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Summary N, = )/ Az; the angled between the direction of propa-
gation and one of the lattice axis; and the Courant stability
The space and time discretization inherent to all FDTD s@®mumber,S = cAt/Ax.
introduce non-physical dispersion errors, i.e. deviatioh In some FDTD schemes, the velocities ratio can be well
the speed of sound from the theoretical value predicted byestimated via a simple algebraic manipulation of the FDTD
the governing Euler differential equations. A general rodth equationsy Comm0n|y known as Von-Newmann ana|ysis_[1]
ology for computing this dispersion error via straightfor- However, thisanalytic procedure yields a set of implicit
ward numerical simulations of the FDTD schemes is pre- equations that, for non-simple schemes, often become long
sented. The method is shown to provide remarkable ac-and cumbersome, making it an impractical path towards il-

curacies of the order of /1000 in a wide variety of two-  |ustrating the dependence @fc,.., on the aforementioned
dimensional finite difference schemes. parameters. For this reason, it is important to have a means
of extracting the velocities ratio from actual simulatipns
1. INTRODUCTION without the need to rely on a priori considerations.

In this paper we present a general numerical method-

Finite-difference time-domain (FDTD) [1] methods provide ology for computing:/c,um Via simulations of any FDTD
a simple and accurate way to simulate a wide range of acousalgorithm in 2D. In the method presented, a numerical plane
tic wave propagation problems: room acoustics analysis,[2 Wave is employed to validate dispersion relations as origi-
3] sound scattering from rough surfaces,[4] ultrasounds in nally proposed by An Ping Zhao and Riku M.a4inen [7].
biomedical applications, [5] etc. In [7] the authors show that a plane wave is more suitable

Over the last decade, much effort has been devoted tothan the commonly used point source [8, 9], for the purpose
improving the accuracy of the FDTD simulations. One im- 0f verifying dispersion relations numerically. Our propbs
portant issue common to all FDTD-based algorithms is that allow for a statistical determination of the numerical spee
they cause a nonphysical dispersion of the simulated wéyes Pf sound and is suitable for any FDTD scheme and for rea-
due to the discretization of the computational mesh, the ac-sonable low values of the number of cells per wavelength.
tual wave propagation velocitgka numerical speed of sound,  We apply our methodology to qualitatively different types
or cnum ) is different from the theoretical one, expected  of FDTD schemes: the original algorithm by K.S. Yee [10]
from the governing differential equation of the acoustitifie ~ and its recent extensions;[11] the acoustic version of the

A convenient way to parameterize this error is to ex- MacCormack scheme;[12] and the recently developed pseu-
press the ratio between both velocities in terms of the vari- dospectral techniques (PSTD).[13]
ous parameters relevant to the problem. In this paper we fo-  The results obtained prove that the methodology pro-
cus on two-dimensional wave propagation in square latticesvides very accurate computations ©fc,..,, even for low
(Ax = Ay), a case for which it is easy to show that the ra- cells per wavelength. This, together with the fact that it is
tio of velocities,c/chum, €an be expressed as a function of easily generalizable to 3D, makes it a suitable technique to
only three parameters: the number of cells per wavelenght,faithfully research on numerical dispersion errors in the i
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Fig. 1. Upper row: schematic representation of wavefronts pragiag within the mesh, at a 26 degrees angle with respect to
the axes. Lower row: the result of sampling the pressure dileldg a line parallel to the propagation direction. Lefturoh:

only points directly over such line are considered, leading small density of sampling points (square dots). Rightroo:

all other mesh points are projected, leading to a larger Baggensity.

plementation of FDTD algorithms in acoustic problems. selecting the excited points to be those for whigh § = %
The paper is organized as follows: section 2 introduces This, in turn, implies that the wavefront propagates with ve
general methodology; section 3 discusses the results oblocity parallel to the vectofj, —i).
tained with different FDTD and PSTD methods; finally, sec- In order to avoid numerical reflections and to obtain ac-
tion 4 contains the conclusions. curate results, we have considered huge latficesth large
Perfectly Matched Layers [14] (PML) at the boundaries. We
have chosen PML absorbing boundary conditions not only
2. METHODOLOGY for their good performance [15] but also for preserving the
) . numerical stability of the algorithms. Finally, we measure
In this section, we present a general methodology for com-ihe pressure in a regichnear the center of the mesh at a
puting the numerical speed of sound in two-dimensional ime sufficiently short to ensure stationarity. Considgrin
FDTD schemes. The method consists on creating plan€yny the pressure at a set of points along the direction of
waves tra_lvellng in different orientations and followingth propagation(j, —i) as shown in figure 1 (upper-left hand
propagation throughout the mesh. The plane waves are crégqorner) we obtain a snapshot like the one in figure 1 (lower-
ated by exciting a set of mesh points with a time-varying si- |eft hand corner). However, it is worth emphasizing that for

nusoidal pressure signal; = po sin(2rvnAt). Here, At most angles, the number of points per wavelength obtained
is the time discretization interval is the time step(i, j) by the previous procedure is very small. One simple way
are the two-dimensional spacial coordinates aritle fre- to greatly improve the accuracy is to project the pressure
guency of the plane wave. We always sgt= 100 Pa for

illustrative purposes. The orientation of the plane wakes, Each dimension is about one hundred times the wavelength

the angleé between the wavefront and the x-axis, is fixed by ~ 2The length is about five times the wavelength
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information of other mesh points to the ligg —i) perpen- In order to test our methodology, we compared the val-
dicular to the wave front, figure 1 (upper-right hand cor- ues ofc/cpum Obtained from our simulations to those ex-
ner). This leads to a substantial increase on the density ofpected from the analytic equation (4). Figure 2 shows the
points per wavelength, as observed in figure 1 (lower-right comparison in two cases with equ&l= 1/+/2, but differ-
hand corner), and, therefore, to a reduction of the error inentN,. The continuous lines are obtained from the analytic
chum associated to the fit. result (2), whereas dots and error bars were obtained with
Finally, by fitting a simple sinusoidal function our methodology after averaging over different different
times (snapshots). As it can be seen, the results of the nu-
merical simulations are excellent and the magnitude oferro

i ) ) is of order1 /1000 even forN, = 10 cpw.
we can easily obtain the numerical wavelength, and there-

fore the numerical speed of sound,

P =DPo Sin(knumz + QS) 5 (1)

2wy
Cnum = A

@ i ]

num

0,998— —

3. NUMERICAL VALIDATION

0,996— —

Cum/C

3.1. TheYeeAlgorithm

The most important basic formulation of the Yee algorithm 09941~ b
[10] applied to acoustics was presented in 1994,[2] and fur- I
ther developed for room acoustics in 1995.[3] The Perfectly R -
Matched Layer method for the Yee algorithm was presented I T
also in 1995 [16] for acoustic and elastic modeling. S - E—
The scheme is defined on a Cartesian staggered grid e
with pressure and particle velocity components located at I
interleaved positions. Spatial and temporal derivativies o

0,9995— —

the governing partial differential equations are appratizd ©)
by central-differences leading to second-order accuracy i § o009 B
time and space. In two dimensions, the explicit form is &)
nt1/2 n—1/2 n n 09985 b
Valij1ay = Valiyrje; — a0l —PIES)
+1/2 —1/2 | |
’U’LI|:L77+{/2 = Uy |Z]+:{/2 a al <p‘7’j+1 - plZL’J) ’ OYQQSTJJT/\ L | L L L | L L L L L 1 L 1 L 1
1 1/2 -1/2 0 5 10 15 20 25 30 35 40 45
p 7J+ = pmj - a2(vr|?+1//2,j - Ur|?71//2,j 0
+1/2 +1/2 . . . . .
+Uy|2j+{/2 - Uymj_{/g) ; (3) Fig. 2. Analytical (continuousline) and numerical (dots) re-
sults for different angles of propagation in Yee's algorithm.
- At — 2 At .
wherea; = AT anday = pc*3.. A standard Von- Up, Ny = 10 cpw; down, N, = 20 cpw. In both cases

Newmann analysis[17] yields the followiragalytic disper-

sion relation
. e
sin? ( cos 9)
N)\Cnum

S~ 2sin? (7\5) =
+ sin? (Nﬂ-c sin9> , (4

ACnum
which, as explained in the introduction, implicitly relate

S =1/v2.

¢/caum 10 S, Ny andf. A straightforward analysis of (4)
reveals a number of interesting properties, .., tends to
1 in the continuum limit v, — oc); the scheme is second
order accurate in terms of isotropy;[11] finally, lettisg—=
%, which is the maximum value o for this algorithm to
be stable,[2] there is no dispersion errofat 45°.

3.2. A Family of FDTD algorithmsin a staggered grid

In this section, we discuss a family extensions of Yee’s al-
gorithm that improves its accuracy in terms of isotropyj[11
The spatial derivatives employ a combination of difference
between nearest neighbors and a next-to-nearest neighbors
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el ey = aliiifey — (Pl — Pl
liire = vkl — el = el
Pl = plty = (L= a)aa(wal e — vali s
+ v‘fﬁﬁz — Yy Zﬁﬁz) - O42“2(%|?++11//227j+1
+ ”m|?j11//22,j71 - vr|;tk11//22,j+1 - ”m|?j11//22,j71
+ Uy‘:'lj;,ﬁlm + Uy‘?j11,§11/2 - Uy|?:11,§2—1/2
— ) (5)

Following Wagner et al. conventions,[11] this family of
algorithms is parameterized by a constamt, within the
range0, 1/2]. It turns out that for the particular value, =
1/6, the scheme leads to fourth order accuracy in isotropy;
more specificallyc,um = ¢ + O(Az%, AtS). Moreover,
the original scheme by Yee is recovered simply by setting
as = 0. The dispersion relation following from a Von-
Newmann analysis reads

S 2mesin 6
S~2 sin? <;TV/\> = [1 — Q2 + (i COS <J\7;)\CCS::H])]
« sin? mecos 11— 0+ o cos 2mccosd
N)\Cnum > 2 N/\Cnum
> sin 0
csin (222 ©)

We present the values of ¢, obtained applying our
method to this family of algorithms in figure 3. Again,

Cum /C

Cnum /C
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Fig. 3. Analytical (continuous line) and numerical (dots)

the continuous lines are derived from the analytic result, "eults for the family of Yee's extensions at the maximum
whereas dots and error bars were obtained with our method-&/0wed value of S, Ny = 10 cpwand a; =

ology after averaging over5 different times. The results
obtained have the same accuracy than for the Yee algorithm
in all cases tested.

3.3. TheMacCormack Algorithm

In this section, we apply our methodology to the MacCor-
mack algorithm, which is a two-step explicit method.[17]
We have chosen this scheme for different reasons: on the
one hand, this is a very popular scheme for dealing with
Navier-Stokes equations and its performance for acoustic
simulations have been only recently investigated; on the
other hand, unlike the algorithms studied in the preceding
sections, it uses a centered mesh (i.e. pressure and veloci-
ties are computed at the same points of the mesh).

The numerical scheme is obtained integrating the equations
of motion in two steps.[12] The first step is given by:

Ug

Uy;

n+1
4,J
n+1
,J

n+1
DPli;

e = 1/6 (center) and as = 1/8 (down).

UT|:L] - al(pw-&-l,j - P‘?;)
= vylit; —a(pl ;41 — pliy)
= Ity — a2 [valfy; — val?;

—a2 [vy|?,j+1 - Uymj] J

and the second step

]

1/4 (up),

7

()
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mesh to approximate the partial derivative along the row di-
rection. In two dimensions, the explicit form of the PSTD

1 - a .
it = 5 (vl ] - ?1 Tt =plit,] . schemeis
1 a
n4+1 ~ n+1 1 n+1 n4+1
P = —_— U —_—— — s
yli,j 5 [Uy|1] + Uyl; ] B [ pl; ij— 1] nt1/2 no1/2 At [ 27mn, "
n+1 1 n+1 02 1~ ntl  ~n+l valij = Ueli p e LN Az Faolpl) )
iy = 5Pl + 0] = 5 [T - Gl A )
az e Pl ARy
DY [0 y|n+1 y|nj_11] . (8) vyli; Yylig p Ty N Ay Fyli) )
i i i~ i i o ntl  _  n 2 1, 2N n+1/2
Finally, its analytic dispersion relationis complexenbug  p[i"7" = p|; — pc”AtF, LN Ax Fa(vzl.;'7)
to render it almost unusable. In cases like this, our method- '
ology presents a simpler and more straightforward way to 2 -1 27my n+1/2
. . . pc” ALF ;i Fy(vyli 7)) 5 (9)
study the dispersion error. For the sake of clarity of expo- N Ay

sition, we have left the explicit equations of MacCormack’s

dispersion relation for the Appendix. where 7, and ;' denote the Fourier transform over the

p-axis and its inverse respectively; andn, are the index

100y ‘ ‘ ‘ ‘ ‘ ‘ ‘ ] of the Fourier transforms, and the : symbol denoteg:all
1,005~ b coordinate along the straightline cut through the space lat
- T tice. Finally,. = v/—1 andN,, are the total grid points over
%) 0,9995- /%// ] the M
=~ 0,999 -
g L b T T T
(50,9935j ] L e N)=7cpw
0998~ ] 1,0008 . m)\ 21(2) (C:Bx -
03975? ] L — Aéalylilcal curve |
0,9977* //,/ i 8 1,0006— V
09965 7 g
O'QM(B g 1‘0 1‘5 2‘0 é 2‘5 3‘0 3‘5 4‘0 4‘5 QC) 1,0004—
1,0002— —
Fig. 4. Comparison of analytical (continuous line) and nu- I
merical (dots) results for MacCormack’s algorithm, with I ‘ ‘
N)\ — 30 CpW andS — 1/\/5. 45 50 55 NG:_ 65 70 75
1,001 T T T T T T T T
e 0degrees
The comparison with our methodology is presented in 1,0008 n gzg:z: R
figure 4, where excellent agreement is observed again. As ®) — Analytical curve
can be shown in figure 4 we have obtained again accuracies S so0o-
of the order of 1/1000 averaging only over 15 snapshots. 5
1,0004—
3.4. PSTD Method
1,0002— —
The FDTD methods are a simple, robust and powerful tech- I
nigue to simulate transient acoustic phenomena. However, B N R
the standard lore indicates that a spatial sampling density * * ” Nei ” h b

abovel0 — 15 cells per wave-length is needed to produce

accurate results. This problem becomes even more criticalFjg. 5. Analytical curve (continuous line) compared to nu-

in large acoustic problems (such as rooms with long rever- merical simulations (dots). Up: dispersion error versometi

beration times), making it necessary to increase the s$patiadiscretizationV- for different N, at a fixed anglé = 0.

sampling rate beyond this range to reduce the cumulativeNote the remarkable independence of the resultsVeof

numerical dispersion error.[1] Down: dispersion error versu§y for different angles, at
PSTD methods improve this situation significantly by fixed Ny = 10 cpw.

using more refined approximations for spatial derivatives.

For example, those PSTD methods based on Fourier trans-

forms essentially use all the points in a given row of the A direct consequence of the expression (9) is that the
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stability criterium does not depend a¥i,, which may be all that is needed is to excite a whole plane of the 3D mesh.
set to a value as low & Similarly, from a dispersion error  The normal to the plane corresponds to the propagation di-
point of view, PSTD methods exhibit a perfectly isotropic rection, which can be used to sample the pressure field as
relation,i.e. the ratioc/c,,m does not depend on the prop- described in section 2, fit a sinusoidal function, and easily
agation anglé. More specifically, for large enough numer- obtain the behavior of/ cpum.
ical domains:
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A. DISPERSION RELATION OF THE
MACCORMACK ALGORITHM

In section 3.3 we applied our methodology to the MacCor-
mack algorithm: a two-step explicit method.[17] A standard
Von-Newmann analysis leads to the following dispersion re-
lation:




