free energy can also be
bility (APP) of X, given the whole received sequence, is  expressed a§ = —T'log Z, whereZ = Y- _exp (—7x|) is

A called thepartition function || - || is theenergy operatarand
FXalyrr) = f(Xily) () the temperatur@ > 0 reflects the energy constraints.
Hence, the sequential maximum a posteriori probability @JA N @ communications system such as (2), the detector goal
estimator of users’ identities has the form is to infer the information-bearing symbols given the_ reedi
A signaly and knowledge about the channel state (which we de-
X =arg max, J(Xilye) (4) noteS) that yieldsZ(y, S) = py|s(Y|S). The corresponding

free-energy normalized by the number of users is expressed a
Here we examine user-identity and user-and-data MAP de- )
tectors. Eor both dgtector.s, we assume _th_at the probabfhty Fr = —— logpy|s(Y|S) 8)
interferer: to be active at time, i.e. theactivity rate is equal

to «, irrespective ofi and¢. Hence, the probability distribu- 15 c51culate this expression, we use the self-averaging as-

tion of interferer seiX, depends only on its cardinalifX:|.  gymption, which states that the randomness of (8) vanighes a
By assuming that each usettransmitsn antipodal binary in- - This is tantamount to saying that the free energy

formation symbols, independent from time to time and acrogg, yser converges in probability to its expected value theer
users, the a priori distributions of the random d&tsontaining jistribution of the random variablasands:

either the user identities, or the user-and-data vectogs, a

fx(B) = aBl(1—q)k-IBl (5) f—l(liinooE{—%longs(YB)} 9)
fx(B) = 27"BloIBl(1 _o)K-[BI (6)

respectively, where the time subscripts are omitted fopion A. Free energy and capacity of a CDMA

ity. In the balance of this paper, we assume 1. Statistical-physics tools can also be used to achieve fibsig
on the information-theoretic capacity of CDMA channels. As
1. L ARGE-SYSTEM ANALYSIS shown in [9], the large-system single-user capacity of a @DM

channel with binary modulation can be written as
Sharp tools for large system-analyses were recently deedlo

in [9] (see also [4] and references therein). In [9], sttt . 1 1
physics concepts and methodologies were applied to mettius” = % El(bl(x)’ bR (X)y) = F - 23 log(2me)
detection, to derive large-system uncoded minimum BER and (10)
spectral efficiency with equal-power binary inputs. Other awhere!(-;-) denotes mutual informatiob! (X), ..., b* (X)
thors expanded the scope of [9]: in [10], channel capacity ware the users’ transmitted symbols corresponding to thaoran
derived, while [5] presented a unified treatment of GaussiaatX, y is the received signal, anflis the free energy defined
CDMA channels and multiuser detection in the large-systeém(9).
limit under arbitrary input distribution and flat-fading. In our analysis, we invoke the decoupling principle [4],
Central to the large-system analysis of [9] is the concept which allows us to use an equivalent single-user channebimod
free energyIn statistical physics, the free-eneiyX) (where consisting of a scalar Gaussian channel having the original
X is the state variable) relates the enekg{X) and the entropy put distribution and SNR per active usey),(and an inverse
H(X) of a physical system in the following way: noise variance equal to the multiuser efficiencylts input—
output relationship is

F(X) = E(X) - TH(X) (7
1
whereT is the temperature of the system. At thermal equi- y= ﬁbk(X) + — (11)
librium, the free energy (7) is minimized as time evolves¢si Vi

the entropy tends to a maximum according to the second law@fere denotes an arbitrary user, ands the solution of the
thermodynamics. A key point here is that the free energy, N@Ked-point equation

malized to the dimensionality of the system, is a self-ayiez

qguantity. This is the reason why the free energy turns out to nt=1+ BE [y MMSE(y, n)]
be the starting point for calculating macroscopic propertf
a thermodynamic system. where MMSE is the minimum mean square error of estimating

In a communications system, the energy function becomie’s(X) under white noise with SNR equal to
the metric of a detector in a multiuser channel. From this per
spective, any detector, when parameterized with a certata m MMSE(v,7) = Epr(x),, [(b*(X) — E{b*(X)|, 7, y})?]
ric, can be analyzed with the tools of statistical mechatdcs (12)
derive results in the large-system limit. Hence, the caliioih  which in turn can be computed as:
of the free energy can be associated to parameters of a mul-
tiuser detection performance such as spectral efficietan-c o / EZ\ x) 1" (X)P(ylv,n, b* (X))}

nel capacity, and bit error probability. Epkx){ P (yly,n, b*(X))}

dy
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whereP(y|vy,n, b*(X)) is the Gaussian density describing th@’hefen. the_multiuser efficiencyis the solution of the follow-
single-user equivalent channel (11). ing fixed-point equation:

Under the decoupling principle, the mutual information be- 1

tween the input symbol and the output of any MAP estimatorn = PPy ——— (19)
turns out to be equal to the input—output mutual informatibn 1+p (7 {a - f vV % a+?1ia)efn(ﬁy7w/2) dyD
the Gaussian equivalent channel, so that
that minimizes the free energy
P(yly,n b’“(X)))}
I(b*¥(X),y) =E log [ X0 — /7 13 1. 2
09 b”x”y{ g( P(y) = f=—E[/(¢>log¢>>dy] - 5log ="

where P(b*(X)) is the input distribution andP(y) = 1 _ 2me
Db x) P(OF(X)P(yly,n, b*(X)) is the output density. Fi- + 23 (n=1loge +log n (20)

nally, the spectral efficiency under joint decoding is ofeai by . .
adding the single-user mutual information (normalizedhe t Here a is the activity rate of usersj the system loady the
dimensionality of the multiuser channel—the spreadingiep Signal to noise ratio (SNR) per usérdenotes expectation over

to a divergence factor depending on the multiuser efficieng)} random variables, and = p(y|y, 7, b*(X)) describes the
1 [5]: large-system equivalent single-user Gaussian channel.

1
C=pBE, {Ib*X),y)} +=[(n—1)loge —1lo 14
PRy { (B7(X) y)} 2 (7 =1)loge gn) (14) Corollary 2 With model(15), the large-system optimal spec-

tral efficiency of a detector performing user identificatisn
IV.  MAIN RESULTS

To the purpose of our analysis, we assume$hat R A, where " () = O™ (a) + % [(n—1)loge —logn] (21)
S is an N x K matrix whose columns are the spreading se-
guences of the users afdis the spreading gain, or sequence
length, and that the noise is white~ N(0, 02I) whereo = 1.

: Theorem 3 In randomly spread DS-CDMA with constant
Thus, our DS-CDMA system is modeled as follows:

equal power per user, the large-system single-user capatit
a multiuser channel with MAP user identification and data de-

y =Sb(X) +z (15) tection under BPSK transmission is
and the energy operatfr- ||, as derived from the free-energycuscrsfdata( a)
definition, represents the logarithm of the joint distribat 2
. -y
F(yI8, X) fx(B): =[S log | avcosh(ny — yy/77) + (1 — a)e™/? |dy
) V2T
IbX)[| = 5 (v = Sb(X))" (y — Sb(X)) ~ log(/x(B)) e~ (=) /2

(16) — (1-a) T log <a cosh(ny — y/17)

wherefx (B) is the input random-set distribution (5) or (6).
Evaluation of the free energ§ is made possible by the

replica methogdwhich consists of computing as follows:

(a+1)

+(1— a)e"W) dy + ny log(e) (22)

F — _ lim 0 ( lim %ng {pys(Y|S)}) 17) wheren, themultiuser efficiencyis the solution of the follow-

n—0 On \K ing fixed-point equation:

Our main results regarding to user identification and jgint _ 1

user identification and data detection are as follows. 1 —y2/2 o? sinh[ny—y/n7]
1406 (7 |:a - f ﬁe v/ a cosh[ny—y/my]+(1—a)en /2 dy])
(23)
Theorem 1 In randomly spread DS-CDMA communicatiohat minimizes the free-ener¢30).
with constant equal power per user, the large-system single
user channel capacity of a multiuser system with MAP estima-
tion of user identities is Corollary 4 With model(15), the optimal spectral efficiency
of a detector performing user identification and data detect

CUSCI‘S(Q) — (18) |S

1
Y on /6_"y2/2 log (a +(1- a)e<—m/2—"ﬂy>) dy
T users—data users—data 1
1 —ny?)2 (= /201/70) e dat (a):C' dat (a)+§[(77—1)10g€_10g77]
—(l—a)—_/e /< og (ae MIEEVTY +(1—a)) dy (24)

2T
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The fixed-point equations (20) and (23) are derived accomler, for high SNR, multiuser efficiency approachesand
ing to the prior distributions of random sets givenin (5) &)l therefore the knowledge of the activity rate is the maindact
which consider users’ activity in a static channel. Under®1Athat determines the difference in performance for each case
estimation, detection requires the knowledge not only ef th
a priori probabilities of the data, but also of the activigte
«. Then, the fixed-point equations are determined by the m
imum mean-square error. Finally, the single-user chanael | 095
pacity and the joint spectral efficiency for each case are c
culated from (13) and (14), by using the multiuser-efficienc
fixed-point solution that yields the smallest free energy (c
equivalently, the smallest spectral efficiency).

s

3
o

V. NUMERICAL RESULTS ——a=0.0,1.0
—o—0a=0.1,0.9
65| —— a=0.2,0.8

——a=0.5

Multiuser gfficiency

Some numerical results will now be shown, to illustrate tiees t
ory just developed. We exhibit the large-system perforrearfic
an individually optimum detector that knows the user’s\afsti
ratec. In this context, we examine this detector in two differ 0.8
ent types of random set estimatiomser identificationwhere .
the a priori distribution of the random set is (5), amgkr iden- 0 s e =
tification and data detectignwhere it is (6).

Fig_. L plpts Fhe large-system multiuser efficiency f‘_“_ MA'?:igure 1: Large-system multiuser efficiency of MAP user iden
user identification based on the knowledge of the activity ra;

alone. The values of the multiuser efficiency are obtmne@camon with & priori knowledge of and;=1.
numerically through the resolution of the fixed-point equa-

tion (19) for a system load = 1. Fig. 2 plots the multiuser

efficiency of MAP detection of users and data based on t

knowledge of the activity rate alone and assuming binary &
tipodal modulation. In this case, the values of multiusér ef

ciency are obtained numerically through the resolutionhef t 09
fixed-point equation (23) fof = 1. It is interesting to notice
that the performance of the user detector is symmetricdd w
respect to the worst case= 0.5. In the case of user-and-date
detection, the multiuser efficiency curves are degradeul neit
spect to the standard case= 1.0, and although the behavior
is not symmetrical, the worst case also tendsite- 0.5 for
large~.

Figs. 3 and 4 compare capacity and spectral efficiency
the two MAP detectors described above for different valfes
«. With detection of user identities, the single-user capyaci
is symmetric with respect ta = 0.5, the value at which ca-
pacity is maximum 1 bit/sec). The cases = 0 anda = 1 T
correspond to full certainty of users’ activities, and tfere
multiuser efficiency and capacity (and also spectral eficy¢ . o ) N
are trivially 1 and0, respectively (see (18)). Unless otherwisEigure 2: Large-system multiuser efficiency of user iderui
specified, base-logarithms are assumed throughout. RegarHQn and data detection under MAP detection with prior knowl
ing the users-and-data detector, the capacity curves smew§dge ofa andj=1.
cost incurred by the estimation of active-user identitiéh we-
spect to the case where all users are known to be active.().

With the latter detector, symbols are assumed to take oe thre

possible value§—1,0, 1} (0 corresponds to an inactive user)

and the maximum capacity is achieveddoe 2/3, which cor- We have derived single-user channel capacity and the joint
responds to equal prior distribution of data and activigs@B spectral efficiency of a static CDMA multiuser system with
logarithms are used here, except for= 1). Perusal of both an unknown, large number of users. Our large-system anal-
figures shows that, in the low-SNR regime, the multiuser effysis uses statistical-physics tools, and focuses on thfermper
ciency tends to compensate the differences in capacityauerance of detectors under the assumption that the system pa-
the effect of users’ activity in their a priori distributioflow- rameters do not change. Multiuser efficiency and channel ca-

0 5 10 15 20
SNR[dB]

o
=3

°
3

Multiuser efficiency n
o

o
o

0.4

0 5 10 15 20
SNR[dB]

VI. CONCLUSIONS
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pacity are computed through fixed point equations derived un
der the single-user equivalent channel assumption. Ngaleri
results show the sensitivity of CDMA performance to the ac-
tivity rate, and the loss due to the uncertainty on the number
of users accessing the system. The limiting case 1, cor-
responding to all users being active, matches the resudts-pr

—— Capacity, a=0.1
—a=0.3

——a=0.5

-+ Spectral efficiency, a=0.1
--a=0.3
-+ a=0.5

(1]
(2]

-20 -15 -10 -5 0
SNR[dB]

Figure 3:

Large-system joint spectral efficiency and

(3]

chan-

nel capacity with MAP detection of user identities with prio (4]

knowledge ofx and3=1.

1 T T

(5]

(6]

(7]

(8]

El

—— Capacity, a=0.2
—a=04
——a=0.67
——a=08
——a=1.0

-+ Spectral efficiency, a=0.2

0.6

0.5]

Joint Spectral efficiency v.s Single-user Capacity

{1 [0

Figure 4: Large-system joint spectral efficiency and channe
capacity with MAP detection of user identities and theiradat

with prior knowledge ofx and5=1.

ously known from the multiuser-detection literature.
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